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PEEFACE. 



S^TE endeavoured in the present work to exhibit a 
comprehensive view of the Differential Calculus on the 
method of Limits, In the more eiementaiy portions I have 
entered into considerahle detail in the explanations with the 
liope that a reader who is without the assistance of a tutor 

ly Ve enabled to acquire a competent acquaintance with 
le Buhject. To the different Chapters will he found ap- 
pended Examples sufficieatty numerous to render another 
book unnecessary. These examples have been selected 
almost exclosively from the College and University Ex- 
amination Papers ; the greater part of them will be found 
to present no very serious difficulty to the student, although 
a few may require peculiar analytical skill. 

I have frequently given more than one investigation of 
a theorem, because I believe that the student derives ad- 
vantage from viewing the same proposition under different 
aspects, and that, in order to succeed in the examinations 
which he may have to undergo, he should be prepared for 
a considerable variety in the order of arranging the several 
branches of the subject, and for a corresponding variety in 
ihc mode of dt^monstration. 

In the composition of the first edition of this work, while 



i 



trusting mainly to independent knowledge and judgment, I 
derived assistance from the labours of well known authors on 
the subject, especially Cournot, De Morgan, Moigno, Navier, 
and SchlSmilcb. In the subsequent editions a considerable 
amount of fresh matter has been introduced, and this rests 
almost exclusively on my own authority; increased experience 
as a teacher naturally gave stronger confidence to the writer. 
Thus the work now contains on the whole much that is 
original in substance, and much that is new in form. 

The present edition has been carefully revised and some* 
what enlarged. I have examined with attention and interest 
treatises on the Differential Calculus recently published by 
eminent mathematicians, in oixler to discover if the methods 
of explaining and developing the principles of the subject 
had gained any real improvement during the last twenty 
years. I have not however found reason for concluding that 
I could with advantage make any essential change in this 
elementary work. 

I have much reason to be grateful for the approbation 
bestowed by teachers and students on this volume, the 
first of a long series relating to various branches of mathe- 
matics. My thanks are especially due to Professor Battaglini 
of Naples for the honour which he has conferred on me by 
translating my treatises on the Differential and the Integral 
Calculus into Italian. 

I. TODHUNTER. 



S* John's Collkge, 
April, 1 87 1. 
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DIFFERENTIAL CALCULUS. 




DEFINITIONS. 

The student has probably already had occasion to 
consider the raeaoing of the terms "variable quantity" and 
"function" wtich we have here introduced. In treatises on 
the conic sections, for example, the equation ,y=2 Vox occurs, 
■where a; is a general symbol to which different numerical 
values may be assigned, and a is a symbol to which we 
suppose some invariable numerical value a.ssigned, and which 
is therefore called a " constant." For every value given to x 
we can deduce the corresponding numerical value of y. In 
the equation i/=2 'Jax, since the value of y depends upon 
that of a aa well as that of x, we may say that y is a function 
■of a and x. Hence such symbols may be used as ^(o, x) 
to denote a function of both a and x ; and such an equation 
as i/—'f> (x, a, () indicates that j/ is a function of the three 
quantities denoted by the symbols x, z, and t. 

4. In the equation y= 2 "Jax, if we know that a is to ba 
a constant quantity throughout any investigation on which 
we may be engaged, we shall frequently not require to be 
reminded of this constant, and shall continue to speak of y 

as a function of x. So the equation y= - >/ {a'— a^) may be 

reiiresente<l "by y=^ (x), where we express only that sym- 
bol jc which throughout our investigations will be considered 
variable, 

5. If the equation connecting the variables x and y be 
such that y alow occurs oa one side, and on the other side 
some expression involving x and not y, we say that y is 
an explicit function of x. Wlien an equation connecting as 
and y is not of this form, we say that y is an implicit function 
of 3!, Thus if y=aa:'+Ja:+c, we have y an explicit function 
of X. If ay*— 26a!y+ca:"+^=0 we have y an implicit func- 
tion of X. The words implicit function assume that y really 
13 a function of a: in the sense in which we have used the 
word function. This assumption may be seen to be true in 
the example given, for we can by the solution of a quadratic 
equation exhibit y as a function of a; ; or rather we can infer 
that y must be one of two explicit functions of x, namely 
either 6'^+V[(^'-'^) ^-a<!] ^^ bx->/{{b''-ac) a^ -ag}_ ^^ 

a a 

ehall return to this point hereafter, in Art. 58, 




EXAMPLES OF A LIMIT. 

6. Explicit functions may be divided into algebraical and 
Wiranscendental. The former axe those in which the only 
' operations indicated are addition, subtraction, multiplication, 
division, and the raising of a quantity to a known power 
or the extraction of a known root ; the latter are those which 
involve other operations, as exponential functions, logarithmic 
functions, and trigonometrical functions. We suppose here 
that the number of the operations indicated is finite ; for as 
we ehail see hereafter a transcendental function may be equi- 

^valent to an infinite series of algebraical functions. 
To the independent variable in an equation we may 
■appose any value assigned, either positive or negative, as 
great as we please or as small as we please. If we suppose 
a series of different values assigned to x, beginning with 
some negative value numerically very large and gradually 
increasing algebraically up to some large positive value, 
the series of values we obtain for y may present to us very 
different results. For example, if y = a?, then the values 
of y win form a series beginning with a negative value 
numerically large, and increasing algebraically up to a large 
poeitive value. If y = a?, the values oiy are always positive, 
and form a series first decreasing and then agaiu increasing. 
If y = V(0'' — *"). then the values oiy are unreal for every 
w value of a: not contained between — a and + a. 
■ 7. We proceed to another example more important for 
Ponr purpose. Suppose 2/ =737- . a^ud consider the series of 

values which y assumes when to x are assigned different 
poititive values. When x — Q, y=0, and when x has any 
positive value, j is a positive proper fraction. If we 

put y in the form 1 — - , we see that as x increase* 

w does y, hut y being a proper fraction can never be so 

great aa nnity. The difference of y from unity ia - ; 

this fraction diminishes aa x increases, and can he made 
amaller than any assigned fraction, however stiuiU, bv 
ffiving a mi£iciently great vMue to x. Thus if we wish 

y to differ from unity by a quantity less than , 
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= 100,000, and the required result ia obtained. If 
we wish y to differ from unity by a quantity less than 

, make a; = 1,000,000, and the required result ia 
1,000,000 

obtained. Under these circumstances we say "the limit of 
y when x increases indefinitely is unity." 

8. The importance of the notion of a limit cannot be 
-over-estimated ; in fact the whole of the Differential Calculus 
consists in tracing the consequences which follow from that 
notion. The student has probably already fallen upon cases 
in which the word limit has been used, to which it will be 
useful to recur. For example, the sum of the geometrical pro- 
gression 1 + J + i -I- J-|- ... continued to ji terms is 2 — ^jj^, 

and hence he has deduced the result that the limit of the 
series when tho number of terms is indefinitely increased 
is 2. 

9. A very important example of a limit occurs in works 
on Trigonometry. It is there shewn that if denote the 

circular measure of an angle, the fraction —3— will, if 6 be 

diminished indefinitely, approach as near as we please to 

unity. In other words the limit of — a~i ^^ 6 continually 

diminishes, is unity, We shall express this by saying "the 

limit of — 5— » viken d=0, is unity;" that ia, we use the 

words "when d = 0" as an abbreviation for "when 8 ia 
continually diminished towards zero," or for "when. 8 is 
diminished loithout limit." 

10. The proposition "thelimit of ^-^, when d=0, is unity" 
is sometimes expressed thus, "^^r— = 1, wheu 6=0," or 

"sin = 8, when 6 = 0." /( mvst however be most carefuUy 
remembered that such expressions are only abbreviations tma 
Vtinnot be understood absolutely. In like manner the result 




MEANINO OF THE WOKD INFINITE. 

politamed ia Art. 7, namely that the limit of -— — when x 

indefinitely h unity, would te sometimes e 

tiiua, " when x is infinite equals unity." Here both 

^^^rts of the sentence are abbreviations ; "when x is infini tp" 
^^pan only be considered as meaning "when x is increased 

^Hvithout limit," and "- — - equals unity" means strictly " - 

^^Ban be made to differ from unity by as small a quantity 
^Hh3 we please." 

^B 11, In the example y = let us now ascribe to x 

^fciegative values. Put — z foric; thusy= -. Now sup- 
pose s to change gradually from to 1 ; the numerator of y 
IS positive and continually increasing, while the denominator 
is negative and numerically continually diminishing. The 
alue of 1/ then is negative and numerically continually in- 
aaes, and by taking s sufficiently near to unity we may 
ike y as great as we please ; that is, as s approaches unity 
Sf lias no finite hmit. For the sake of shortness, this is some- 
oes ejtpressed thus, "y is infinite, when a = 1 ;" but it must 
not be forgotten that this last phrase is an ahbretriation, and 
must be considered to mean ; " by taking s sufficiently near 
to unity y cad be made to exceed any assigned magnitude, 
however great." We shall not proceed furfiier with the ex- 
ample ; the reader will see that when z is greater than unity 
y is positive, that y continually diminishes as e increases, and 
approaches the limit unity when z increases indefinitely. 

32. The student has already seen an example of the same 
kind as that brought forward in the last Article, for he has 
probably been accustomed to say, " the tangent of an angle 
of 91/' is infinity." On reflexion he will see that the omy 
way in which a meaning can be given to this statement is 
lo consider it an abbreviation of the following: "as we 
incrcaso an angle OTadually up to 90°, the tangent of the 
angle increases, and by taking the angle near enough to OC 
we may make the taugeut as great as we please." "We can 




DEFINITION OF A LIMIT. 

form no distinct conception of an infinite magnitude, and the 
word can only be used in Mathematics as an abbreviation 
in the manner of the examples here given. 

If to X the independent variable be ascribed values be^n- 
ning with zero and increasing without limit, this is sometimes 
expressed for abbreviation by saying that x increases from 
zero to infinity. 

13. The meaning of the word "limit," or its equivalent 
"Umiting value," will be understood from its use in the 
preceding Articles, The following may be given as a defini- 
tion : " The limit of a function for an assigned value of 
the independent variable, is that value from which the 
function can be made to differ as little as we please, by 
making the independent variable approach its assigned 
value." 

14, In the example " the limit of —77- = 1 when 6 = 0," it 
is obvious that —w- is never equal to 1 so long as d has 
any value different from zero, and if we actually make 
6 = 0, we render the expression — ^ unmeaning. In other 

words, although — >— approaches as nearly as we please to 

the limit unity it never actucdh/ attains that limit Some- 
times in the definition of a limit the words " that value 
which the function never actually attains " have been in- 
troduced. But it is more convenient to omit them ; for if 

we take any function of x, say — — - , and ascribe to x any 

value, say 1, we can determine the actual value of the 
fimctjon, which in this case would be J, According to the 
definition we have given in the preceding Article we may 

if we please call J the limit of ——when a: approaches unity. 

The same holds for any finite value of any function, and 
generally according to the definition of a limit laid down 
in Art. 13, any aciual value of a function may be consid&td 
as a Umiting value. 
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15. Limit of (l + -j. The following theorem, which 

we proceed to demonstrate, is veiy important. When x 

increases indejinitehf the expression ( I + - 

certain limit which ties between 2 and 3. 

In the first place suppose x a positive whole number, = m 
eay ; we shall prove that the above expression continually in- 
creases with m, but can never reach the value 3. Assuming 
the Binomial Theorem forpositive integral esponents, we have 

, m{m-l)im-2)...{m-im-l)] / n" 




vhich may be written 



■a(' 



.(-;3.('-S-(-^) 



..(i; 



Similarly 



:(-:-i.r=-l-^-^^^-^ 



.('-^)(--^^)-(-.-^) 



1.2... Cm 



-1) 



...(2), 



Now in the last two series we see that their first audi 
second terms ore equal, but the third term in (2) is greater* 
than the third term ia (l); also the fourth term in (2) ia- 
greater than the fourth term in (1), and so on; moreover- 
la (2) there is one term more than in (l). Heuce 



(-rs^r 



is greater than 



(-.)" 
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Therefore if we put m successively equal to 2, 3, i, &c. 
expression [l H — 1 continually increases, 

But since 1— — ,1 ,1 — — ,...ara all positive and 

m m m 

all less than unity it follows that the series in (1) cannot be 
greater than 

'+i+r2+TTij!+r2ki+-+i:37::i <* 

however great m may be. 

Bnt the series in (3) is loss than the following series, 
which forms a geometrical progression, beginning at the 
second term, 

that is, the series in (3) is less than 



Hence (14-^ — ■ j is less than 3, however great nt niay be. 

Since then the expression [I H — ] continually increaseB 

with m, but at the same time cannot exceed 3, there must 
be some " limit " towards which it approaches as tn is in- 
creased indefinitely. We shall use the symbol e to denote 
this limit, and shall hereafter shew how to calculate its 
approximate value: we say approximate, for it will prove 
to be an incommensurable number. See Art. 115. 

16. We might perhaps leave it to the student to convince 
himself that the limiting value of /l 4 -) must be the same 

whether we attribute to a; a succession of integral or of 
fractional values increasing without limit. But it may be 
formally shewn thus.' Whatever fractional value be ascribed 
to X there must be two cjnsecutive integers, say m and m + I, 
between' wliiuh tuch fractional value ties. Suppose then 
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1 + - Igreater than 1 + - and less than 1 + — , where n is put 

for w + 1. 

Then ^1 + ^Y lies between (l + ^ and (l + -) • 

Suppose a? = m + a = n — )8, so that a and /8 are proper frac* 
tions, then 

(1\* / 1\*~^ / 1 \**** 

1 + -J lies between f 1 + - J and ( IH — J , 

that is, between 



l^3T 



^.dffi.i)-'- 



If a; be now supposed to increase without limit, so also do 
m and w. The limit of f 1 + -) and of ( 1 H — J is e, and as 

1 and 1 H — have unity for their limit it follows that the 

limit of f 1 + -) is e. 

17. We may shew that the limit of fl + -) is also e 
when X is negative and increases without limit. For put 
aj = — ^, then we have to find the limit of [I^-^^^^gvlz 



increases without limit. 

= ^— ^j , where y = ^-l, 

Let now x increase numerically without limit, then z, and 
consequently y, do the same. The limit of [ 1 + -) is e, and 

that of 1 + - is unity, and therefore the limit of [1 ) is e. 
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18. Since the Kmit of (1 + -) whea x increases indefi- 

1 . . ^ 

nitely is e, we see, by putting - = z, that the limit of (1 + ^)" 

when z is diminished indefinitely is also e. Hence we can 

deduce the limit when ^ = of (1 + az)', where a is any 
constant quantity. For 

(1 + a^) •= 1(1 + azA\ 

Now as z dimimshes without limit, so also does az, therefore 

the limit of (1 + az)"" is e, 

1 
and the limit of (l + aa)*i8e". 

19. Since log,{i+zy=-log,{l + z), 

z 

a being any base, we have,, by diminisbing z indefinitely, 
the limit of ^^Sail-^^) ^ ^j^^ li^^ Qf i^g^(l ^ ^)V 

'=log«e; 
and, puttiag e for a, 

the limit of ^-5&(i±£)=l. 

z 

20. From Ae equation 

loga(l + «) = , 

we deduce, by assuming t + z=^a\ 

log.(l + ^)^=^l. 

Now suppose z to diminish without limit, and therefore also v. 
We have then 

the limit of — — - when t; = 

a' — 1 

1 

= limit of loga(l + «)" when « = 

= logae. 



'.t of -when V = 

:^ 

log.* 
= \otf. a. 



^ = log,ai. 



and the limit of — when ti = is /t. 

21. The following results will be found in works on 
Trigonometiy. If the variable x diminish indefinitely 



the limit of - 



= 1, 



the limit of 



tan"'j: 



122. A few general remarks may be made at the close 
of this Introductory Chapter. It frequently happens that 
aperson commencing this subject is discouraged at the outset 
because he cannot discover or imagine any practical appli- 
cation of the somewhat abstruse points to which his attention 
IB directed. From what he remembers of the early portions 
of those branches of mathematics with which be is already 
acquainted, ke is led to expect that almost as soon as be 
begins tte Differential Calculus, be will be able to compre- 
hend its general scope, and to make use of it in solving 
algebraical and geometrical examples ; and being disap- 
pointed in tbis expectation, he is apt to imagine as a reason 
for it, that be has not correctly understood the elementary 
principles of the subject. It may, therefore, be of some 
■.service to assure him, that the difficulty of which he com- 
plains is probably owing much more to the nature of the 
lubject than to his own want of comprehension. The student 
blast, of course, leave to Ms teacher the task of arranging 
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the different portions of the subject he ia studying, and of 
selecting the definitions necessary to be understood ; and in 
reading a work on the Differential Calculus, he must be 
satisfied at first with reflecting upon the meaning of the 
definitions, and examining Whether the deductions drawn by 
the writer from those definitions are correct. There are 
innumerable applications of the elementary principles of the 
Differential Calculus, as will he seen m the Chapter on 
Expansions and those following it, but we shall at first ■ 
confine ourselves merely to the logical exercise of tracing the 
consequences of certain definitions. 

A difficulty of a more serious kind which is connected with 
the notion of a iirqit, appears to embarrass many students 
of this subject, namely, a suspicion that the methods em- 
ployed are only approximative, and therefore a doubt as to 
whether the results are absolutely true. This objection is 
certainly very natural, but at the same time by no means 
easy to meet, on account of the inability of the reader to 
point out any definite place at which his uncertainty com- 
mences. In such a case all he can do is, to fix his attention 
very carefully on aome part of the subject, as the theory 
of expansions for example, where specific important formulse 
are obtained. He must examine the demonstrations, and if 
he can find no flaw in them, he must allow that resulta 
absoluteli/ true and free from all approximation can be le- 
gitimately derived by the doctrine of Limits, 



23. The demonstration in Arts, 15, 16 9f (lie proposition 
that [ 1 + -] tends to some fixed limit as a: increases in- 
definitely, baa been given in several elementary works on 
the Differential Calculus, and it is accordingly retained here. 
But the following method, in which the Binomial Theorem 
is not assumed, is ivorthy of notice. 

We shall first establish two inequalities. 

If ^ and >, are positive quantities, and X greater than 
unity, 

(1 + iS)* is greater than 1 + XiS (l). 
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If |8 and /i are positive quantities, and ^/3 less than unity, 

(H-^)''i3 less than ^-^ (2). 

To establish these inequalities we shall use the known 
theorem that the arithmetical mean of any number of posi- 
tive quantities ia greater than the geometrical mean ; see 
Algebra, Chapter li. 

IietX=-, where p and 5 are positive integers. Take p 

quantities, g of which are equal to 1 + " ^, and ^ — g equal to 



n 



onity. Then their arithmetical mean i: 

that is 1 + /S; their geometrical mean is fl + ^/Sj". The 

former is the greater ; and therefore (1 + jS)" is greater than 
h^^. Thus (1) is estabUshed. 

Let/i = -, xaA 11^=-, where r, a and ( are positive in- 
tegers; thus p=-. Take s + i quantities, a of which are 
equal to 1+ - , and t equal to 1 - 7 • Then their arithmeti- 

■cal mean is — ^ ^ , that is unity; their geome- 

s-\-t "" 

'trical mean is ](!+- j (1— -) [ . The former is the greater; 

therefore [l-|--j[l — -J is less than unity; and therefore 

fH--J Is less than , Thus (2) is established. 



14 imnSSTIGATION OF A LIMIT. 

In (1) put /8 = — > and raise both sides to the power y; 
then 

/l + -- j is greater than ( 1 + -) ; 

that is, if S be greater than 7> 

ri+^j is greater than (l + -] (3). 

From (3) we see that (1 + -) continually increases as a: 
increases. It does not, however, pass beyond a certain finite 
limit : for in (2) write — for By and raise both sides to the 
power 7 ; then 

(1 \'*v 1 

IH I is less than ,, if 7 be greater than 1. 

f^j fi--y 

Hence, if we put 7 = 2, we find that (1 + -) can never 
exceed 4. By ascribing to 7 greater values we shall obtain 
a closer limit for (l + -) . If we put 7 = 6 we see that 

(1+-) must be less than (- j , and therefore less than 3. 

Since then the limit of fl + -j , as a? becomes indefinitely 

great, must lie between (1 + -) and f r], where » has 

any positive value, we may, by ascribing successive integral 
values to n, easily approximate to the numerical value of the 
limit. 



CHAPTER IL 

DEFINITION OF A DIFFERENTIAL COKFFlCIEia'. 

DIFFERKNTUL COEFFICIENT OF A SUM, PRODUCT, AND 

QUOTIENT. 

24, We shall now lay down the fundamental definition 
of the Differential Calculus, and deduce from it various 
inferences. 

Definition. Let (ai) denote any function of x, and 
C* + A) the same function of x + h; then the limiting 

value of ™^ ■• — ™ , when h is made indefinitely small, 

is called the differential coefficient of <}> (.-f) with respect to x. 

This definition assumes that the above fraction really fias 

a limit. Strictly speaking, we should use an enunciation of 

indefinitely small, that limit is called the differential coefficient 
of («) with respect to x." We shall shew, however, that 
the limit does exist in functions of every kind, by examining 
them in detail in this and the following two Chapters. We 
^ve two examples for the purpose of illustrating the defini- 
tion. 

{x + k)-<}>(x) _ (x + hY-a? 
A h 

2xh + h' „ 



this form^ — " If — 



Suppose 
therefore 

therefore 



■ have a limit when h is made 



and the limit of 2a; + A when A = 0, is 2a;; therefore 2 
differential coefficient of «' with respect to a. 



Again, suppose <f> {x) = 
therefore ^ (-"c+A) = 



b + x' 



h + x + h' 



therefore 



i>(x + h)~^{x) _ 



The limit of this when A = is 

~ {b-i-xf 

wliich is therefore the differential coefficient of 7 witlt 

b + x 
respect to x. 

25. We now give the notation whic!! usuaUy accompanies 
the definition in Art. 24. 

Let 1^ (a:) = y, then ^ (a; + fe) — (x) is the difference of the 
two values of the dependent variable y corresponding to the 
two values, x and x + k, of the independent variable. This 
difference may be conveniently denoted by the symbol Ay. 
where A may be taken as an abbreviation of the word 
difference. We have thus 

Agreeably with this notation, k may be denoted by Ax, so that 

Ay^ .l>(x + k}-<i>ix) 

Ax h 

It may appear a superfluity of notation to nee both A Mid 
Ax to denote the same thing, hut in linding the limit of the 
right-hand side we shall sometimes have to perform several 
analytical transformations, and thus a single letter is more 
convenient. On the left-hand aide Ax is recommended by 
considerations of symmetry. 

We say then, according to the definition in Art. 2i, that 

the limit o£ j~ , when Ax la diminished indefinitely, is tjie 
differential coefficient of y or {x) with respect to x. This 
limit is denoted hy the symbol -j-, 



DIFFERESTIAL COEFFICIENT OF A SUM. 



J. The symbol -i- we consider as a whole, and wo di 

Hot assign a separate meaning to dy and dx. As, however, 

s~- is a real fraction in which Ay and Aa; have definite 

meanings, the student will very possibly suspect that some 
meanings may be given to dy and dx which will enable him 

to regard -^ as s. fraction. This suspicion will probably be 

strengthened as he proceeds in the subject and finds that in 

many cases -p possesses the properties of an algebnucal 

traction. We remark that there are indeed methods of 
treating the Diiierential Calcuhis in which meanings are 
given to dy and dx, and we shall recur to them hereafter 

(see diap. xxvii.), but at present we define the symbol J^ 

B above, and only leave to tho reader the task of examining 
'hether we are consistent with ourselves in the inferences 
re proceed to draw and express by means of our detinitions 

Kod symbols. 

The following notation is also frequently used. If (ft {x) 

denote any function of x, then i^'(ar) denotes the differential 

coefficient of ^(a:) with respect to a;. 
" The operation of finding the differential coefficient of 

& function is called "differentiating" that function. 

27. Differential coefficient of a sum of Functions. 
Let y and z denote two functions of x, and m their Buni, 
Suppose that y, z, «', denote the values these functions 
KBSume when j;.is changed into x + h. Then 
u=y + z, 
u- = y- + /. 
therefore a' — u=y' — y + s'—z; 

that is Au = Ay + Az. 

Divide by k or Asp, thea 

Aw Ay Az 
Av AiB Am; ' 



^ 
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Now let h diminish witliout limit, and wo iiave 

dii _dy dz 

dx dx dx' 
Heiice the differential coefficient of the sum of two functions is 
the sum of the differential coefficients of the functtoriB. 

Similarly, if « = y — a 

du _ dy dz 
dx dx dx' 

28, The results of Art. 27 may be extended to the case 
of any number of functions connected by the signs of addition 
or subtraction. For example, let 

u = to + y + z, 

then, as before. Aw = Aw + A^ + Az ; 

, , Au Aw Ai/ As 

theretore ir'—'z — t--r~ + t- ; 

Aa: AiB Aa; Aa;' 

therefore, proceeding to the limit, 

du dm dy dz 

dx dx dx dx' 

29. IHfferential coefficient of the product of two Functions. 
Let ^(j;) and ■^{a;) denote two functions of tc, and let 

»-,f(«)f(=,). 

Change x into x + h, and let u + Au denote the new product, 
then u + Am = ^ (a: + /<) ^ (a; + A), 

therefore Aii = <j,ix+h)^{x + h)-4>(x)-<}r (x) 

= {i>{x-i-k)-i>{x)]^lr{x + h)+<t>ix)[ir{x-\-h)-fix}]; 

therefore A^^ 0(^+A)-.^(^) ^^,^;,^^ t(-^+^^--fr W ^^,j. 

Suppose now h diminished indefinitely; then the limit of 
r±_ j — r_Li ia the differential coefficient of <f)(x) with 




DIFFEEENTIAL COEFFICIENT OF A PEODUCT. 
toa!,orf(3!}; the limit of t ('^ + ^) " ^ ('g) -^ ^;^^ 

differentia] coefficient of 1^(3!) witii respect to x, or ^'{x); 
the limit of -^ (j; + A) is i^r (a:) ; 

[Hence the differential coefficient of the product of two fimctions 
is found hy multiplying each factor hy the differential coefficient 
Djtke other factor and adding tlie resulting prodiicts. 

Divide each side of the last result by m or ^ {ai} ^ (x) ; thus 

30. An equation similar to that just obtained holds for the 
product of any number of functions. For example, let 



L w, J, a being all fimctions of x. 

ne v= wy, 

I therefore m = wz; 

I then, by Art. 29, 

1 ^_1 Jy 1 rfz _ 
K dx V dx z dx 

vdx wdx y dx' 
Idu ^Idw 1^ Idz _ 
udx wdx ydx z dx' 



Proceeding in this manner we have as a rule : The differen- 
J tial coefficient of the product of any number of functions is 
found by multiplying the differential coefficient of each factor 
mt^aUthe other factors and adding ike products thus formed. 



DIFFERESTIAL COEFFICIENT OF A QUOTIENT. 
Differential coefficient of a quotient. 



1 



Let <f) (a:) and i/r (x) denote two fimctiona of x, and let 

Suppose X changed into a: + h, and let u + Au denote the 
new value of the quotient. Then 

therefore 4. . *(£LtlilMrlMf(2±« 

_. !j.(» + /.)-j.Hi^|.M-|.Ka:+t)-^),H|,^M 

i,(x + h)-^J^ 
therefore -1—= ,,,,.,, 

Let 7i diminish without limit, then 

du ^ f(^)^|^(ar)-^^(■^)./■(x) 

Jx {f{x)Y 

Hence we have this rule : To find the differential coefficient 
of a quotient ; multiply the denominator by the differential 
coefficient of the numerator and tlie nwmeratorby the differential 
coefficient of Vie denominator ; subtract the second product from 
the first and divide the result by the square of the denomi?iator. 

32, The result of Art. 31 may also bo obtaiaed thus: 

Since u^P^l 

therefore (x) = u-^ {x) ; 

therefore, by Art. 29, 

therefore VWjI-f W-^'^'W, 

therefore ^.fWV^M-y»M. 



33. Differmtiaiioli of a, constant 




DIFFERENTIATION OF A CONSTANT. 



Js_ 




c where c ia a constant, then - - = 0. For to say 

Uiat y is equal to a constant is the same thing as saying that 
y cannot vary ; hence Ay = 0, therefore 



Ax 
whatever bo the value of Ax ; therefore 

ax 
Hence, making ^(ir) = a constant c in Art. 29, we have 



dcir{x) _ 



cf{x). 



This may of course be obtained directly thus r 
Let v. = cf{n:), 

then u + Au = c\lr{x + h); 



therefore 



Ax 



ct'(:E). 



by putting ^ (a:) = o in Art. 31, wc obtain 



iMl" 






I wliich likewise may be found independently. 

We have now defined a differential coefficient and 

I have shewn how the differential coefficient of a compound 

lifimction can be found as soon as we know the differential 

Beoefficientfi of the component functions. Before we proceed 

Ito the rules for determining the differential coefficient of any 

Tfcaown algebraical expression, we shall give some geometrical 

Qlustratioas which will assist in forming a conception of the 

meaning of a differential coefficient and afford some hints a^ 

to the applications which can be made of the doctrine of 

limits. 



GEOMETRICAL ILLUSTRATION. 

35. Suppose we iavo given the equation y = if> (x), and 
that we attribute to the independent variable x all possible 
values between — oo and + x and notice the corresponding 
values of y. Geometry gives us the means of representing 
distinctly this succession of values. We can take x for an 
abscissa measured from a 
fixed origin along a certain 
axis, and y for the corre- 
sponding ordinate measured 
along an axis at right angles 
to the first. The values of 
y corresponding to those of 
X in the equation y = ^{x) 
will belong to a curve 
AMN, the form of which 
win indicate the series of 
values we are considering. It is necessary to have always 
present in our mind not merely any particular value of x 
and the corresponding value of y, but the whole series of 
J values of these two variables. 



y 


!J 


A 


f 


/ ■ 


-A 


-^ 
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36. Among the properties which the function ^ {x), or the 
line which represents it, possesses, the most remarkable, that 
in fact which is the object of the differential calculus and the 
consideration of which is perpetually occurring in all applica- 
tions of this calculus, is tlie degree of rapidity with which the 
Junction varies when tlie variable begins to vary from any 
assigned value. The dcojee of rapidity of increase of the 
function when the variable is made to increase may differ not 
only in different functions but also in the same function 
according to the value attributed to the variable from which 
the increase is supposed to commence. Suppose we give to x 
a particular value denoted by OP, to which corresponds a 
determinate value of y or <l> (x) represented by MP. Let x, 
starting from the value assigned, increase by a quantity which 
we denote by Ax. and which is represented by PQ. The 
function y will vaiy in consequence by a certain quantity 
which we denote by Ay, so that 

y+Ay = \f>{x + Ax), 



therefore 



Ay = *(« + Ax)-^(x). 



I 




TASGENT TO A CDRTE. — — 




I The new value of the ordinate h represented in the figure 
r 2fQ, and NR represents Ay. The fraction -~ represent-a 



Ibe ratio of the increase of the function to the increase of 

I variable, and is equal to the trigonometrical tangent 

f the angle NMR formed by the secant MN with the axij 



37. It iiS evident that this fraction is a natural measure of 
! degree of rapidity with which the function y increases 
when the independent variable x increases; for the greater 
this fraction is, the greater will be the increase of the func- 
tion y corresponding to the given increase Aa; of the variable. 

But it is important to observe that the value of j— will 

lend not only on the value given to x, but also on the 

ignitude of tiie iricrement Ax, except in the case in which 

9ie curve becomes a straight line. 

If then we left this increment arbitrary, it would be im- 

lible to assign to the fraction r- any definite value, and 

I 18 thus necessary to adopt some convention which will 
move this uncertainty. 

J 38. Suppose that after giving to Ax a certain value, to 
Srhich will correspond a certain value for Ay and a certain 
direction for the secant MN, we make the value of Ax 
gradually diminish and become ultimately zero. The value 
of Ay will also gradually diminish and become ultimately 
zero. The point A"will move along the curve towards M, and 
we shall find in every example we consider, that the straight line 
MN will approach towards some limiting position MT. This 
'i in fact equivalent to the assertion made in Art. 24, that 
ining every case in detail we could shew that every 
inction has a differential coefficient The limiting position 
1 the secant assumes when N coinpides with M is called 

! tangent to the curve at the point M, and thus -^ is the 

^onomeirical tangent of the inclination to the axis of x 
s tangent line to the curve. 



EXAMPLE OF A DIFFERENTIAL COEFFICIENT. 

39. The limit of the fraction -.-- , when Ax is diminished 

Aa;' 

indefinitely, raay be considered as affording a precise measure 

of the rapidity with which the function increases when the 

independent Tariable increases, for there remains no longer 

anything arbitraiy'in the expression. The limit — does not 

depend on the value assigned to Ar nor upon the form of 
the curve at any finite distance from the point whose co-or- 
dinates are a;' and y; it depends only on the direction of the \ 
curve at this point, that is to say, on the inclination of the 
tangent line to the axis o£ x. 



■to. As an example of the preceding, we will determine 
the differential coefficient of V(<*'~'^')i ^^^ point out its 
geometrical application. 

Let y=>/(a'~x% 
then y + A)/ = v'['*'— {^'+^Y] '• 

therefore Ay = -/[a' -{x + h)'] - V(n' -^'), 

- (2jrA + 7r) 

Vla=-(.c^-A)'}^-V(«'-ar'j■ 

therefore -r^ = — ,, , ■ , - —ir^ tt^ .■ . 

Aa; V {a' - (or 4 A)'j + V(a -») 

The limit of this when h is made indefinitely small is 



'iW- 



therefore 



dj,_ 



dx -^{a^ — a^ ' 

It will be Been that we have in the above example used an 

algebraical artifice, namely, that of multiplying both numera- 
tor and denommator of a fraction by >^[a'—{x+h)']+'/{c^--af), 

(a order to obtain -~- in & form the limit of which can be 
Ax 



^^ 



easily seen. In treating any example without the aid of 

Seneral rules, we should frequently find our success depen- 
ent upon our readiness in effecting such transformations; but 
the next two Chapters will explain methods of malting the 
problem of ascertaining any difi'erential coefficient depend 
upon the knowledge of those of a few standard functions. 

. From analytical geometry we know that the equation 
/ = n/(a* ~3?) represents a circle, and it is also known from 
he principles of that subject that the tangent at the point 
(*i s) ^^ '^ circle is inclined to the axis of ic at an angle 



whose trigonometrical tangent i 



Also in the 



case of a drcle the straight line which we have defined as the 
tangent is the same straight line as that which fulfils the con- 
dition of " touching the circle," given in Euclid, Book m. 

^^^ 42. In the Chapters on the geometrical application of the 
Differential Calculus we shall recur to the subject of tangents. 
3 have given the above example here that the student may 
ht this early period acquire the conviction that important uses 
may be made of a differential coefficient. 

43. The.following Is another geometrical application. The 

OAMP, see the diagram to Art. 35, must be sovie func- 

of X, since it is a definite quantity when we assign a 

lite value to x, and varies when x varies. Denote this 

tonction by u, and PQ by Aa:; then 

w + A« = area OANQ, 

lerefore Aw = area MNQP ; 

lerefore Au lies between MP.PQ and A'Q.PQ, 

lat is, between yAx and (y + Ay) Aa;; ; 

lerefore -r- lies between y and y + Ay. 

!ence, diminishing Aa^, and therefore Ay, without limit, we 
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CHAPTER m. 

DIFFERENTIAL COEFFICIENTS OF SIMPLE' FUNCTIONS. 

44 Differential coefficient of a;" where n is a positive 
integer. 

Let y = a?*, therefore 

therefore Ay = (a; + A)" — of 

= ^^«-iA + ^5^^^aj'*-^A»+.. +A"; 

therefore ^ = naj""^ + n{n--l) ^n-2f^^^^^^ j^n-i 

Ax 1.2 

Dimmish h without limit, and we have 

-J- =inx . 
dx 

45. The same result may also be obtained by means of 
Art. 30. For let 

where the n quantities y^,y^, ... y„, axe all functions of x\ 
we have then 

1^ = 1 ^4.i^«^.... + 1^ 
uda? y^ da; y, rfo? **' y, da; ' 



If now yj 5 


= x, 


we 


have 


Ay, = Aa-, 


therefore 








^^1 = 1 
Aa; ' 


therefore 








^^1 = 1 
dx 
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Put then y^, y,* ... y„, all equal to x; thus u becomes a?*, 
and we obtain 

1 du ^n 

udx" a* 

therefore -r- = nx'^K 

ax 

46. If n be not a positive integer, we may by assuming 
the truth of the Binomial Theorem for fractional exponents 

proceed as in Art. 44 to determine -.— . But in that case we 

shall require to assume that *' if we have a series containing 
an infinite number of terms and each term becomes ulti- 
mately indefinitely small, the sum of the terms becomes so 
too." To avoid this assumption we adopt another mode. 

47. Differential coefficient of a?" the exponent n being un- 
restricted. 

Let y = a;", therefore 

therefore ^J^AJ^:^ 

Ax h 



-. — J — . 

Now whatever be the value of n, positive or negative, whole 
or firactional, it may be supposed = - — - , where p, q, r, are 
positive integers. 

Let = z, 

X 

therefore A = a? (5? — 1), 

and ^ = <^-'^. 

As h diminishes indefinitely z approaches the limit 1, and we 

have to find in that case the limit of . 

z — l 
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Suppose i;=«'', then 

^"-1 ^••-1 V^^-l V^'-V'^ 
or 



Z"! z-l t;*'-l !;'(!;*•- 1) 

This last result is obtained by dividing both numerator and 
denominator of the preceding fraction by v — 1. Let now v 
approach the limit 1, then the limit of the last fraction is 

r ' 

therefore ^ =^^ aj""^ = naj^ 

ax r 

48. Differential coefficient ofoi^. Second method. 
Let 2^ = a?* therefore 

y + Ay = {x + hy, 

therefore -r^ = — ,^ ""^ 

Ax h 



=?{(-r-}- 



h 

Assume - = ^ and (1 + ^)* — 1 = v, then z and v are quantities 

X 

which dimmish indefinitely with h. Thus 

ax z 

From the above assumptions 

(l + -er = l+v, 
therefore log^ (1 + r) = n log«(l + <?). 
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From Art. 19 the expressions 

Z V 

both tend to the limit unity. Hence we may assume 



z 



where each of the quantities 7 and S has zero for its limit. 
Hence 

v^l + S log,(l + y) 

z 1 + 7 * log^H- -er) 

= n from above ; 

1 + 7 

therefore the limit of - is w, and 

z 

49. Differential coefficient of a'. 
Let y = a*, therefore 

therefore -r^ = a* — 5 — . 

Ax h 

a^— 1 
Now, by Art. 20, the limit of — y — , when A is indefinitely 

diminished is log«a; therefore 

g = o«log.a. 
Next let y » a* ; then 
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hence by the rule just proved 

|=(ariog.a' 

= a**clogea. 
Hence ify = ^, 

and if y^^f 

dx 

50. Differential coefficient of loga x. 
Lety = logaa?, therefore 

y + Ay = loga(aj + A), 
therefore Ay = log« (a? + A) — log^ a? 

aj + A 



= log 



« a? 






therefore . ,- 

Aa; A 

Assume A = xz^ therefore 

Ay^l loga(l + g) ^ 
Aa; a; 2; 

By Art. 19 the limit of -^^ 1 when z diminishes 

indefinitely is log^ e, therefore 

T^ = -log«e 
dx X ^ 



a?*log,a* 
Hence if y^log^a? 

dx x' 
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51. Differential coefficient of sin x. 
Let y = sin a?, therefore 

y + Ay = 8in(aj + A), 
therefore Ay = sin (a; + A) — sin a: 

= 2 cos fa: + -J sin - , by Trigonometry, 

. h 
ix sin- 
h\ 2 



therefore t^ = cos ( a? + x 1 

Ax \ 2/ 



h 



. h 
sin - 

Now when A is indefinitely diminished, the Kmit of ^— 

h 
is unity by Art. 9, therefore ^ 2 

dy 

j^ = cos a?. 

52. Differential coefficient of cos x. 

Let y = cos a?, therefore 

y + Ay = cos(a?+A), 

therefore Ay = cos (a? + A) — cos a? 

A\ . A 



= -2smfa; + -jsm-, 



therefore t^ = — sin 



jin(a;+-) 



. A 
smtr 



Aa; 

2 

therefore j- = — sin x. 

ax 

63. Differential coefficient of taxi x. 
Let y 3B tan x, therefore 

y + Ay = tan(a: + A), 



32 COTANGENT. SECANT. 

therefore Ay = tan (a; + A) — tan x 

sin (x + K) sin x 



therefore 



therefore 



cos {x + h) cos a? 

__ sin (a? + A— a?) __ sin A 

cos (a? + h) cos a? cos (a? + A) cos a; * 

Ay __ sin A 1 

Aa? "" h cos (a; + A) cos x ' 

^^ 1_. 

dx cos* a?* 



54. Differential coefficient of cot a?. 

By proceeding as in the last Example, we find that if 

y = cot X, 

dy_ 1 

da? sin* a? ' 

55. Differential coefficient of sec a?. 
Let y = seca7, therefore 

y + Ay = sec(a? + 7i), 

therefore Ay = sec (a? + A) — sec x 

_ 1 1 __ cos a? — cos (a? + A) 

"^ cos [x + A) cos x cos a? cos (a? + A) 

2 sin fa? + ^1 pin - 

cosiCfCOs(a; + A) ' 
. / A\ .A 

.w,™ |-'=_:±;4!:;!, 

Aa; cos a? cos [x-\-h) h 

o 

., « rfv sin a: 

therefore -,- = — 5- • 

oa? cos a? 



CfOSBCANT. 33 

56. Differential coefficient of cosec x. 

Let y = cosec ^; proceed as in the last example^ and we 
find 

dy __ cos X 

'' dx sin' a?' 

57. Since tana;, cot^, sec a;, and cosec ^ are all fractional 
forms, we may deduce the differential coefficient of each of 
these functions by Art. 31 from those of sin a; and cos a;. 
Thus, let 

sin a? 

V = tana; = , 

^ cosa; 

dsinx . dcoBX 
, cosoj —J sm a? — -j — 

therefore ~ = <> , Art. 31, 

dx cos X 

cos* a: + sin* a? . ^ , ^ 

= s , Arts. 51 and 52, 

cos'a? 



cos* a:' 



Similarly we may proceed with cot x, sec x, and cosec x. 

Since vers a? = 1 — cos a?, the differential coefficient of versa? 
by Arts. 27 and 33 

= — differential coefficient of cos x 
= sin a?. 
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CHAPTER IV. 



58. Let y = i^ (x), so that y is & known function of a , 
follows from this that x must be some function of y, although 
we may not be able to express that function in any simple 
form. The best mode for the reader to convince himself of 
this will be to recur to algebraical geometry and suppose x 
and y to be the co-ordinates of a point in a curve the equation 
to which ia y = <p (x). For every value of x there will be 
generally one or more values of y, positive or negative, as 
the case may be. So for any value of y there will be 
generally one or more definite values of x, which, as they 
really exist, may be made the subjects of our investigations, 
even although our present powers of mathematical expres- 
sion may not always furnish us with simple modes of repre- 
senting them. 

59, A simple example will be given in the equation 

,j^x'-2x+l (1). 

Solve this equation with respect to x, and we have 

x=l±y^ (3). 

Here (2) shews that if any value bo assigned to y we must 
have for x one of two definite values. 

Now in (l), X being the independent variable and y the 
dependent variable, we have by Arts, 28, 33, and 44, 




INVERSE FUNCTION. 

1 equation (2) we may treat y as the independent variable 
tnd X as the dependent variable, and we find, by Art. 47, 

| = ±i^-* (")■ 

1(2) x-l = ±yK 

(ttierefore — — = + y"-'. 

\ Hence, from (4), ^ = — ; ^ (51. 

r "• ' dy 2{x-l) "• ' 

Comparing (5) with (3), we see that 

^X— = 1 
dx dy 

%e theorem which holds ia this simple case we shall now 
mv6 to be universally true. 

60. To prove -/- x '^f = 1. 
ax ay 

I-rt . J—fW (1). 

incij from this it follows that ce must be some function of y, 

[suppose a! = if-{i/) (2). 

._j«t X in (1) be changed into x + Ax, in consequence of which 
f- becomes y + Ay, then 

y + A^ = ,f>{x + Ax) (3). 

How in (5) it may happen that x has more than one vahie 
for any assigned value of y, but if the value of y in (2) be 
the same as that in (1), then among the values which x can 

^hftve, OTie must he the value we supposed assiyned to x in (1). 
fienco we may suppose x and y in (3) to have the same 
^mlues as the same symbols respectively had in (I). In.equa- 
tion (2) change y into y + Ay, where y has the same value 
as in (1) and (3), and Ay the same vaJue as in (3). Then 
among the values which the dependent variable is suscepti- 
ble of in (2), one must be x+ Ax, the symbols having the same 
^_rBlu«a as in (3). 



J 
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Hence a7 + Aa? = '^(y+ Ay) (4), 

From (1) and (3) 

Ay _ 4>{x-\-Ax)-<f>{x) , . 

Ai A^ ^^^• 



From (2) and (4) 



Ay Ay ^ ^' 



In (5) and (6) the same symbols have the same values, and 

, Av Aa? , 

smce in that case ^^ x -r— = 1, we nave 

A^ Ay 

^ (a; + Ax) - <^ (a;) ^ jr {y + Ay) - yjr {y} _ ^ 
Ax Ay 

Now diminish Ax and Ay without limit, and we have 

<^'(^)xt'(y) = i; 

or, as it may be written, 

^x — =1. 
dx dy 

61. The demonstration given in the last Article may 
appear laborious. In reviewing it, the student will perceive" 
that this arises from the necessity of proving that the x, y, 
Ax, and Ay, which occur in (5), have the same numeriodl 
valves as the quantities denoted by the same symbols respec- 
tively in (6). This point is sometimes assumed, and it is 

considered sufficient to say " since -^ x -r- = 1 always, we 

di/ dx 
have, by proceeding to the Umit, -r- x -v- = 1," but it would 

appear necessary at least that the assumption should be 
noticed. 

62. Suppose z = ^ (x), 

y^-^iz), 

so that y is a function of z, and z a function of x. It follows 
that if we substitute for z its value in'^{«), we make y an 
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Eexplicit function of x, and consequently y must have a dif- 
ferential coefficient with respect to a-. For example, if s = :c' 
and y = a', we have by substitution ^ = x'. Now this is. 
a function of x of which we know the differential coefficient, 

by Art. 44. Hence -^ = 6a^. But if z = coa x and y = a', we 

find i/ = a""", a function of x whicli we have not yet seen 
how to differentiate. Hence the necessity and use of the rule 
demonstrated iu the next Articia 

»63. Differential coefficient of a function of a function 
Let . = *M (1), 

•"il » = -)-(=) (2). 

BO that y is a function of x; required the differential coeffi- 
cient of y with respect to ar. 

Let X be changed int-o x + Ax, in consequence of which 
[ « becomes s + Az, and suppose in consequence of this change 
" 1 z, that y becomes y + Ay; thus 

a + AB = 0(:c + A«) (3), 

^ + Ay = '^(3 + As) (4). 

Now suppose that by putting for z its value in (2), we obtain 

y-iPW (5). 

9iere F{x) denotes some function of a:. From tho mode 
't ■which equation (5) is obtained it follows that we may 
IppoBe X and y to have respectively the same values in (2) 
I in (1) and (r), and also that 

y + Ay = F{x + Ax) (G), . 

where Ax and Ay are tlie same quantities as have already 
occurred in (3) and (4). 

From these equations we deduce 



IU: 



AlE 
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\vliere the Bame symbols denote throughout the same quan- 
tities. Hence, since 

Ay _ Ay Az 

Aa; ~ As Ax' 
we have 
F{x + Ax) -F{x) ^ -^ (a+ Ae) — t (z) ^ if) (x + ^) - <f> {x) 

Aaj A^ Ax 

Now let Ax, Az, and Ay, diminish without limit, and wc 
obtain F' [x) = f (?) <f> {xj ; 

or, as it may be written, 

f/// dji dz 
dx dz dx' 
Hence the differential coefficient of y with respect to x is 
equal to the product of the differential coefficieut of y with 
respect to z, and of the differential coefficient of z with respcsct 
tox. 

64^. We may make a remark on the demonstration of the 
last Article similar to that in Art. 61. It is often considered 

sufficient to say that ''ir'~\^\' ^7 *^^ properties of 

fractions, and therefore, by taking the limit, -^ =-^ j- ." 

65. Differential coefficient of siu"'x. 
Let y = Hin~'ar, therefore 



therefore 

therefore 

Since sin i/ = 
taken will of 
fore put 

remembering that the radical must have a negative sigr 
COB y be negative. 



smy. 


Art 


SI, 






dx cosy 


Art 


60. 






cos,,- ±y(i 

rse depend on 


-ic*}; the proper sign 
the value of y; we may 


to be 
there- 


Jy _ 1 
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66* Differential coefficient of cos"* or. 
Let tf = cos"* 07, therefore 

cos y = x, 

therefore ^=-siny. Art 52. 

therefore j— — - — , Art. 60, 

dx sin y 



See the preceding Article. 

67. Differential coefficient of tan"* a: and cot"* a:. 
Let y = tan"*a?, therefore 

a? = tany, 

therefore -t- = — r"> Art 53, 

ay cos"y 

therefore £■ = cos*y, Art. 60, 



H-tan*y 
1 



Similarly, if y = cot"*a?. 



%^_ 



1 



dx 1+a?' 

68. Differential coefficient of 8ec"*a? and cosec"*a?. 
Let y = sec"*a?, therefore 

a?=secy, 

therefore -j- = — ^, Art. 55, 

dy co8*y 

therefore -it = 5??jL Art 60. 

oo; siny 
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But sec y = a?, therefdre cos y = - , and sin y = ^ , 

see Art. 65, thus 

Similarly, if y = cosec'^o:, 

^ = „_L_ 

dx a?V(^— 1)' 

69. In the manner given in the preceding Articles tiie 
differential coefficients of the inverse tngonometrical functions 
are usually determined. They may however be found without 
using Art. 60. 

For example, suppose 

y=tan"^^, 

therefore y + Ay = tan"^ {x + A), 

therefore Ay = tan"* (a? + A) — tan"^a? 

= **""' l+x{x + hy ^y Trigonometry, 

therefore -r^ = t tan"* ;; ; ^r- 

Ax h l + a?{a: + A) 

tan * 



_ 1 l+a?(a; + A) 

l + o^.+ arA* h 

\-Vx{x-\-h) 
Now let A diminish without limit, then 

tan-^ * 

the Umit of l:^i2±*l= 1, Art. 21, 

1 +x{x+h) 

therefore -^ = — L_. . 

dx l+a? 
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70. Again,- suppose y == 8in"*a^ 
therefore y + Ay = sin** (a? + A), 
therefore Ay = sin"* (a; + A) — sin"* a? 

= sin-*[(a:+ A) v(l-iO- a? V{1- (a?+ A)'}], 

by Trigonometry, 

therefore %- Sin"[(^ + ^) V(l -^) -^VU-C^+mi . 
Ao; h ' 

put (a; + A) V(l — a:^ — a? V{1 — (a? + A)*} = « for abbreviation, 

^, Ay sin"*js sin"* a 2? 

then -r^ = r — = . Y . 

Aa; A z h 

^^^ g^ (a? + A)V(l-a^)-a;V{l-(a; + A)'} 
A A 

(a;4-A)'(l-aO-a:'{l-(a? + An 
""A[(a: + A)V(l-a;') + a;V{l-(aJ + A)^}] 

2a; + A 

""(a; + A)V(l-»j')+a:V{l-(a:4-A)'V 

thus theHmit of p when A = 0, is ^^^^^,^- or j^^y 

• -1 
sm *^ 

and the limit of is 1, Art. 21; therefore 



!^-. 



71. Differential coefficient of vers"* a:. 
Let y =vers'*a?, therefore 

vers y = aj, . 
therefore 1 — cos y = a?, 

- €UC . 

therefore ^ = sm y, 

^erefore H^»=-7 ^ 



dx sin y V(l — cos' y) Vll — (1 ^ ^)*1 
_ 1 
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72. Differential coefficient afz'. 
Let y = z', where v and z are both functions o 
Take the logarithms of both membera of the equation, 
hence 

10g.I/ = V log.2. 

Now since these two functions of x are always equal, their 
differential coefficients with respect to x must be so. 
d\og,y _d\og,y dy 
dx dy dx' 

= 1^ 
y dx' 
Also the differential coefficient of u log.s 



Am\ 



, Art. 63, 



^ , Art. 50. 



dv , V 



^log.i 



, Art 29, 



,, - I dv dv . , V dz 

therefore — j2 = -=- log-a -I j- , 

y dx dx ° z dx 

1 ^? _ " (^ 1 4, !' ^"\ 

dx \dj: *' s da;/ * 

73. If we compare Arts. 29. ..31 with Art. 72 we may 
deduce a general rule for the differential coefficient of a 
composite function. Differentiate in order each component 
function, treating all the others as if they were constant; 
then add the results thus obtained. 

It is advisable to call the attention of the student explicitly 
to three different cases which beginners are apt to confound. 

(1) liy = z' where a is a function of w and a is a cmtstant, 
then by Arts. 47 and 63 

dx~ dx' 

(2) If 3/ = a' where a is a function of x and a is a constant, 
then by Arts. 49 and 63 

dy , , dz 

dx *' dx 
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(3) K y = a* where both z and v are functions of a;, then 
by Art 72 

74. Differential coefficient of x\ Third method. For 
the other methods see Arts.M7 and 48. 

The differential coeflScient of x* is sometimes found thus : 

First prove as in Art. 44 or 45 that if n be a positive 
integer, the differential coefficient of a?* is wa?*~\ 

If then n be fractional and positive, suppose it = - where 
p and q are positive integers. 

Let y = a?" = a;^ 

therefore ^ = x^. 

Hence taking the differential coefficients of both sides 



therefore 



dy _ p3i^^ p xT^ 



p 



- = a? , 



The rule is thus established so long as n is positive. 
If n be negative suppose it = — m, so that m is positive. 
Let y = a?"**, therefore 

I 

y 

therefore 1 = yx"^. 

Differentiate both sides, and we have 

0=x'^-^+ymaf^\ Arts. 29 and 33, 

therefore -r^ = ^ = — mx'^'^ 

dx X 

^nx'^K 
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Hence the rule for diflferentiating aj* is universally esta- 
bUshed. 

75. We shall now give some examples of the preceding 
rules for finding diflferential coefficients. 

(1) Let y = smax. ^ 
Put ax = z; therefore y = sin z^ 

^^^ :;£ = ;il:7l' Art. qs. 

ax az ax 

But -^ =cos2f, Art. 51, 

ah 

dz 
and ^ ~ ^' •^^* ^^' 

therefore -y- = a cos a = a cos ax, 

ax 

(2) Let y = sin (log ar). 

By logo? without any base specified, we mean log^a:. 



Put 


log x — z, 


therefore 


y = sin z, 


a,nd 


fy = 5^ 5^ Art. 63. ' 

ax dz dx 


But 


T^ = co8«, Art. 51, 
dz ' 




f -\ Art.50, 
dx X 


fVi oro-Trkrfi 


dy _ cos z cos (log a?) 



e^v a; x 

(3) y = log (sin a;). 
Put sin a? = 2?, 

therefore y = log z, 

and i = |S.-^'-63. 

cio; dz ax 

1 cos a; . 

= - cos X = -^ — = cot X. 
z fiiua; 
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Put . i±^=^. 

therefore ^ = 5i^rM+i^±M, Art. 31. 

2a& 



(a-6a;)'' 



^, -. dy 1 2db 2ah 

therefore -r- = - 7 7— n« = -5 — !«-« • 

cix z (a — ox) a —oar 

This example may also be solved by putting 

y s= log (a + hx) — log (a — hx), 

^, - dy h I 2ab 

therefore -^ = — -^-- + 



flJa? a + 6aj a — bx a* — 6V 
(5) y = cos"^— ^— . 

jy . 4-33?* 

Put "-^— =^' 

therefore y = cos'^^, 

J dy __dy dz 

dx dz dx' 



— a!" 



/L /4-3? ^ V(a!'- 9«* + 24a!' - 16) ' 
(fe - fee* - 3a^ (4 - 3a^ . . „, 
3(^-4). 
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therefore ^ '^' ^J^J) 

tuereiore^- ^(a^'-ex' + 'ida^-ie)- x* 

-S{as'-4) 3 



ar V{(a? - 1) {«' - 4)*} a; VC®' - 1) ' 

4 — Sib' 
In differentiating — -^ — we made use of the rule for 

finding the differential coefficient of a fraction. By putting 
the expression in the form 

that is, 40?"' — 3aj"^ 

we obtain for the differential coefficient 

-12aj-*H-3aj"', Art. 47, 

3(a;'-4) , 

or — ^^ — 2 — - 9 as above. 

a? 

It may be observed that cases of this kind frequently occur 
m which we may adopt more than one method. The student 
will find it very useful in rendering him familiar with the 
rules, to obtain his results, if possible, by different methods. 

It is often convenient to take the logarithms of both sides of 
an equation before differentiating. Thus, from the above, 
we have 

log y = i {log a + log 0? + log (a? — 3a) — log {x - 4a) }. 

Take the differential coefficient of each member of the equa- 
tion, therefore 

i%=ifl ._J L_l 

ydx 2\x a? — 3a cs — Aa) 

_ a?'~Sax + 12a^ 
2x {x — 3a) {x — 4a) ' 
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therefore ^ = V^ - (^-8^+1^^^') 

da? 2{x(x-' 3a)}* (a? - 4a)^ 

(7) y=taa-»^. 

Put - = i?, therefore y = tan*^ «, 
a 

therefore -^ = ;— — ^ ^r- 

11 a 



a* 

(8) Lety = tan-^^. 

3^ra' — aj' 
Put — 7-a — r-sT = -? : therefore y = tan"* z, 
a (a* — Bar) 

- dy _dy dz _ 1 <f g 

daj""<&flte'~l + «*di' 

^T- & 3(a'-a«)(a*-3a^) + 6a?(3a;a'-a^) .__^ ^, 
N^^ ^== ^ a(a'-3a^r ~ ' ^ ^^' 

*" a(a'-3a;»)» • 
And by reduction we find that 

.! + «* (a*+a?)* * 
Therefore | = ^- 

In feet we have from Trigonometry 

a(a— 3jr) a 

and therefore the value of ^ ought to be ^, - -;j| 
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It is obvious that other self-verifying examples may be 
constructed on the model of this example. 



v^; 3^ - ^ 


»au 1 — : 1 • 

Vl + e"" sm x) 


Put 


e* cos X 

— » 


l+e^'sina? "' 


thus 


yrsta-n'^^, 


therefore 


dy 1 dz 
dx^ l-^-z* dx' 



^ dz __ {e'^cosx—e'fiiD.x) (l+g'sina?)— e*cosa; (e*cosa;+e''sinar) 
dx" (l + e*siniu)* 

_ e* (cosa? — sina; — e*) ^ 
(1 + e'' sin xy ' 

, 1 (1 + e' sin a;)^ 

l + «*"l + 2e*sina; + e»*^ 

^, « rfv e* (cos a? — sin a? — e*) 
therefore -^ = ' ^ ^^ r"^ • 

(10) y = sin a? tan"* x a* log x. 

dy X -1 fl:i . sina;a*loffa: 

-7^ = cos a? tan x a log ^ H 5^— 

dx ^ 1 + a?* 

X -1 «i 1 . sina;tan"^a?a* ._^ ^^ 
+ sina:tan a;a logalogajH . Art. 30. 

X 

76. The differential coefficients of the simple functions are 
here collected for the sake of reference. 

1 dy 1 

y=log.x di=^I3i:^- 
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. aj dy 1 X 

y = sin-. T^ = -cos-. 

a dx a a 

X dy 1 . X 

y = cos--. -^ = — sin-, 

a dx a a 

. X dy I ^x 

y = tan-. :^=-sec-, 

y=cot-. • -^ = — cosec^-, 
a dx a a 



X 

t/ = sec-. 
^ a 



X 

V s» cosec - 



• 



• .1 X 

y = sin * - . 



y = cos^-. 
a 



y = tan*- . 



^ a 



y = sec^-. 



y sacosec^- 



-.^.«."i^ 





. X 

^ sin - 
1 a 

a ^x 

a 


rfy_ 

dx 


X 

^ cos- 
1 a 

a . ^x 

sin - 

a 


dy_ 


1 


dx 




dy _ 


1 


dan 


^Jicf^af)^ 


dy _ 


a 


dx 


a' + a?' 


dy _ 


a 


dx 


a^ + a?' 


dy _ 


a 


dx 


x^{a?-a^)' 


^y ^ 


a 


dx 


a?VO*? — «0 


dy_ 


1 



T.D.a 
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EXAMPLES. 



1. 


y — c»lx. 


2. 


a—x 
3'= X • 


3. 


1 + x 


4 


y^xlogx. 



dx ^tjx" 

dy ^ a 
dx^ ff? * 

dy_ 1 — 2a; — a^ 

^ (l + aO* ' 

|=l+loga.. 



6. y = log cotan x. ^ ~ "" 



2 



sin 2a;* 



^' y^^{a'^xr dx (a'-a:*)*- 

»7 _ a;* dy _ Bx^ 

8. y^^{l-a?). '^ = e'{l-3a?-a?). 

9. y={x-d)^ + ix^+x+S. 

^=(2a;-5) e^+4 (« + 1) 6*+ 1. 

10. y=(2a!-5)e*' + 4(« + l)flC+l. 



19 „__f!_ <%__^ 



n+1 *■ 
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13 «-^ji£: ^-__i_ 

dv e* — e"* 

14. y = log(e-+e-^. i = 7qp^- 

15. y = ic*(o + a!)'(J-a;)*. 

^= [2ab- {%a-Sb)x-9a?] x {a-yxf {h-x)". 

16. y = (a+a?)"(J + a!)". 

^ = (a + a)"-' (J + «)•-' {ot (J + a) + n (o + a)}. 

^_ _ 1 1 dy_ OT (6 + a!) +TO(a + a;) 

'■ 3'-(a+a!)»"(JT^)-' ote (a + a;)"** (* + »)"*' ' 

,_ tan'a; . , dv . < 
18. y = — tana! + ar. -/^ = tan ar. 

IQ 1 dy a;-V(l-a!') 

^~a; + V(l-a^)* <iB~ V(l-a;''){H-2a;V(l-a!')}" 

20. 3/ = (a' + a!^tan"'-. ;^ = 2a; tau"' - + a. 

91 - /f A.^ ^±\ ^y - — ^a; + 2c 

y-Vr'^as'^ar'r a£" 2a;V(aar' + fia; + c)- 

22. y = log{log(a + Ja:*)}. ^"^ = 7 — . , „, , — 7 r- ^• 

jf 6 I o V -»^ yj ^ (aH- iic") log (a + 6x") 

24. .y = e****** sin a-. ^ = e<*^'{2 (a + a?) sina? + cos a:}. 

25 y^ V(<^ + ^) ^^ Va ( ya? - Va) 



1. 



o. 
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27 «= /[^-^] ^ = _zM 



-2a;(2-a!^ 



28. y = 



X 



29. y = e 



(a;-2)e*+a; + 2 



(l + i^i' 
dy_ e^(l-a? )-l 



^^ ^ 

cte (e*-l) 



30. y = log 



V(l+»)+V(l-a;) rft/ 1 



V(l+a;)-V(l-a;)' 



dx x^{l — x*) * 



31. v = 



y 



32. y 



(^+V(l-a.»)r- | = n{a:+V(l-ai-)r5^^i=^ 



dx 



33. 



y 



l + V(l-a!')j • 
X I a; 



"v(i-aj*){r+v(i-aj'^)j' 

rfa? (14- 



^^^ 

dx a;\/(l"~^)' 



wy 



l + nV(l--a^) 
V(l-^)1 (1-aO* 



34. y = 



a 



i_ 



^ = ^^^ a 10ff«Ct. 



35. y = tana*. 



df/ _ sec' a' 
dx^ 



-J— logett . a*. 



36. y = log{V(l+a;') + V(l-ai«)}. ^ = -a- 






-a:*)} 



37. y=(2a* + a:*)V(«* + i»*). 

38. y = a? + logcosf j-a?j. 



d^ 
dx 

dy 
dx 



X I V(l 
4a^+ 3j;^ 

2 
i + tan a? ' 
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39. y 






V(l-a!*). 



40. y = a; sin"' a. 



41. y = tan X tan"'ar. 



42. y = sin ivx (sin a;)". 



X 



43. y = 



(sin nx)^ 
(cos T/wc)" * 



dx 



dx 
dy . -1 . 

dy « X -1 tana? 

-i = sec 0? tan ^x + :; =-. 

dx 1 +ar 

-^ = w (sin a7)*~*sin (m+ 1 ) ar. 
mri (sin nx)^"^ cos (ma? — nx) 



(cos Twa?) 



n+l 



dx 



44. y = 6"***' cos rx, ::/="■ e"***^ (2a* a: cos ra? +> sinra?). 



45. V = 



a; — 8in"^a? 
(sin a?)^ 



di_ 



sin a; -^ 1 — 



1 



V(i-^)] 



[■ — 3 (a; — sin"* a;) 



cos a; 



(2a; 



46. y = log 



a?' 
a + 6tan- 

a — o tan - 

2^ 



(sin a;)* 
dx 



ab 



Q 'aa> 79*8**^ 

a'cos'- — sin - 



47. y^ar". 



(2a; 



l=af(l + loga;). 



48. y = 



a?'. 



49. y = o*^"^. 

50. y = e^. 



51. "v = e^. 



<?y _ x'{l — log a?) 
(£i; 



dx 



x 



^■-^— +v(S)}- 



a; 



dx 



^^^e-. 



dy 
dx 



= e**af (1 + loga?). 
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52. y = af. ^=ya!^ ft + log aj +(!<«»)*}. 

53. y = «-. ^ = ^e-i±^]2£^. 



do; a; 



54. y-tan ^^^,. ^^____. 

55. y-sin -j^. _=-^^___^^, 

56 v-tan /fl-o-^ dy ^ -{sec^/(l-ar)}' 

5t). y-tanv^l a^j. ^^- 2^(1-^) ' 

57. y = tan ^-77- ^r . -^ = -77; ^ . 

58. y = tan"Vntana?), -~= — 5 — : — , . ^ . 
^ * ax cos\B + w sin*a? 

' Q _ -1 g dy _ 1 

60. y = (a: + a)taii-*y/|-V(flw:). ^ = taii-'^^. 

61. y = tan - + log( ). ^-=-4 — i- 

62. y = sin-y (sin a:). '^'^^ n/(^ "*" ^^^®^ ^)* 

63. y = tan-'^. | = rT^- 

y-sin ^^^. ^ - ^jj.+ (26c-a')a!"+c"a:*} " i+cx* 
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67. y=tan-Mx4-V(W)}. t^ ^^^JS^l^'Jll-^r 

-_ _ • -1 <c tang dy _ a* tan a 1 

W. y-sin ^^^_^' dx~ir^ V(o*-«' 860*0) * 

69 tf = sin- A°'~^ (?y__ x^jh'-a') 

by. y-sin /^(^y.^J. ^- (6»_-p»)^(o»_a^- 

70. y^tan-' /fi^^^V ^ = 1 

•71 ;^^ & + gcosa? dy __ - si {a* "V) 

^ a + ocosa? 6to a + 6cosa? 

72. y=tan-Mf-^')^n. ^=^(^11^. 

( + acosa? J aa? a + b cos x 

.3. y = oos'^rpi. i^-^^qn- 

,^ _ _, 1 dy 2 

7*. y-sec ga;*-!- da-- ^(l-a:')- 

75. y-tan ^ . <fa; 2 (1 + ai») " 



shew that 



dx icy (1 + a:) * 
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. fl + l . nx 
Sin — — a? sin — 

78. Given sin a? + sin 2a; + .>> + sinna? = , 

. w 

sm— 

2 

deduce, by taking the differential coefficients of both sides, 

the sum of 

cos x + 2 cos 2x-\- ... +n cos nx. 

n+1 . X . 2n + l l/.w+lV 



BesuU. — 



. a; . 271 + 1 1 f . n+1 \ 
sin- sm — - — a? — - sin — ^r— a; 
2 2 2 V 2 y 



• X 

sin' — 



79. Having given (see Plane Trigonometry, Chap. XXin.) 

(TT \ . /27r . \ . /m — 1 . \ sin 91107 
— + a; sm ( f- a? ) ... sin tt + a? = .^. , 
m / \m / \ m j a 

where m is a positive integer, shew that 

cot a? + cot I — ha;| + ...+cot( 7r + a?) = m cot max 

\m J \ m J 

80. From the preceding result deduce that 

cosec'aj + cosec' ( — h a? ) + ... + cosec' ( 7r + a;) 

\m J \ m J 



= m* cosec' mx. 



CHAPTER V. 
SUCCESSIVE DIFFEBENTIATION. 



77. In the preceding Chapters we have shewn how from 

Lany given function of a variable another function may be 

, deduced, called the differential coefficient of the first. This 

second function, by tho same rules, has its differential co- 

efGcient, which is called the second differential coefficient of the 

original fimction. 

Thus, if y=a;*, we Lave ~ = nx'''^. The differential co- 
efficient of ?iic^' with respect to a; is n (n ~ I) x'"^, which is 
therefore the second differential coefficient of y or a;" with 
respect to x. The second differential coefficient of y with 

respect to X is denoted by ^-^ , which is to be considered as 
I in abbreviation for - 






A 



What we said of -r! Jn Art. 26, we now say of -t4, 
dx ' ■' oaf 

lAbat it is io be looked upon as a whole symbol, not admittinff 
m<if decomposition into a numerator d^y and a denominator da?. 

As -T^ will be generally a function of x it will have its 

■ differential coefficient with respect to x. This is called the 
1 third differential coefficient of i/ with respect to x, and is 



(denoted by t^ , as an abbreviation for • 
I oar 

This process and notation may be carried on to any extent. 
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The successive differential coefficients of a function are 
often conveniently denoted by accents on the function. 
Thus, if <l> (x) be any function of x, then ^' {x), ^'- (a?), <l>''{x), 

^{x), denote the first, second, third, fourth, 

differential coefficients of ^{x) with respect to x. 

78. In some cases the n^ differential coefficient of a 
function admits of a simple algebraical expression. For 
example, suppose 





y = sm a; ; 


therefore 


^ = cos<c = sm(»+-). 




M- dx -«>«(»'+ 2. 



= sin(« + ^), 



das' 



« 

and generally ^\ = sin f a; + — ] . 
So also, if y = sin oar, 

In like manner, if 

y = cos a?, 

and if y = cos oa:, ^ = a*cos(aa? + — J 
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79, Suppose y = a* ; 

therefore ^ = a* log a, 

g = a-aogan 
and ^ = «'Goga)". 



Similarly, if y = e", -^ = a*e' 
If y— log ar, 



".a<UP 






rf-y |n-l(-l)'-' 



and , 

where |n-l stands for 1 . 2.3 ... (n - 1). 

80. Differential coefficient of the product of two fwnctions. 

Suppose u^yzy 

where y and z are functions of a; ; we have 

du ^ dz ^y 
dx ^ dx flb 

Differentiating both sides of the equation with respect to 
Xf we have 

d^u d*z , dydz dydz , d^y 

da? ^ da? dxdx dxdx da? 
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Similarly 

^ = ^^4.^^+2^ — +2 ^ — + ^ — 4- ^"^^ 
do^ ^ dx^ dx do^ dx dx^ dx* dx da? dx ~d^ 

"^da? dx dx* da? dx da? 

So far, then, as we have proceeded, the numerical coeffi- 
cients follow the same law as those of the Binomial Theorem. 
We may prove by the method of Induction that such vrill 
always be the case. For assume 

dTu d^'z . dy d'^-'z nOn-l) d^y d^z , 
:" ydar^ dxd^-^^ 1.2 Mdan^'" 

n{n-l)...{n-r + l)ciri/dr^z 
■•" \r_ (JbfdoT' 

«(«-!) ...(n-r) (TV dr^z d'y .. 

+ 7+1 d^d^r^'^'-'^dx'"""^''- 



dx* 



Differentiate both sides with respect to x : then 

d^*^~^ dx'^^^'^dxdar^'^dx daT^'^di^ doT^^ '" 

. «(w-l)...(n-r+]) {dry d'-^'g <r'y d'^z ) 
^ \r_ \da^ dx'-^' ^ dx'*' daf"] 

w(w-l)...(«.-r) (d^ d^ ^ d'^h ) 
■•" [r + 1 tdc*^' dx"" ■*" dx'^ dx'-^) 

+ ^ daf^ dx^ di>r'''' ^^• 

Rearranging the terms, we have 

d^'~ydar*''^^''^^''d^dar^"- 

. (n + 1) n ... (n + 1 - r) cT'y dT'e 



|r+l doT*^ dai 



f-r 



+P' » 
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Now the series (3) follov/s the same law as (I). Hence 
if for any value of n the formula in (1) is true, it is true 
also for the next greater value of n. But we have proved 
that it holds when n = 3 ; therefore it holds when w = 4, 
therefore when n=5, and so on ; that is, it is universally time. 

This theorem is called after the name of its discoverer, 
Leibnitz. 

81. If w = e*^ cos Ix \ we have by Arts. 78 and 80, 

+ +&*cos^5a?+— )J. 

We may also find another form for this w*^ differential 
coefficient as follows: 

_— = e«' (a cos hx — h sin hx) ; 

assume a = r cos <f>, 

b = r sin <j>, 

80 that y= (a* + &*)*, 

du 
thus ^ = re"^ cos {bx + ^), 

where r and ^ are constant quantities. 

cPu 
Similarly ^ = re"^ {a cos (5a?+ ^) -S siu {bx + (f>)} 

= r'e*^ cos {bx + 2tf>), 
and generally 

j^ = r*e«* cos (6a; + nj>). 

82. The following is an important example of Art. 80. 
Let u = ef^y ; 

then, remembering that -r-ir = a"^*', we have 
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U now the expression 



i^' + di)^ 



be expanded by the Binomial Theorem, and the symbols 

replaced by 

£' -£*' ^—respectively, 

the result will be the same as the series in parentheses in (1). 
Hence, we may write 

as a convenient abbreviated method of stating the equation (1). 

83. The following theorem is sometimes of use in the 
higher branches of mathematics. 

If n be any positive integer 

^ _^^ ^^( dv\ n{n-\) d"^ / d^v \ 
^dx""" dx'' "^ dx^'-'V dx) ^ ' 1.2 dx^'-^Vda?) 



-^(-ir-S (^)- 



This theorem may be readily established by Induction. 
For it is obviously true when w = 1, and if we assume it to 
be true for a specific value of w we can shew that it will be 
true when n is changed into ti + 1. Assume that (1) is true 
and differentiate both sides ; thus 

dr^u dv d''u _ dr^'uv dT^f dv\ . n(n-l) O"'^ f ^\ 
^dx'^^^'^dxdx''' dx""^' ''^daf'Vdx)'^ 1.2 dx*-'Vdjt?) 

d / cF'v 



+(-')!(«£) w 
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Also since the theorem is supposed to hold for the value n 
we have from (I), by changing v into -j- , 

dbda^'c&^rda?; ^d^'^y'd^)^ 1.2 dx'^Vda?) 

- + (-ir^?;:;I (3).. 



<&" 



Now suppose the right-hand members of (2) and (3) written 
so that the first term of (3) is immediately under the second 
term of (2), the second term of (3) under the third term of (2), 
and so on. Then by subtracting we have 

dr^u dr^'uv , . .N ^ / dlv\ . (n + l)w d""^ / d^v 



, , ,. (T / dlv\ , (n + l)7? dl«-^ / d'v\ 






+ (-1)"^'^ 



dx' 



n+l 



This shews that if the theorem is true for a specific value 
of n it is also true when n is changed into n+l. Therefore 
since it is true when »= 1 it is universally true. 

EXAMPLES. 

•r/. . . <^I/ COS a? 

1. Ify=:taii«.+sec^, ^ = ^^--j_.-. 

^ _ . . - 3 Sin a? — sin 3a? 

2. Lety = sm'a;= r , 

3. Ify=»'loga;, ^ = ^. 

4. Ify^a^-loga;, ^* = V 

5. Ify=(a?+a«)tan-|, g=^^. 
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6. If y = e"* COS a;, j4 + *y = <>' 

8. Ify={a, + V(a^-1)}-, (a?_l)g + a,g-„V = 0. 

/7»|/ In— 1 

TO Tf«-illf ^'y 2(-irln 

• "^'"l + a!' da" ~ (1 + a;)"*' * 

11. If«, = (6« + 6-^«. ^•' = nX-4n(«-l)w^ 

12. Ify = e'V», p-^ldf^e-^. 

^ ax 2x»/x 

14. Ify» = sec2a;, y + g = 3y. 

15. Ify'(l+aO=(l-ar+CB0', g^ l + ^^^+f . 

^R Tf - £2-1-5 d'y_ (-l)''|^ f & + OC h — ao \ 

17. If y = »" sin «, 



1 f • , " • / . tN , n (n — 1) , . / ■ 27r\ 
= [w jsma?+j-a;suifaj + - 1+— 1^— -'fl!'8m(a; + — 1 



18. If ^ = tan-'-, 



l- "^""J.l"-^^ a^sin(x4-^) + ....} 



a a 



then ^ = -i b=cos*^, 

ax a -^rx a 



EXAMPLES OF SUCCESSIVE DIFFERENTIATION. 65 

, dtV 2 y ' ycly 

hence -r^ = — cos-sm^^j^ 

dar a a a ax 

1 . ^ydy 

= --sm— -/' 

a a ax 

= -cos -^ + - cos'!^. 
a \a "Jj a 

Shewthat 5^^=2cosf?^ + 2.^)cos»^, 

dx* a' \a 2/ a' 

and generally that ^ = !=== cos |^ + (^ - 1) f j cos* | . 

Now tan"* - = ^ — tan"^ - = - - ^ suppose ; 
a 2 aj 2 ^^ ' 

thus cos |— + {n-l) ^h = sin T^ + ^j =sin {mr - nO) 



= (-l)"-'sinn^; and cos'*'^ = 



y_ or 



a 



Ik 9 



{a' + xy 



rf*v , 1^ — 1 

therefore ^ = a (— 1)""* ' ^ sin n0. 

. (a« +.»*)* 

19. Since 

dtan-^- ^n , , X . (T^^tan-^f-) 
a_ a cr / 1 ^ 1 \a/ 

Hence, shew that 

(T / 1 \^ (-ir[nsin(ii + l)g 

a{ar '\' x) " 

where tan 0^- . 

X 

T. D. a F 
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The n^ differential coefficient of -^ 5 with respect to x 

a- + x ^ 

is sometimes obtained thus : 
1 



1_| I - I I. 

'(-1) |ic-aV(-l) a;+aV(-l))' 



al' + a? 2a V(- 
therefore 

a;_ f 1 \ ^ (~iri!L r 1 1 1 

Now assume a? = r cos ^, a = r sin 5, so that 

r^=:a* + 0^ and tan 5 = - . 

X 



Then {a? + a V(- 1)}"^' = r""'' {cos ^ + V(- 1) sin ^j**^* 

= r**^' {cos (n + 1) ^ + V(- 1) sin (n + 1) ^j 
by De Moivre's Theorem. 

Hence 

1 1 ^ 2 V(- 1) sin (n + 1) g 

{x-aV(-l)r' {a? + aV(-l)r' r-"^' ' 

and we. obtain the same result as before for the proposed »** 
differential coefficient 

on ^^ /'(to) . /'"(^) .. ^_ 

Hence, by means of the preceding Example, skew that 
dr_ f X \ {~l)''\ncos{n + l)e 

We may also proceed in the second manner indicated for 
the preceding Example, starting with 



X 1 ( 



a* + x* 2\x + a \/(-- 1) x 



-aV(-l)r 
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1 J- 

21. Find the 4^ diflferential coeflScient of -= — t and of e"**. 
Results 

22. ^^^^Q={^V+2na:c«-^ + n(n-l)c"-V, 

where c = log a. Art. 80. 

23. If y = sin (m sin"* x), shew that 
Apply Leibnitz's theorem, Art. 80, and deduce 

24. If y = a cos (log a?) + J sin (log a:), shew that 
andthat a^Q+ (2n+ l)a:g|+(n«+ l)g = 0. 
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CHAPTER VI. 



EXPANSION OF FUNCTIONS IN SERIES, 

84. In the Binomial Theorem, we are furnisheJ with » 
series proceeding according to powers of h, which is equi- 
Tilent to the expression {x + hy. Other series have also 
presented themselves in Algebra and Trigonometry, such as 
the expansion of e* in powers of a; and of log (l + a;) in powers 
of X. In the previous Articles of this book, we have, however, 
not assumed the knowledge of any expansions, except tite Bi- 
nomial Theorem in the case of a positive integral exponent; but 
we are now about to investigate the expansion of/(a; + A) 
in powers of h, where /(j;) denotes any function of x, and it 
will appear that all tne isolated esamplBs which the student 
may have seen hitheito, are but cases of this general theorem. 

85. Before we offer a strict demonstration of the theorem 
in question, we shall notice the method which it was usual to 
adopt in treatises on the Differential Calculus not baaed on 
the doctrine of limits. Such treatises commenced with an 
unsatisfactory demonstration of the proposition that_/'(a! + A) 
could generally be expanded in a series proceeding according 
to ascending integral positive powers of h ; it remained then 
to determine the coefficients of the different powers of h, and 
that was accomphshed in the manner given in the next two 
Articles. 



86. We have first to establish the following th 
If/(a; + A) be any function of x-^h, we obtain the same 
result whether we differentiate it with respect to x, consider- 
ing A constant, or differentiate it with respect to A. consider- 
ing x constant. 
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For put x + h = z. 

In the first case 

df(x + h) ^df{z) dz_ 
dx dz ' dx 

dz 

In the second case^ 

df^x-^rh) _ df{z) dz^ 

dh dz ' dh 

dz 
=/' («), since ^ = 1. 

87. To expand f(x + h) in a series of ascending powers 
of h. 

Assume (Art. 85) that 

f{x-\-h) = A,-\-AJi + AJi^ + AJi'+ (1), 

where A^, A^, A^, ..., do not contain h. 

Then 

ax dx ax ax dx 

and ^^^+hl:^A, + 2AJi + 3AJi,'+ (3). 

By Art 86, the series (2) and (3) must be equal. Hence, 
equating the coefficients of like powers of h, we have 



A -^0 
^'~ dx ' 



d'A. 



* 2 dx 1.2 da* ' 

• 3 da! 1.2.3 da? ' 



And by patting A = in (1), we find 



Hence, substituting the values of ^„, A^,... in (1), we have 

the general term being 

\n rfx" * 
This result is called Taylor's Theorem. 

88. There are numerous objections to the method of the 
preceding Articles, and especially the use of an infinite seiiea, 
without ascertaining that it is convergent, is inadmissible; we 
proceed then to a rigorous investigation. 

89. Let y — F{x), and suppose Aai and Ay to represent 
the simultaneous increments of x and y; then the fraction 

x^ , since it has for its limit the differential coefftcieiit F" (x), 

will uhimately when Ax is taken small enough have the some 
sign as this limit, and therefore will be positive if the dif- 
ferential coefficient be positive, and negative if the differential 
coefficient be negative. In the former case, the quantities 
Ay and Ax being of the same sign, the function y will increase 
or diminish according as x increases or diminishes. In the 
latter case, Ap and Ax being of contrary signs, y will increase 
if X diminishes and will diminish if x increases. 

The above supposes that there really is a Jinite limit to 

which — ^ tends : in other words we assume that F' (x) is not 

Ax ^ ' 

infinite. The limitation that the functions with which we are 
concerned are not to become infinite is one which ought to be 
understood in most theorems in mathematics, oven if it is not 
formally enunciated. In the present subject however it is 
usual to state this limitation expressly at the more important 
stages of the investigations. 

It may be observed that we may sometimes obtain useful 
information respecting the sign of a function by examiniDg 
the differential coefficient of the function. For example, 

suppose ^ = (ar — 1) e' + 1, then ^ = xe' ; as -> - is positive 



1 
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for all positive values of a;, it follows by the pi-esent Article 
that y is always increasing so long as a; is positive ; but 
y = when a; = ; therefore y is positive for all positive values 

Similarly we can shew that a; — log (1+ a;) is positive for 
all positive values of x. 

90. A function of a variable is said to be continuous be- 
tween certain valnea of the variable when it fulfils the follow- 
ing conditions : tlie function must have a single finite value 
for every value of the variable, and the function must change 
gradually aa the variable passes from one value to tbe other. 
80 that corresponding to an indefinitely small change in the 
variable there must be an indefinitely small change in the 
function. 

91. Suppose tf> {x) a fiinction which vanishes when a; = a 
and when x = b, and is continuous between those values. 
Suppose also tiiat if>' (x) is continuous between those values. 
Then (p' (x) will vanish for some value of x between a and b. 

For ^' (x) cannot be always positive between those values, 
for then <j) [x] would be constantly increasing as the variable 
increased from the lower value to the higher (Art. 89), which 
is inconsistent with the supposition that <l> [x] vanishes at the 
two specified values. Similarly i^' (a;) cannot he always nega- 
tive. Hence <f){x) must change from positive to negative or 
&om negative to positive between the assigned values ; and 
since it is continuous it cannot become infinite and must 
therefore pass through the value zero. 

If a denote some constant quantity, such expressions as , 
y (<*)> /" (")■ ■•■ '^^y occur in our investigations, the meaning 
to be attached to them being that_^(j;) ia to be differentiated 
once, twice, ... with respect to x, and in the result x changed 
into a. 

We can now demonstrate Taylor's Theorem. The proof 
irliich we give in the nest Article is due to Mr Homersham 
Cos ; it was published by him in the 6th volume of the 
Cambridge and Dublin Mathe^iiaticil Journal, and subse- 
quently in his Manual of the Differential Calculus. 
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!. Suppose/ (a + a:) and its differential coefficients up to 
[n + 1 )" to be continuous between the values and h of 



the (n + 1)' 
the variable x. 



/(. + »)-/(«)-;./'(a)-i/"(<,)...^i/-(a)-^...(l), 
vanishes when x= A if B = 

!=il{/(o+i)-/M-¥'W-g/"W--,|/-w}-(a). 

Suppose R to have this value which we observe is inde- 
pendent of X. 

The expression (l) also vanishes when ic= 0. 

Hence, by Art. 91 the differential coefficient of (l) with 
respect to a: must vanish for some value of x between and k; 
suppose a:^ that value, then 



/■(» 



i» 



•(3). 



vanishes when 
hence there is ( 
the differential 



x^. But (3) also vanishes when a!=0; 

value of X between and x, for which 

.cient of (3) vanishes. 

Continuing this process to m + 1 differentiations of (1) we 

find that /"*' (a + a;) — 7i is zero for some value of x between 

and A ; let this value of a; be 8h, where 6 is some proper 

fraction, therefore 

Substitute this value of.fi in (2) and we have 
A' 



/(a + &)=/(a) + A/(a)+gr(a) + 






We may now put x for a in this equation, since there lias 
been no restriction in the value of a, except that all the quan- 
tities are to he finite, thus we obtain 



maclauhih's theorem. 






/■"(«+M)...(*)- 



If the function/'"' (3!+ SA) be such that by making n suffi- 
iieutly great the term — -—f''*'{x + 6h) can be made as small 
we please, then by carrying on the series 

_ aa many terms as we please, we obtain a result differing as 
ifetle as we please from/(a; + A), Under these circumstances 
l^iea we may assert the truth of Taylor's Theorem. 

93. Taylor's Theorem is so called from its discoverei 
Dr Brook Ta;^Ior; it was first published in 1715. The 
theorem contained in equation (i) of Art. 99 is called 
Lagranrje's Theorem on the limits of Taylor's Theorem. It 

"ves ua an expression for the difference between /{m + h} 
id the first « + l terras of its expansion by Taylor's nieorem, 
' aa it is called " the remainder after n + 1 terms." 

94. To the expression /"*' {id 4- 0h) which occurs in Art. 92, 
9 must assign the following meaning. "Let f[ic) be dif- 

BFentiated n + 1 times with respect to x, and in the final 
sault change x into a: + 6h." We do not know anything of 
% except that it lies between and 1 ; it will generally be 
i function of as and h, and hence, to differentiate f{x+ 0h) 
nth respect to x, is not the same thing as to differentiate 
r(«) with respect to a: and then to change at into w + Bh. 

95. Maclaurin's Theorem. 
In the equation 

+j^/"'(»+g*). 

it x= 0, we have then 
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We may, if we please, change h into x, and since the 

quantities /(O), /' (0), /*(0), do not contains? or k, no 

change is made in any of them : hence 

J\x) =/(0) + <(0) + ... +^M. + ^/.«(^a.). 



When the last term, by taking n large enough, can be 
made as small as we please, we have for/(a?) an infinite series 
proceeding according to powers of x. This series is usually 
called Maclaurin's, having been published by him in 1742; 
though, as it had been given a few years previously by Stir- 
ling, it sometimes bears the name of the latter. 

» 
96. Assuming that any function of x can be expanded in 

a series of positive integral powers of x, the following method 

has been given for proving Maclaurin's Theorem. 

Let f{x) = A^-\- A,x + A^x^ + +A^x*+ 

where -4^, A^, ^^....do not contain x. 

Differentiate successively, then 

f (x)==A^ + 2 A^x +.... + nA^x'''^+ 

f"{x) = 2A^ + 2.3A^x + .... + n{n''l)A^x'''^+ 

f"{x) = 2.3^3+ .... + n (n- 1) (n - 2) j4„a;*"^ + 



Now suppose a; = in each of these equations^ we have 

A =/(o). 
A =/' (0). 



Substitute the values of A^, A^,.., and we obtain 



X /•// /^\ X 



/(x)=/(0)+r./'(0)+^/"(0) + ....+^/"(0) + ... 



p97- The demonstration given of equation (4) in Art. 92, 
_ rhicb equation involves Taylor's Theorem, aud may even 
speaking loosely be called Taylor's Theorem, will probably 
drsappoint the reader. Though he may be unable to discover 
any flaw in the reasoning, he will complain of the artificial 
and tentative character of the whole, and he will ui^e the 
same objection with respect to Cauchy'a method of proof 
which we shall presently give, ^^ithout denying the justice 
of these objections, we may reply that the highly general 
character of the theorem may be some excuse for the com- 
plexity and indirect nature of the investigation. But with 
respect particularly to the dissatisfaction felt in being com- 
pelled to assent to a number of propositions without knowing 
beforehand the general course which the demonstration might 
be espected to take, we may remind the student that he must 
not while engaged in the elements of a subject expect to be 
able, as it were, to redwcoueriAe theorems for himself . Instead 
of asking, "what suggested this or that step?" he must 
frequently be contented with the simpler question, " is the 
reasoning correct !" To this of course be has already, perhaps 
unconsciously, been accustomed ; for example, if a complicated 
construction occurred in Euclid, he merely confined himself, at 
least for some time, to an examination of the consistency of 
the construction, and the truth of the deductions from it, 
without attempting to retrace the steps by which Euclid 
arrived at his constmction. 



On account of the importance of Taylor's Theorem 
> shall add another demonstration ; this demonstration is 
s in substance to Cauchy. 

Jet F{x) and f[x) be two functions of x which remain 
tinuous, aa also their differential coefficients, between the 
hiea a and a + h oi the variable x. Suppose also that be- 
'fen these same values the derived function/' {x) does not 

ksh. Then the fraction -^ — , ~ .^l shall be equal 

I'the value of ■ :, , . , when in the latter x has some value 

Budfid between the specified values ; that is, 6 denoting 
e proper fraction, we shall have 
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■ f(a,+;,)-F(ii) r(»+m) 
f{a + h)-f[«.) /■(■.+«/.)• 

Let i;- -^(°+f'-fW , 

then since /'(a;) 13 continuous and does not vanish between 
the values a and a + hoix, it retains the same sign; and 
thus/(a:) continually increases or continually decreases : see ' 
Art. 89. Hence /(a + h) —f(a) cannot be zero, and we s 
therefore multiply by it ; so-that 

if (0+ J) -j-C«)-K !/(»+*) -/(«))-<)• 

Let ^ {x) denote the function 

F{a + Ki -F(.^)-B\f!fl + h)-f{,)] : 
then ^ («) is continuous while x lies between a and a +Aj 
and so also ia the differential coefficient ^'{x), that iB 
— ^(j;) + i?/'{a;). Moreover ^(a;) vanishes, by hypothesis, 
when x — a; and d>(3?) obviously vanishes when x = a+h. 
Hence, by Art. 01, it follows that ^' (x) must vanish for some 
value of X between a and a + A ; this value may be denoted 
by o + flAj where 6 is some proper fraction. Thus 

and, by hypothesis, /' (a + 6h) is not zero, so that we may 
divide by it : therefore 

/'(a + ek)- 
Thus the required result ia obtained. 

99, The result of the preceding Article has been obtained 
on the assumption that the functions are continuous and that 
/' (a:) does not vanish between the values a and a + h oi the 
variable x. The result however ia true if the functions are 
continuous and either of the two F'ix) and f'(x) does not 
vanish. For if F' (x) does not vanish we may prove as ia 
the preceding Article that 

/(■.+t)-/W /'(<■+»;.) 

F{a + i)-F(ci) J"(a + M)' 



and from tbis it follows of course that 



Fia + h)-F(a) 



/■(« + «»)■ 



/la + h)-/{a} - 
The reader who wishes to see the apphcation of this 
result to the establishment of Taylor's Theorem, may pass 
on to Art. 1(16 at once, and then return to the consideration 
of the omitted Articles, in which we shall give another proof 
of the result, and also some geometrical illustrations. 

I 100. The enunciation of AxL 98 being supposed, we may 
\ airange the proof thus : 

Divide h into a number of equal parts, and let a denote 

one of these parts. Consider the tractions 

F(a+a)-F{a) F{a + 2a)-F(/i + a) F{a+3^)~J'{n + 2^ 



/ifl-i-a)-/{a) 



/(a + 2 
F(a+h)- 



F(a + h- 



...{1). 



-f{a + h)-fia + h-ci)- 

(Form a, new fi-action by adding together all the nume- 
tators in (1) for a new numerator, and all the denominators 
in (1) for a new denominator. We thus obtain 
F{ a + I,)-F(a) 
I /(a + l)-/(a) ■ '*'■ 

' Since the denominators which occur in (l) have by hypo- 
tiiesis all the same sign, we know from algebra that the 
fraction (2) lies in value between the greatest and least of 
those in (1). Now 

F{a + tt) - F [a) _ 



/(a+a)-/C«) 



F(a + a) 


-F(a) 


a 


/(«+.)- 


-JVl' 



rthes \ 



Fia), 



'a.t fi diminishes without limit when a does 
Similarly, 

F( a + 2^)-F(a + a ) ^ F'{a+a ) 
/{a+2.)-/(a + «y /'(a + a)' 
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F(a + h)-F{a + h''a) ^ Fja + h-a) 
/(a + A)-/(a+A-a) f{a+h--a)^^' 

where 7, B, ,.. fi, all diminish without limit when a does so. 

Since the fraction in (2) always lies between the greatest 
and least of the series 

F'(a+h-a) 
f'(a+h-a) +'*' 

it must lie between the greatest and least limits towards 
which these tend; that is, it must lie between the greatest and 

least values which -7.77-^ can assume between a and a + h, 

J W 

But as j,,\ ( , in passing from its greatest to its least value 

/ (^) . 

passes through all intermediate values, there must be some 

proper fraction 0, such that 

F{a + h)--F{a) ^ F'(a + 0h ) 
f(a+h)-f{a) f{a + 0h)' 

101. Suppose f{x)=x — a'j therefore /' (ar) = 1. 

The conditions required to be satisfied by f{x) in the 
enunciation of Art. 98 are satisfied. And as/(a + A)=JS, 
and /(a) =0, 

we have F(a + A) - F{a) = hF' (a + 0h). 

This simple case of Art. 98 might of course be proved in 
the same manner as the general proposition was established. 

102. The result of Art. 101 may be applied to shew 
that an expression independent of x is the only one of which 
the differential coefficient with respect to x is always zero. 
For suppose jF(a7) a function, such that F'(x) is always zero; 
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then, from the last equation in Art. 101 it follows, 
be the value of a and a + A, that F{a + h)~ F{a) = 
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whatever 



F(a + h).F(<i). 



therefore 

Hence the function F{x) has always the same value whatever 
be the value of the variable ; that is, it is constant with 
respect to x, or in other words does not depend on x. 

From this it follows, that two functions which have the 
Bame differential coefficient with respect to any variable can 
only differ by a constant. For the differential coefficient 
of the diff'erence of these functions being always zero, it 
follows from what wc have just proved that this difference 

a constant. 

103. The result of Art. 101 admits of the following simple 
lometrical verification. 

We have already shewn. Art. 43, that if u represent the 
contained between the 
les of X and y, tlio ordi- 
Ate y, and any curve, then 
du 

Let u = F(x), and therefore 
= J"(a!) is the eiiualion to the curve; let 0.'l = a, MN=h; 

ben area OAP.)f=F{a), 

area OAQN=F{a + h), 

tlerefore area FQNM= F{a + A) - F(a). 

Now it is obvious that a point iJmust exist betweenPand Q, 
Bach that, drawing the ordinate JtL, 

the rectangle iii. J/'A"= the area PQNM. 

But iiL = r{a+eh). 

'here d is some proper fraction; therefore 

hF'{a + 0h)=F{a + h)-Fia). 
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104. Tho foUowiog is another geomstrical illustration of I 
Art. 101. 

If y = F{x) bo the equatioa to a curve, then F" (<c) is the ' 
trigoQometrical tangent of the 
angle between the axis of x 
and the tangent to the curve 
at the poiut {x, y). See Art. 3H, 

Let 0M= a, JfN= h, 



then 



F(a + h)-Fia) 
h 




is the tangent of the incliuation of the chord PQ to the axis 
of X. Hence Art. 101 amounts to asserting that at some 
point R between P and Q the tangent RT to the curve m 
parallel to PQ. 

We call this an illustration. "When, however, the student 
has sufficiently considered the nature of the tangent to a 
curve, it may amount to a proof of the propoaition in 



10.5. The following is an illustration, of the general pro- 
position in Alt. Da. 

Let there be two curves APQ and apq. Let -F(je) denote 
the area contained between 



the first curve, the axes t 
and y, and an ordinate to 
the abscissa x ; then ^=.F'(x) 
is the equation to this curve. 
Jjetf(x) denote a similar aiea 
with respect to the second 
curve ; then y = f (.t) is the 
equation to this curve. 

Let OM=a, MN=h. 
Then F!a + h)~F{a} ^sltsslPMNQ, 

/{a + L)-f{a)^B^p3tNi. 
Hence the equation 

F[ a + h)-F(a) _ F(,a + eh) 
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.ounts to t.he aasertinn that thi?re must exist some point R 
betwcoa Ptuid Q, Bucb that 

area PMNQ _ RL 
areupMNq rL ' 

106. Suppose now that F{x) and f{x) and all their dif- 
ferential coefficients up to the {n + 1')"* inclusive, are con- 
tinuous between tlie values a and a + A of the vaiiabie x ; 
tooreover suppose that one of the two j^{a;) and /' {x) does 
pot vanish between the same values, also one of the two 
F" {x) and /" (a;), and ao on up to J**' {x) and /""' (ar). 
Tlien, by Art. 99, 

F {a+h)-F{a) _ F' { a + BJt) 
f{a + h)-f{a) f(a + e^h)' 
F' {a + BJi) - F' {a ) _ F" [a + eji) 
fia + e.h)'f(a)-ria + 0,h)- 
F"{a + 0Ji)-F"[a) ^ F"'{a,^8J i) 
f'{a+BJi)-f"[a) f {a + BJi) ' 



F' (a + e„k) -F'{a)_ J"^' (a + 6 



rliere S," 0,, d„, Q, are all proper fractions. 

Let us now suppose that F' {£), F" [x), ... F" {x), f {x), 
' {x), ...f{x) ah mjiisAwhen x = a; then from the above 
luations 

Fja+h) -F{a) _ F^'{a + 6k) 
/\a + h)-f[a) r^'{a. + eh} ' 

107. If we take /(.b) = (a) - o)""" we find that the rei^ui- 
ie conditions ai-e all satisfied; that is, /(x) and its diffe- 
ntial coefficients are continuous, and the differential coeffi- 
snte do not vanish between the values a and a + A of the 
triable; also all the differential coefficients up to the n"* 
iclusive vanish when a:=a. And 

Suppose then that F{x) and all its differential coefficients 
e continuous between the values a and a -f A of the varia- 
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ble, and that all the differential coefficients up to the n^ in- 
clusive vanish when aj = a ; we have by Art. 106, 

Fia + h)- F(a) =t^-^' (« + ^A). 



Suppose, a = and F{a) — 0, then 

F{h)=^F'^^{eh). 



108. Application to Taylor's Theorem. 

Let ^{x + h) be a function which is to be expanded in 
a series of ascending positive integral powers of A. Let 

4>{x + h)-i>{x)-}uf>'(x)^^^<f>"{x)-...-^4>'^{x) = F{h). 

Then F{k) and its differential coefScients with respect to h, 
up to the Ti"" inclusive, vanish when A = 0. Also 

i?"^' (A) = ^»+' (af+ A). 

Hence, by the last equation of Art. 107, 

A"*' ™.. ,.,. A-*' 



and therefore 

From this Taylor's Theorem follows whenever the func» 
tion is such that, by sufficiently increasing n, the term 



can be made as small as we please. 
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109. The following proof of Taylor's Theorem deserves 
notice as it depends only on the equation which is proved 
geometrically in Art. 103. Let 

4,iz)-<t>{x)-{z-x)<f>'{x)-^^^'<f>"ix)-...-^^^<l>'(x) 
be called F{x), then F' (x) = - (fJlfl' ^««(a,). 



Now, by Art. 103, F{x) = F {z) + {x-z)F' [z + B (x- z)}. 
Also F{z) = 0, 

therefore 4>{z)-^ {x) -{z-x) f (x) - ^^ . f^ <j>" {x) - 



=^^^^^j^ r'{^+H^ -'')}■ 



[2L 



Put hioT z — X, then 
<l>{x + h)=4>{x)+h<l>' ix)+^<}>" (x) + + pf' (x) 



n 






110. The result of the preceding Article gives us an 
expression for the remainder after w + 1 terms of the expansion 
of <f>{x + h), differing in form from that we found before. If 
we assume 0=^1 — 0^, the remainder becomes 

111. In the proofs given of Taylors Theorem, we have 
supposed all the functions that occur to be continuous. If 
the function we wish to expand, or any of its differential 
coefficients up to the (w + 1)**^ inclusive, be infinite for values 

02 
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of the variable lying between certain values, the demonstration 
given of the theorem 

/C«+*)=/M+j/W+ +'^f(,,)+^f«(^+eh). 

is no longer valid. It is usual to speak of the cases where an 
infinite value enters as " instances of the failure of Taylor's 
Theorem." The phrase is connected with the imperfect mode 
of demonstration given in Arts. 86 and 87, in wiiich it was 
not settled beforehand when the theorem supposed to be 
demonstrated was really tnie and when it was not. For ex- 
ample, suppose 

f{a:) = ^{x-a). 
so that f(x + h) = V(a' - o + A)- 

Then it would be said that/(fli + A) can alicays he expanded 
in a series of whole positive powers of h, except when x = a. 

When a: = a, f {x), f"{x), ... all become infinite, and 
/(x+h) becomes t/h. 

112. It was usual in that system of treating the Diflferen- 
tial Calculus referred to in Art. 85, to express, or imply, 
two propositions with respect to the " fidlure of Taylor's 
Theorem." 

(1) If the true expansion of f{a + h) in powers of h 
contain only integral positive powers of h, then none of the 
quantities /(a), /' {a),f"(a), ... can be infinite. 

(2) If the true expansion of f{a + /() in powers of h 
involve negative or fractional powers of h, then some one of 
the quantities /(a), /' (a), /" (a), ... is infinite, as well as 
all which succeed it. 

By the true expansion oi f{a + ]t) is meant the expansion 
obtained by some legitimate algebraical process, applicable to 
the example in question, as the Binomial 'Theorem for example. 
The proof of the above two propositions was given thtia 

Suppose f{a-\-h)^A„+AJi'- + AJiP-^AJi*+ 

to be. the true expansion, A^, A^, ..., not containing h. Then 
to obtain /' (a), f" (a), ... we may differentiate f{a + k) 
successively with respect to h, and put A = in the result 
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If then a, 0, y, lie all positive integers, we shall never 

lave negative powers of h introduced hy Buccessive differen- 
tiation of /(a + A), Hence, by puttiug k = 0, we introduce 
no infinite values. 

But if aay one of the exponents a, 0, y, ■■- he negative, 
f{a + h) and all its differential coefficients contain negative 
powers of h, and therefore/{a), /' (a), f" {a), ... are all infinite. 
If none of the exponenta be negative, but one or more of 
them be positive fractions, suppose that 7 is the smallest of 
nich fractions, and that it lies bet\veen the integers n and 
i + 1- Then /{a + h) and all its differential coefficients up to 
the n* inclusive are free from negative powers of h; but 
f'*^ (o + ft) and all the subsequent differential coefficients con- 
tain negative powers of k. Hence/"""' (a) ia the first differen- 
tial coefficient that becomes iutinite, and all the following 
differential coefficients are infinite. 

113. It will beof use hereafter to remark that if for a finite 
»alue of the variable any function becomes infinite, so also 
loes the differential coefficient of the function. In proof of 
his, it is sufficient to notice the different cases that may arise. 
An Algebraical function can only become infinite, for a finite 
VaJne of the variable, by having the form of a fraction the 
denominator of which vanishes. Now when we differentiate 
1 fraction we never remove the denominator, so that the 
differential coefficient also has a vanishing denominator, and 
therefore becomes infinite. Similarly, the second, third, ... 
differential coefficients are also infinite. 

The transcendental functions logo: and it', which Ixith 
Tjecome infinite when a;=0, have their differential coefficients, 

namely - and Sr'"'' ^Iso infinite when x = 0. 

The trigonometrical functions, such as tan x and sec x, 
■»hich can become infinite, are fractional forms, and fall under 
the observations already made. 

The proposition is not necessarily true for functions which 
econie infinite for an infinite value of the variable, aa may be 
sen in the case of log x, which ia infinite when x is infinite, 

rhile its differential coefficient - vanishes. 
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1. Ifv = tan*f , -T-^'. — ri- 

^ h-ax* dx 1+a* 



re 



a?' cfcc X l-^-x^ 






^ 2k 



.->- t j.-». 



4. Tf « - -^(IH^^!!!^ dy_jod^ ^{l-a^-x 

^ Ti* /siii a?^*^ * ^y V (^ COS a? — sin x) , «a? 

^ \ X J dx sin"a5 ® sina; 

7. Ify-V|(«-<.)'(«-c)l, 3=sg^^.. 

8. If a; = acos5+6sin5, and y = asin^ — 6cos5, then 
(Tie d"v rf"aj d"V • • J j * ^ /7 



.-ly-.i^^/'^^* 



9. If cos"^ ^ = log ( T ) , then 

10. Shew that (a: — 2) «* + a? + 2 is positive for all positive 
values of a?« 



( 87 ) 



CHAPTER VIL 

BXAJiPLES OP EXPANSION OF FUNCTIONS* 

114. "We shall first apply the formulaB of the preceding 
Chapter to expand certain functions. 

Required the expansion of (1 + a?)"*, m not being assumed 
to be a positive integer. 

If /(a.) = (1 + o^r, 

we have /' (a?) = m (1 + a?)"^*, 

/'(x)=m(m-l)(l + aj)"^, 



/•(x)-m(fw-l)... (w-n+l)(l + ajr'*, 
/•^ (x) = w (m- 1) ... (m - n) (1 + a?)"*"^*; 
hence /(0)«1, /(0) = m, /"(O) =m(m-l), ... 

Therefore, by Art. 95, 

/^ . \m 1 . . ''^(^"■l)--!.^ , m(m-l)...(m— n+1) - 
(1 +«) = 1 4-WWJ+— ^2 — ^ w + -. + — ^ ^-j-^ ^aj* 

+ f^^m(7w~l)...(w-n)(l + ^a;)--"-\ 

If a; be less than 1 the last term can be made as small as 
we please by suffid^atly increasing n, and in that case the 
infinite series 

Lf 

can, by taking a sufficient number of terms, be brought as 
near as we please to (1 + a?)*. 
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115. Let f{x)^ar. 

By Arts. 95 and 79, we have 

a;' aj* 

<z* = 1 +aj log a + 1— (log a)' + ... + .— (log a)' 

« I TV 



a!'^'ato(loga)'" 

+ [in • 

Hence, .clianging a to e, and remembering thali log e = 1, 
The term — — may be made as small as we please by 



sufficiently increasing w. Hence we obtain an infinite series 
for e*, namely. 

Put a? = 1, and we have 

This series may be used for calculating the approximate 
value of e, and we may shew from it that e must be an in^ 
commensurable number. See Plane Trigonometry, Chap. X. 

It is found that e = 2-718281828.... 

116. Let /(a?).=*sina?. 

By Arts. 95 and 78, 

of x' 

sm oj = a; — ■ 1- ■ — —..•... 

[3^^|_5 



+ , — sm 1 — - J +i — — - sm { — -— TT + ffx 1 . 



X . X 



Similarly cos aj^sl — .— +r-2-— ... 



a?* /nir\ a?**""* /n + ] , >, N 
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In Arts. 115 and 116, the student will see that the last 
term can be made as small as we please, whatever be the 
value of ic, if n be taken large enough. 

117. Let . f{x)=^log{l+x); 

therefore /' (x) = :r-^ and /' (0) = 1, 

X T~ X 

. /"(a') = -(j:^,aBd/"(0)=-l. 



/•(a;) =-^-^^^^ and/"(0) = (-ir[n^l ; 



therefore, by Art 95, 



log(l+a:)=a:~|V|^-... + ^^a.'^ 

(-l)*a?'^^ 
■*'(n+l)(l+^aj)»^'' 

In this series, if we suppose x positive and not greater 

^ 1 can not be greater than unity, 

the error we commit, if we stop at the term -^^ , is 

not greater than ; that is, the error can be made as 

small as we please by increasing n sufficiently. 
Ifwechangeaiesiguof^,wehaYe 

logCl-a;)=-a;^---g— ...---^^^_^^^^^_^^^,«, 

wluch does not give a very convenient form to the remainder. 
But by Art. 110, we may also write 

log(l-a:) = -x--^-^...---^^-^^^ 



N-t-i 9 



/ 
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where 9 is between and 1 ; 



(1- 

; be less tin 









can be made as small as we please by taking n large enough. 
Hence, if n be taken lai'ge enough, the remai-nder can be 
made as small as we please. 

118, In the preceding Examples, we have been able to 
write down the geoeral term of the series, and the remainder 
after n + 1 terms. But iif{x] be a complicated function, the 
expression for /" {x) will be generally too unwieldy for us to 
employ. It is, therefore, not unusual to propose such ques- 
tions as "expand e'log (1 +x), by Maclaurin'a Theorem, as 
far as'lhe term involving a:"." Here we are not required toi 
ascertain the general term, or the remainder, or to shew when, 
for the purpose of numerical computation, the remainder may 
be neglected. We proceed thus : 

fix) = e'\og{l + x), 
therefore /(O) 

By Art. 80, 

/'{x) = ^los{l+x)+ ^ 

therefore 

/"(a;)=e-log{l + a:) + 

therefore 

/"■H-a-l<,g(. + .)+^^-^ 

therefore /'" (0) = 2 ; 

/'^(a:)=c*]og(l+^)+-*_f^-^/'" 

therefore /'* (O) = ; 

therefore f (0) = a. 




(1 + !.)■' 



(■+«)' 






(l+i)" (l+«)' 



h-?^ 

^Ii+^ 
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Kence e'log {1 + x) = x + r-+^ + y- + .... 

|_2 11 1_5 

This may be verified by multiplying the expansion for e* 
by that for log (1 + x). 

119. Methods of expansion of more or less rigour are 
often adopted in special cases of which we will proceed to 
give examples. We do not lay any stress upon them as 
exact investigations, but they may serve as exercises in dif- 
ferentiation. 

Expand tan"* a; in powers of x. 

Assume tan"*a; = -4j, + ^iaj + -^2i»'+... +-4nx"+ (!)• 

Differentiate both sides with respect to x, 

then -— ^ = ^j + 2^2ic+..,+n^„aj""*+ (2). 

But ;-?-3 = l-a;' + a;'-a;* + rc'- (3), 

1 + ar 

by simple division, or by the binomial theorem. 

Equating coefficients of like powers of aj in (2) and (3), 
we have 

A^ = 1, u4 J = 0, -4j = — J, -^4 =0, ... 
and putting aj = in (1), we get -^^, = ; therefore 

8 S 7 

A —1 X , X •^ . 

tan *aj = a - — + — — y + ... 

This example may also be easily treated by the rigorous 
method already used in Arts. 114... 117. It appears from 
Example 18, page 65, that the n^ differential coefficient of 
tan'^ar with respect to a; is 






n 



sm 



(I +;«•)« 



(-- — wtan"*a;J . 



92 EXPANSIOK OF FUNCTIONS. 

Hence we have 



a:' cp*' a* , ^v«_, . mr 



tan ^a? = aj — --- + —— ...H — (—1)" sin 

3 5 71 ^ ' 

+ ^^ — ^ ^sin j^^ — --^ (w + 1) tan '5a?[ . 

(7l + l)(l + ^V) '^ ^ "^ ^ 

And if X be numerically less than 1, the last term can be 
made as small as we please by sufficiently increasing n ; so 
that the infinite series 

x^ x^ ^ 
aj--+~-y + ... 

can by taking a sufficient number of terms be brought as near 
as we please to tan~*a:. 

120. Expand sin'^o? in powers of x. 

Assume wr^x — A^'\-A^x + A^x^'\- ... +-4.a;**+ (1). 

DilBFerentiate both sides ; thus 

-jT- ^^ A. + 2A.x-\- ZA^x" -V ... •¥ nA^x''''^ •\- ... (2). 

i\/\\. — x ) 

^-* v(rb)=^+^-"+^^^+lx-6-'+ • (^)' 

by the Binomial Theorem. 

Hence, comparing the coefficients in (2) and (3), we de- 
termine ^j, A^, ..., and putting a? = in (1) we g^ A^ — (S. 
Substituting in (1), we have 

. _i \ a? 1.3 a* • 

T2 3 2.4 5 

It should be remarked that there are two considerations 
which limit the generality of this investigation. We take 

-rrz r- as the dilBFerential coefficient of sin"* a?, whereas the 

V(l~a;) 

radical ought strictly to have the double sign : see Art. 65. 
And we take sin"^ x to vanish with a;, whereas we know, by 
Trigonometry, that sin"* x might be any midtiple of ir when 
X vanishes. 
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Similar remarks apply to the expansions in the next two 
Articles, 

121. Expand e«»^»^"** in powers of x. 
Put e«rfn-ix = y ^1)^ 

then ^ = e«"^n-ix ? (2), 

therefore ^^"^^dx^"^^ £^^^^ ^^^' 

Assume y = A^ + A^x + A^x^ + A^x^-\- ... +^„aj"+ ...(5); 

therefore ^ = -^i 1 2^4,^; + . . . + nA^oT^ + . . . 

^= 2^, +... +n(n-l) J„ic""'+ ... 

Substitute these values of y, s^, and -j^, in (4), then equate 

the coefficients of like powers of x on both sides, and we 
obtain 

^ <^\^f j^ (e). 

"+» {n + l){n + 1>) " ^ ^ 

Equation (6) will enable us to determine A^, A^, A^, ... as 
8')on as we know A^ and A^. 

But Aq is the value of y or e«"^~*-^ when x = 0, and 

-4 J is the value of -^- or e^8in-»x _^ _^ ^ when a? = ; 

therefore ^, = 1, and A^ = a. 
Hence, by (6), 

A - — A -^ 
»"1.2 •~|2 ' 
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^•~ 2.3 ^" [3 ' 
and so on ; 

therefore e-"-' = 1 + ax + # + ^^) a,» + ^(^^ ;r* 

[2 L§ Li 

a(a'+l)(a'+3') . 

11 

a* 
Since e""^"** = 1 + a sin'^a? + — (sin'^a;)' + . . . 

Li 

we have, by equating the coefficients of a in this series, and 
in the result just found, 

sin x = x+-.j + —.j + .. 

as akeady found. 

Also equating the coefficients of a*, we have 

/•-1\Q 9.2 A 2.4 A 2.4.6 A 

'^ ^ 3.4 ^3.4.5.6 ^3.4.5.6.7.8 

And equating the coefficients of a^ we have 

+ ... 

122. Expand sin (m sin'^a?) in powers of x. 
Putting y for the function, we may shew that 

Proceeding as in Art. 121, we find that 

{n + 1) {n + 2)A,^ = {n^ — ni^)An ; and thus 

sin(msm ^x) = --x + — -r-^ x^ + —^ r-^ -x^+..., 

1 1_3 L5 

Similarly cos (m sin"* a:) 

_ m» m* (2' - m') ^, m'(2«-m°) (4'-m') 
~ 1_2 jl U ■•" 
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123. Expand ^ — - in powers of x. 

We shall first shew that no odd power of x except the first 
can occur in the expansion. Denote the function by <f) (tc). 

Then <l>{x)^<f>{-x)= ^ "^ 



X xe" xCi — eTj 



e*-l 1-e* e*-l 

This shews that no odd power of x except the first can occur 
in <l> (x) ; for every odd power of x which occurs in <f} (a?) must 
also occur in ^ (a?) — ^ (— x). 

We have (f>(x) {e'—l) =^x; therefore e*^ {x) =x + <l> (x). 
Differentiate successively with respect to x ; thus 

e'{4>-{x)+,l>(x)} = i + <f>'ix), 

e" {<!>" (x) + 2<l>' (x) +<l>{x)} = <f>" (x), 
e' [<}>'" (x) + 3<f,"(x) + 3f (^) + ,}> (x)} = f " (a;), 
e- {<!>"" (x) + if (x) + 6./)" (a;) + 4<^' (x) + ^ (x) } = 0"" (a;), 
and so on. 

Put « = in these equations ; thus 

<}> (0) = 1, 

2</.'(0) + ^(0)=0, 

3f' (0) + 3f (0) + ^ (0) = 0, 

4^"'(0) + e<f>" (0) + 4f (0) + <^ (0) = 0, 
and so on. 

Hence we find in succession 
f(0) = -^. f (0)=i. f"(0) = 0, f"'{0)=-^,... 
It is usual to denote the expansion thus : 

?3T=i-i'"+]i-"-[i'-*+|T^ -[8 ^ +•••' 

^lie coeflScients B^, ^zyJ^t* ^ry* are called the numhers of 



I 
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Bernoulli, having been first noticed by James Bernoulli It 
will be found that 

A-g, ^8^30' ^^^""42' ^"30' ^•"66'*" 



EXAMPLES. 

1. If e^' (3 — 0?) — 4.xe^ — a? — 3 be expanded by Maclaurin's 
Theorem, the first term is — j-^ . 

2. Expand log (1 + e') in powers of x, 

CD 0/ Su 

Result log 2 + - + ^ - ^sTf + ••• 

3. Expand e*^* in powers of a?. 

Result 1 + a?' + — + ..• 

o 

o 

. n+^y . nx , «(n + l) a;' , 

•'• [-r-j =^+y+~T:2-^ + " 

C. V{1 + 4a! + 12a;'') = 1 + 2* 4- 4«'' + . . . 

7. (^f + e-y = 2'^ {i + '^^y + ^^^^x* +...]. 



„ , ,„ , nx^ n(3n-2)x* n\l5(n-l)' + l}x' 

8. (cosa:r = l-^+ ^ ,^ ^ L_V ^ L. 



+ ... 

X* , 2a;* lea;" . 16 x17a;' 

,^ «-« L ^' . 403* 31a;' I 

10. e- = e|l-^+^-^-...}. 

1 1. siu-' (a; + A) = sm'a; + -^^j-^ + ^^^ ^ 

1 + 2^ F 3a; (3+ 2a;*) A* 
"*"(l-a;»)5l3'^ {I -a?)'* \± " 
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12. log(l-a + a?) = -a,+^ + ^' + ^-j... 

13. log{.+V(a« + .«)} = log« + ?-l34 + i^g-.. 

14. log(l+sina?)=aj- — + g- „. 

15. e =l+«'+2--6-24- 

16. For what values of x does Taylor's Theorem fail, if 
' '^ S and which is the first differential 



*V{^ 



. - ^y . . 

coeflScient that becomes infinite ? 

17. Shew that 

A* 
tan"^ (a? + A) = tan"* a; + k sin'^ — -- sin'(9 sin 20 

+ — sin*5 sin 3^ - — sin*5 sin 45 + ... 
o 4 

where 5 = - — tan"^a;. See Example 18 of Chapter V, 

18. By putting S = — a; in Example 17, shew that 

IT ^ , ^ ^ cos'5 sin 25 cos'5 sin 35 
~-5 = sm5oos5+ ^ + ^ 

cos* 5 sin 45 

+ -, + ... 

4 

19. By putting A = — a? in Example 17, shew that 

« — ?HL^ 4- ^^^^^ , sin 35 sin 45 

2 ~ C085 2 cos'' 5 ^ 3co?5 4co?5 "^ * * * 

20. By putting A = — V(l + ^) i^i Example 17, shew that 
i(7r-.5)=«8in5 + isin25 + ^sin35 + 7sio45+... 

2 2 o 4 



T. D. C. 
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CHAPTER VIIL 

SUCCESSIVE DIFFERENTIATION. DIFFEKENTUTION OF A 

FUNCTION OF TWO VARIABLES. 

• 

124. We have, in Art. 77, defined the second dififerential 
coefficient of a function to be the diiBferential coefficient of the 
differential coefficient of that function. The differential 
coefficient of the second differential coefficient has been called 
the third differential coefficient, and so on. We are now 
about to give another view of these successive differential 
coefficients. 

125. Let y=f{^)> 

therefore Ay =/ {x + h) — / {x) . 

In the right-hand member of the last equation change x into 
x + h and subtract the original value ; we thus obtain 

f(x-\-2h)-f{x + h)--{f{x + h)-f(x)], 

« 

or /(x + 2h) - 2/ (x + A) +/ (x). 

This result, agreeably to our previous notation, may be 
denoted by A{Ay), which we abbreviate into A'y. Hence 

AV=/(^ + 2A) - 2f(x + h) +f(x). 
Similarly A (A'y) or A'y will be equal to 

f{x + Bh) - 2f{x + 2h) +f{x + h) 
- [f(x + 2h) - 2f{x + h) +/(a?)}, 
that is, A'y =/(a? + Bh) - 3f{x + 2h) + 3/ (a? + h) -/(a?). 
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126. By pursuing the method of the last Article we find 
apressions for A'y, A'y, ... AVe shall not for our purpose 

iquire the general expression for A"//. It will, however, ' 
isj for the reader to shew, by an inductive proof, that 

A-j,-/(^+rf) -»/i»+(»-i);,j + "'gi'/l»+(»-2)''l— ■ 
+ "/(^+*)+/W- 

127. To skew that the limit of ,^^, is -A ■ 

We liave, by Art 125, 

A'j,-/(«+2i)-3/(.« + 4)+/H. 
lut, by Art. 92, 

\x+ih) =/w +2*/w +^V"w +'f|^V'"(»'+=(".). 

/(I + h) =f(:^) + V H + ^/" w + j|/"' (^ + 9,1), 

and 5, being proper fractions. Hence 

A'y = 4'/"(;t) + |-(4/™(« + 2fl;,)-/'"(j= + 9,J)|. 

Divide both sides by A", that is (Aa:)', and then let h be 
limisished indefinitely. Hence we obtain 
A'y 

lat is, the limit of T-r-4-, is -7-?. 

128. The result of the last Article may be generalized by 
le inductive method of proof. Assume 

A-j-i-/-(=7)+S"'^W (1), 

'here ^ {x) ia a function of x and h, which remaina finite 
'Len h is made = 0. From (1) we have 

A-J - hy{x+h) + 4"'^r (J, + J) - (jy («) + i"'Vr (»)) 

-i-|/"(«+*)-/"Hl+''"'l'»-C»+*)-'('W)- 
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Now, by Art 92, 

T/t (a? + A) = A^ (a?) + h'>^\x + 9Ji), 
therefore 

A'^^V = '^^ V"*' W + ^""^ li/""^ (« + ^A) + ^fr' (a: + OJi)] 
-A'»+y»+^(a^) + A**^i^,(a?) (2). 

Equation (2) shews us that, granting the truth of (1), we 
can deduce foi: £^^y a value of the same form as that we 
assumed for A**y. But Art. 127 gives for A*y an expression 
of the assumed form ; hence A*y has the same form, and so 
also has A*y, and generally A*'y. 

From equation (1), by dividing both sides by ^** and then 
diminishing h indefinitely, we have 

the limit of /^^-tt =/" (x) : 
that is, the limit of '(„ is -r^. 

Klm^X) CuX 

129. Hitherto we have only considered functions of one 
independent variable; that is, we have supposed in the equa- 
tion y =/(a;), although quantities denoted by such symbols 
as a, 6, ... might occur in /(a;), yet they were not susceptible 
of any change. Suppose now we have the equation 

w = a? + a:y + 2/*, 

and let y denote some constant quantity and x a variable, 
we have 

From the same equation, if a; be a constant quantity and 
a variable, we obtain 

du ^ 

Of course we cannot simultaneously consider x both coi 
stant and variable ; but there will be no inconsistency if 
one occasion and for one purpose we consider x constar^fc^i 
and on another occasion and for another purpose we consid- *^ 
it variable. 



, denote the Bucceasive differential co- 
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130. If a; and y denote quantities such that either of 
them may be considered to change without affecting the other, 
they are called independent variables, and any quantity w, the 
value of which depends on the values of x and y, is called a 
"function of the independent variables x andy;" 

dx* ' dj^ ' 
efficients of w, taken on the supposition that z alone varies ; 

da d'u d'u 

dy* dy" dif 
efficients of u, taken on the supposition that y alone varies. 

131. If M be a function of the independent variables x 

luid y, then -y- will also be generally a function of x and y. 

we may have occasion for its differential coefBcient 
with respect to x or y. The former is denoted by 

dji" 

as already stated ; the latter is denoted by 
dv, 



Again, both -7-5 and ^ — j- will be generally functions 

of both X and y. These may require to be differentiated with 
respect to a: or y. Hence we use such symbols as 
tTw (Pit , (?M _ 

dy dx^' dxdydx' dy'dx' 

the meaning of" which may be gathered from the preceding 
C^najks. For example, ^ , , implies the performance 
f three operations: we are to .difierentlate u with respect 
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to X, supposing y constant; the resulting fiinction is to be 
differentiated with respect to y, supposing x constant; this 
last result is to be differentiated with respect to x, supposing 
y constant. 

132. In considering the equation y=f{-c), where we have 
one independent variable, the student could be rtiferred to 
analytical geometry of two dimensions for iHustrations of the 
nature of a dependent variable and of a differential coeffi' 
cient. See Arts, 35. -.43. In like manner, if he is acquainted 
with the elements of analytical geometry of three dimenaiong, 
he will be assisted in the present Chapter of the Differential 
Calculus. For instance, the equation 
z =ax + by + c 
represents a plane ; x and y are two independent variables, of 
which s is a function. Here 

ds _ ^'^ —I, 

dx dy ' 

d}z tPz 

d?' '■■' 
vanish. 

Again, B=J{r-a!'~y') (1), 

is the equation to a sphere. If we pass from a point on 
the sphere, whose co-ordinates are x and y, to a point whosp 
co-ordinates are x -r Aa; and y, we vary x without varying y. 
If in this case the value of the third co-ordinate be s -)- As, 
we have 

z + Aj = V['-*-J'-(-«+'=^^)'S t2). 

From (1) and (2) we can of course find -r- ; and its liniit^] 



The process is the same as if we had given 

»-V(»'-0, 

where a is a constaot ; from which we deduce 

A -X 

end tinally put r" — y for o*. 



DIFFEREKTIATION OF A FUNCTION OF TWO VARIABLES. 103 

On the other hand, if we pass from the point (ar, y) to 
I point having x and y + Ay for its co-ordinates, we have, 
as before, 

z+i^ = jy-^-{,j+i,j,)<] (3). 

Now, in (2) and (3) wo havo used A^; but we do not 
mean that the value attached to the symbol is the same in both 
cases. If there were any risk of error by confounding them, 
we could use A'z in (3), or something similar. But in fact 

We only use (3) to assist us in forming a conception of -j- ; 

and since we look on -j- and -j- as whole tymhols not admit- 
ting of decomposition, the question can never occur, " la the 

dz in -,- the same as the ds in -^ ?" 
ax ay 

133. When tt is a function of two independent variables, 

t^e differential coefficients -,-, -*-, , ,, -i — r, ••■ are 

ax ay dar dxay 
often called "partial differential coefficients," Each of these 
differential coefficients is obtained by one or more operations, 
every operation being conducted on the supposition that only 
me of tJie possible variables x and y is actKolly variable. 



F Let us suppose for exan 


,ple 


that« = t4in"'-; then 

y 


du y 
dx x'-Vy" 




dy x-+y- 


d'u 2xy 
dx' K+y')' 
»nd HO on. 




dy' (*■ + /)■■ 


By differentiating -j- with 


espect to y we obtain 




«• 

"'(•• 


^■■- 
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and by differentiating -^ witli respect to x we obtain 

d^^ ^'-y ' 

dx (ar-^y^y 

Thus WB see that in this example ' 

dy "ST"'^ ^^^' 

or, as we may write it, 

d^u ^ d?u . . 

dydx dxdy"^ ^ '* 

We shall prove in the next Article that this result is 
universally true. Of the two modes of writing the result 
given in (1) and (2) the second is the more commodious, but 
it has the disadvantage of making the theorem which we 
have to prove appear obvious to the student, because it sug- 
gests to him that he is merely comparing two fractions. But 
as we have already remarked, a symbol for a differential 
coefficient is defined as a whole, and is not to be decomposed 
into a numerator and a denominator. See Arts. 26 and 77. 

134. If \x he any function of the independent vcvricLbUs x 
and y, 

jdu jjdu 

ax. ai 



dy dx ' • 

Let u=^(x,y); change x into x+h, then by Art. 92, 

^ {x+h, y) = ^{x, y) + A^ + l^f (xH- fiA. y) ; 

we may therefore write 

i>{x+h,y)''^{x,y) = h^ + h!'v (1), 

where v is a certain function of x and y, which remains finite 
when A = 0. In (1) write y + k for y; then the left-hand 
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member becomes ^ (a? + A, y-\- k) —(f>{x, y-\- h) ; by Art 92 

^ becomes ;7- + A? -r— + F)8, where )8 remains finite when 

i= ; and v becomes t; + 4a, where a is a quantity which re- 

■dv 
mains finite when A; = 0, for it tends to -7- as its limit. Thus 

dy 

i>{x + h, y']'k)'^<l>{x,y+k)=^h^ + hJc'j^ + 7il^0 

+ h% + h'koL (2). 

Subtract (1) from (2) ; thus 

<l>{x + hyy + k)-<t}{x+h,y)'-(l>{x,y + k) + ^ (a?, 2^) 

jdu 

^hk^^-VkOL^hk'^. 

dy 

Divide by hky and then suppose h and h to diminish inde- 
finitely; therefore 

dsD 
■ , ■ = the limit when h and A vanish of 
dy 

4> {x + h, y + k)''(f>(x + h, y) - <f> (3?, y-¥k) + <^ (r, y) 

Aifc 

In a Eomilar way, by Jirst changing y into y + k, and q/i^?-- 

loards x into a5 + A, we can prove that — r^ is also equal to 

the above limit. § 

jdu jdu 

d-j- d-j- 
■VT dx dv 

Hence ^r— =*-r * 

ay oo; 

135. The object of the preceding Article is to prove that 

, , SB ; this is done by shewing that each of these 

quantities, is equal to the kmit of a certain expression. It is 
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comparatively tiriimportant what tbat expression is, but it is 
of some interest to notice the analogy of the result to thosa 
in Arts. 137 and 128. 

Proofs of the proposition in the preceding Article have 
Bometimes been given which appear simpler fiian that here 
adopted, but they are deficient in strictness. In particuUr 
an assumption has sometimes been made which deserves t« 
be noticed. The following is substantially a proof that luis 
,du 

been ^ven. " 

nition of the symbol, the following operations, (l) In the 
function it we put x + h for x, subtract the original value 
■ from the new value, and then divide by A. (2) We find the 
limit of the- result when h = 0. (3) We now put y + A for y, 
subtract the original value from the new value, and then 
divide by k. (4) We find the limit of the result when k = 0. 
All this is immediately derived from first principles; the 
next step however is the assumption that wa may peifonih. 
the third of the above operations before the second instead of 
after it. With this assumption the required result is readily- 
obtained ; for from the first operation we get 
tli( x+h,y)-<p(x,y) _ 
h 
then from the third we get 

^{iv + k,y + J:)-<i>{a: + h,y)-4> f.r. . y + /;) + j. (j, y) 

.du- 

dsr 

and according to our assumption, the limit of this is - v ■ - 

■ ,rfu 

a-j- 

And by a similar assumption it is found that —r^ is ate 
equal to the same limit. 

One more remark must be made to guard against a possib-T 
error. In the proof of Art. 134 we have used vfor Ji^"(ar 4-^^ jrZ 
in this expression all that is known of 8 is that it is -j 
proper fraction, and it most not be aeaumed to be a fnneliga^ 
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e onli/. Thus when y is changed into y + k the value of ' 
will generally change. This does not aifect the precediug 
Toof, because it was not necesaaiy there actually to find tho 

value of -J- ; but the assumption that does not change 

irlien y changes hns rendered some proofs unsound which 
hive been given of the proposition in Art. 134, 

The important principle proved in Art, 134 is 
,ted thus: "The order of independent differentiations 
is indifterent ;" or it is referred to as the principle of the 
mvertibility of independent differentiations," It may be 
Mteoded to any number of differentiations; so that if a 
function of two independent vanabka, x and y, is to be dif- 
firentiated m times with respect to x, and n times vntk respect 
to y. the result will be the same in whatever order the dif- 
ff-mUiutiona be performed. In proof of this we have only 
to apply tho theorem of Art. 134 repeatedly in the manner 
sliewn in the following example, 

Tri prove that 



by definition, 
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187. If w be a function of the three independent Variabl 
^> y> «> we have in a similar manner 



dy dz dz dy ' 

d?n __ d?u 
dxdz dz dx* 

d^u _ d^u 
dx dy " dydx* 

d^u cPu d^u 



dxdydz dxdzdy dzdxdy^ 



and BO on. 



EXAMPLES. 

1. It u = ^ . , find 7 , and -^ — 7- . 

a — z ax ay ay dz 

2. Verify in the following cases the equation 

(ftt d^u 
dxdy dydx' 

u = x sin y-\-y sin.r, 

« = a?logy, 

tt = lofftan-, 
^^ x* 

^_^ ay-hp 
hy-^ ax * 

u^ylog{l + xy). 
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3. If u=^A(icfy^'4'Bafiy^'\- Cxyt/'^+... 
where a-^a = ^ + = y + y = ...==n, 

shew that a? -^ + ?/ -7- = nu. 

ax '^ ay 

In this example u is called a Jvomogeneous function of n 
dimensions. 

4. If u be a homogeneous function of n dimensions, 
shew that 

5. If w be a homogeneous function of n dimensions, 
shew that 

t 

6. Verify the theorems in Examples 3 and 4 in the follow- 
ing cases : 






* ' If tt = ajV + e*f£^ + a^y^*, shew that 



d*u . , 3 



' dj? dy dz 
^- If u = e^', shew that 

9. If « = yV(<»* — aO + * V(«* — y)> shew that 
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10. If w = tan"* —TT- — y^ jr , shew that 

V(l + iB* + 3^")' 

6?ii _ 1 d% _ 15ary 

11. If w = a;V(a*-y^V(a'-«0+yV(a'-«*)V(a'-it*) 
shew that 

12. If I* = log (as* + y* + ^ — 3a:y-^), shew that 

1 cPw ldududu_^ _^ 

Qdxdydz Sdx dy dz ^ 

du du du 3 



dx dy dz a: + y + «' 

c?*i6 d^xi d^u ^ d^u ^ cPu ^ d^u 
1 j^ (- 2 {- 2 1-2 

da;' dy* d-s^ die dy dy dz dz dx 

9 



{x^y^zf' 



d^u d^u d^u 360 



. dx^ dy^ dif^ d£ dy^ dz^ do^ d'jf dz (a?+y + -p)*' 
d*w d^w d*w_ 3 



dx^^ dy^^ dz^ (a: + y + «)" 
d"M d'u d^M 72 



dafdydz dxdy^dz dxdydz* {x+y + z)^* 
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CHAPTER IX 
Lagrange's theorem and Laplace's theorem. 

138. Suppose y=^z + x<l>(t/)..... .(1), 

where z and x are independent, and it is required to expand 
f{t/) according to ascending powers of x. Put u for f{y), 
then, by Maclaurin's theorem, we have 

where u^^ -r-^, -5-a®, ... denote the values of w, -7-, -^^, ... 

when X is put = after diflferentiation. We proceed to trans- 
form these differential coefficients of u with respect to x into 
a more convenient form in order to ascertain their values 
when a? = 0. We shall first shew that 



dx 



dv) d ( „, ^ dv 



^w4=^4''^'')4 ^'^' 



supposing that v is any function of the independent quantities 
X and z, and F{v) any function of v. 

To establish (2) we need only observe that the left-hand 
member is 

y^, , .dv dv , T^f . d^v 

and the right-hand member is 

and these two expressions are equal by Art. 134. 
From (1) we have 
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therefore 



Also 



therefore 



Hence 



Also 



therefore 



Hence 



Again 



Lagrange's theorem. 

^y _ ^ (y) 



^;/__ 1 



dz 1 — x^' (t/) * 

du ^dudy ^ ^^ __ ^^ dy 
dx dy dx dz dy dz ' 



du , . . du 



dz 



cPu d ( , f ^du 



dx 



dz 



«i'« C?' J— ^ — .a du] 



<? 



dzdx 



{'^(^)''S}'^y'^-^2*' 






> ty (2), 



<? 



«<^u 



"5?«^<^)i^^y(3) 
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Suppose, according to this law, that 

dr^^u dr 



then 



ctr"""* dxdz 



-^ii"} 



^kich shews us that the expression for ;p;rri follows the same 
lav as that for -^. Hence, since the law has been proved 
to hold for -T-^ and -r-, , it holds universally. 

In -T-jT '^^ are to make a? = a/i5er the differentiation has 

*^u performed; but when we transform -^, by the above 

f . ..... 

iormula> into an expression involving only differential co- 
efficients taken vdth respect to z, we may put a? = before the 
differentiation, since a; is to be considered as a constant in 
differentiating with respect to z. When a? = 0, 



^=^{^r/w}. 



T. D. C. 
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and tlius 

This result is called Lagrange^s Theorem. 

139. Sujipose y = F[z + x^ (y)} ; 
required the expansion oif{y) in powers of x. 

Let t stand for z + x<f}(y); then 

dy dFdt dF (,. . ^ ,n\dy\ 



therefore 



dy ^^)f 



, rfy dFdt dF ( ^„ ^dy] 



therefore 



dF 
dy dt 

Hence | = '^(y)^- 

From this, in the same way as in Art. 138, we deduce 
that 



-£Ks}. 



where u =/(y). 

If we make a; = in the equation 

y-^F{z + x(l>{y)], 
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du^ df[F{z)] 
dz ds ' 

and finally, 

•(s,)=/lfWl+=:«FW)'?ag£>l+|||:jfr55]l.f 

- -S^[*wi-^']-- 

Thia ia called Laplace's Theorem. 

140. Lagrange's Tlieorem may of course be deduced froin 
|japlace's, by putting .F(«) = z. But Laplace's theorem may 
alao be deduced from Lagrange's, thus ; 

In the equation t/ = F{z+x^ (y)] (I), 

put 3 + a'0(3/)=y, 

fheo y = F{y'), 

*"« y' = «+^^[^Q/')l (2)- 

uid /(y) becomes f{F(if')]. 

Thus we are Tequired to expand f{F{y')] in powers of a:, 
\ty means of equation (2), But this is precisely what La- 
grange's Theorem effects, the complex functions f{F{y')] and 
"^ f-f (y')} taking the place of the simple functions /(y^ and 



141, It must he remembered, that in quoting Maclaurin'a 
Theorem, which serves as the foundation for those of Lagrango 
and Laplace, we ought strictly to have need it in the form, 
given in Art. 95, with an expression for the remainder 
after n + 1 terms. That expression for the remainder however, 
becomes so complicated in this case, that we have not referred 
to it. The investigation of L^range's and Laplace's Theo- 
rema must be confessed to be imperfect, since the tests of the 
convergence of these series, which alone can justify our use of 
them as arithmetical equivalents for the functions they profess 
to represent, are of too difficult a character for an elementary 
work. Tbe advanced student may consult Moigno's Le^om 

12 
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de Calcul Diff^rentiely 18me Legon, and liouville's Journal 
de MatMmatiqueSj torn. XI. p. 129 and 313. 

142, K x=^a-{-y^ Qc), we have by Lagrange's Theorem 

fix) =f{fl) + y {^ {x)f' h} + -^ a |^(^y' (^)| 



+ ^^4^''-^'^*^ 



+ ... 



where in the coefficients of the diflferent powers of y, we are 
to make x=a after the diflferentiations have been performed. 

X ~~ €L 

Let y or = -^ (cc), so that a; = a is a root of -^ (a?) = ; 

then 

+ ... 

where, in the coefficients of the different powers o{yfr(x) after 
the differentiations, x is to be made = a. This series for /(a:) 
in powers of yjr {x) is called Burmann's Theorem. 

143. Let 'yjr'^{x) denote the inverse function oiyjr(x), so that 
if u = ylr(x) we have yjr'^ (u) = x, and therefore '^{'^"^{u)} = m. 
If we write -^"^a; for x in Burmann's Theorem, we have 

^f r-w M ^/ \ . r/'w(^-^)i . ^' ^ r/' (^) (^ — o^)*i 



+ 






No change is made in the quantities in the square brackets, 
for they do not contain x when the operations indicated axe 
completely performed. 

If f{u) = u, we have 

.-t/ X Vx—a] x^ d r(a? — a)'"| 
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and if a = 0, so that yfr (a?) vanishes with x, 






EXAMPLES. 

1. Given y = z + a^, expand y in powers of x. 
Here <^ (y) = ^> 

/(y)=y; 

therefore ^, j^Y'(«)| = ^e'" = n-'e«. 






Thus y=z+x(f-v^2^+^ 3'e'' + ... + p-n"-'e'"+... 

2. Given y = « + a; ^^^ — , expand y in powers of x. 
Here ^(y)^t^, 

Hence y = ^+«i(2«-l) + g.|.|(.»-l)« + ... 






1 (?•"' 



S. Given a?y — logy = 0, expand y in powers of a;. From 
the given equation 

therefore yx = a?e^, 
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If then we put « =« in the result of the first Example, 
deduce 



«» . . aj" 






restore yx for y and divide by a ; then 



y = 1 + oj + .^ 3 + ... + 4-^ n*^ + ... 



n-1 



4. If y = - /ii^a^) ' ®^*^^ y* ^^ ascending powe 

of x» 

Since y = 



j\ > 



we have y V(l ""^*) =^~"y 5 

therefore y^{l — x*)=x*--2xy+y* (1), 

and y=f + ^^- 



2 2 



We must then put y = z-\-^x, 
80 that ^ (y) = |- , and/(y) = y*. 

and a/%cr the differentiations are performed, we must 

X * 

2 ^" *• 

The quadratic equation (1) which we have employed giv 

two values for y, namely .. ^^> ; the series which 

have obtained in (2) applies to the value with the wpper si 

^'^^ l + Va-a^) ^"^P ' ^** ^ then* power 

this be expanded in ascending powers of x the first term 
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o1>-viously f- j : whereas the first terra of the espaDsion with 
the hwer sign would be ( -] , that is [-] . 



1.2.3 V 



l«t x* = it; thus we ohta'in 



+ ■ ■< oa tr+... 



Change the siga of »; thus we obtain the expansion in 

.(.-4) (»-5), 

TTTs — '^+- 

. Bitherto we have put no restriction on the value of n; 
"^^t let UB now suppose that n is a positive integer. 

3f we expand [l + v/(l- 01° and {^-^/(I-4()]- hy the 
*^> nomial Theorem, we see that the sum of the two expressions 

'*'^1I be a rational function of t which will be of the degree - 
** Ti be even, and of the degree — ^^ if n he odd. 




1 



EXAMPLES OF 



By adding the expansions we bave found above we obtain 

and by what we have just shewn the series on the right band 
extends to - + 1 terras if n be even, and to - tenna if n 

be odd, so that the remaining terms in the two expansion!* 
must disappear^ that is, the terms arising from one expan- 
sion are cancelled by similar terms arising from the other. 

In the same manner as we deduced the expansion of y" from 
the equation y = - . . ■ j,. we may deduce the expansion 
of any other function of y ; for example take log y. Thus 

'°" = i»S'+-^ + -4U,(0 + 

where after the differentiationa are performed we must put 
" for z. Thej^fore 



logy-lo 
mi 


4*(g-l(S}-h 


i'4 


5.6.7/1' 
2.3.4^2^ 


+ 


4(, and we shall obtain 
-V(l-H)_,^3 t 





The expansions which this example has furnished are of 
some importance in mathematics. 

5. If X =y^, expand sin {a -|-y) in powers of a^. 
We have given y = xe^. Suppose then y = z + a?e"*, 
./. (y) = €^, and/(y} = sin {% + y). 

The general term gi^'en by Lagrange's Theorem is 



,{e-cos(=. + z)}. 
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which becomes 

where cot^= n, by a process similar to that in Art. SI. 

Putting « = in this, we have for the required expansion 
«in(a + y)='siaa + i»cosa+ ... 

+ .— (- !)*•"' (1 + n^) "*" cos {a - (w - 1) cot"' «} 4- . . . 

6. Given a — y + a: logy = 0, find sin y in powers of x. 

7. Given y =: « + xife^, expand jfe"*^ in powers of «. 

8. Given y = 2: + a; sin y, expand sin y and sin 2y in powers 
of a?. 

9. Given y = log (-ar + a; cos y), expand ^ in powers of a?. 

10. From the equation a;y* + 2qc^ + 3a;y* + 2y + 1 = de- 
termine y in ascending powers of x. 

•n n, 19 9 • 1395 • 

^ 2 32 32 4096 

w 

11. If y = e* ^, find the j&rst four terms of the 
expansion of cos log y in powers of x. 

Besult I X So? x^ 



V2 2 4V2 3 

12. If y* + tny*+ wy = x, shew tha* one value of y is 

— 5mn /a?Y j_ 



^ — — ^^V J- ^^* "" ^ ^^^' ^^* ^ ^^^^ ^^^* 



n n \n/ n \n, 
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CHAPTER X. 

LIMITING VALUES OF FUNCTIONS WHICH ASSUME AN 

INDETEBMINATE FORM. 

14!4. In the statement, the limit of —3- ss 1 when 

diminishes indefinitely, we have an example of a fractiim 
which approaches a finite limit when the numerator and de- 
nominator each tend to the limit zero. The object of this 
Chapter is to find the limit of any fraction of which the 
numerator and denominator ultimately vanish, and also the 
limiting value of some other indeterminate forms^ 

' 145. Form 5. 

such a fraction that both numerator and denominator vanish 
when a) = a; it is required to find the limit towards which 
the above fraction tends as x approaches the limit a. 

We have proved in Art. 92 that 

i|) (a + A) - ^ (a) = ^'(a + ^A), 

If then ^ (o) = and yfr (a) = 0, we have, by division. 

Let h diminish indefinitely ; then 

the limit when a; = a of , ) \ is ,,. . . 
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146. Suppose that not only 

<f> (a) = 0, and yft (a) = 0, 
but also ij>{a) = 0, ^"(a) = 0, ...^"(a) == 0, 
and 'f'(a) = 0, '^"(a) = 0, ...'i^''(a} =0. 

By Art 92, 



Hence^ by division, we have 

Diminish h indefinitely, and we have 

the limit when x = a of ^A-4 is ,^+. ) { , 

147. In Art. 145, if 

t'(a)=0, 

and <j> (a) = some finite quantity, 

6(x) . . , 
we have the limit when x = a of ; , ; is infinity : 

if f(a) = 0, 

and '^' (a) = some finite quantity, 

6(x) 
we have the limit when a? = a of ; , is zero. 

And in the same manner, we may shew that if the first 
of the diflferential coefficients ^'(a), <f>"icL), ... which does not 
vanish, is of a lower order than the first which does not vanish 

of the series -^'(a), '^"(o), ..., the limit of T\ I when x^a, 

Y* {xj 

is infinity ; if of a higher order the limit is zero. 
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These results may also be obtained without the use of 
Taylor's Theorem. 

If ^ (a) = and ^fr (a) = 0, we have 

<l){a+h) — ^(g) 
<l> (a -hh) _^ <l> (a + h) — <f> (a) h 

h 
Now diminish h indefinitely, and we have 

the limit when a; = g of ~t4- is ,, ; . . 

yjr [X) Y W 

If ^'(g) = and '>Jr(a) =0, we have in the same way 
the limit when a: = g of ,,, [ is ,,,; { . 

Hence, the limit when a: = g of ^-V-x is ,,,, \ . 

in Art. 146. 

148. Form "^ . 

00 

Let j>[x) and '>^{x) be functions which both become infinite 
when a? = g ; it is required to find the limit of the fraction 

and the fraction on the right-hand side takes the form - 
when « = o ; hence, by the previous rules its limit is 

f («) lt(«)J f (a) ■ 



Hence 



"^0 

therefore iW==i>I. 

y (a) y (g) 
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149. From the last Article it would appear that the limit 

of a fraction which tends to the form — , may be found by 

considering the ratio of the diflferential coefficient of the 
numerator to the differential coefficient of the denominator. 
But, by Art 113, when for a Jlnite value of the variable a 
function becomes infinite, so does its differential coefficient. 
Hence, if 

V-T-T takes the form — , 
Y (a) 00 

, ,, { takes the same form, 

and thus the result of Art. 148 would appear to be of no 
practical value. It may, however, happen that the limit of 

the fraction ,/, , is more easy to settle than that of ^-V-r . 
For example — s— 

X 
00 

when a? = 0, takes the form — . 

00 

1 

TT <l>(x) X 

Here ^^ = — 7 = - i^> 

Y {x) 1 

the limit of which is 0. 

Hence, the limit of — ^ , when a? = 0, is 0. 

150. The demonstration in Art. 148, which is that usually 

Six) 
given, is satisfactory only in the case in which j; really 

has a finite limit. For we divided both sides of an equation 
by this limit which tacitly assumes that the limit is not zero 
or infinite. 

But the demonstration may be completed thus : 
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m: 



- is really finite, namely, unity. Hence, it liaa 



oftW + fW; 
been proved that 

the Kmit of tM+*a ^he„ . = a is ffl + *14, 

be really infinity, then the limit of 



that is I -f the limit 

therefore the limit of 

If the limit of 



V - ; . - is reallv zero, and therefore, as juat shewn, the Umit ol 
P7~- will be zero. Hence, the limit of , - - ~ will be infinitr. 

Combining then this Article with Art. 148, wo can assert 
that if 1^ (x) and -^ (x) both become infinite when a; = o, tbe 

limit of . , : will be the same as the limit of '., , { , 

151. The two Articles 143 and 150 may be replaced bj 
the following mode of exhibiting the proposition. 
i(a) 



Then 



M«) 



, and ^ (a) : 
= and - 



1 ir'ia + eh) 

no, *&±*) = '>-l° + '') _ !'!'(<■ + "'■'I' 
+ (« + *) 1 4,{a + (lh) 



, (Art. 106); 



#.(0 + 4) {^{a. + eh)Y 



y (a + 84) _.»(.. 



-Kn + ffl) 

■f (a + 8fg"^(a + 4) • 
+ (o + A) 
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If , — has a finite limit when x = a, the limit of the ! 

second factor on the right-hand aide of the equation is uuity. 
Hence 



tiM-ti 






tw 



tends to or t» as a: approachea a, it will in J 



general finish by approacliing the limit in such a manner that I 
the second factor will in the first cose be less than unity, r 



and in the second case greater. Hence, 



•>'(a;) 



152. In the preceding rules for finding the limit of a 

function which takes the form - or — ivhen ar = a, we have ] 

made no supposition as to the iiiiignitude of a. Hence the 
rules are often applied to the case in which a is infinite. But ] 
for a direct demonstration of this case we may proceed thus 



Suppose the limit of 



i'i") 



required, when x =x ; it being j 



known that then either ^(x) = and if- (x) = 0, or <^ (x) = oo | 
and y^{x)=<x>. 



it!) 



Now 08 y tends to zero, we have, by preceding rules, 
the limit of —Si . the limit of ^ — ^ 

« the limit of — ^ = th 



yQ 



f{x) 
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153. For example, required the value of 

1 

m _ 

— — - when x = 0. 
cot a? 

DiiFerentiating both numerator and denominator, we find 
the required limit is the same as that of 

_1^ 

a^ « sin' a? ., ^ . 

— T— - or 01 ^ -, that is, unity. 

— sin'' a? 
The same result may be ol^ained by writing the proposed 
fraction in the form - ; thus 

1 

X _^ tan X 1 sin x 

cot^~ X cos a? X 

1 sin OS 

The limit of is 1, and the limit of is 1 : therefore Ae 

cos a? X . 



limit of the proposed fraction is 1. 



X 



As another example we may find the limit of -^ whea x » 
infinite, n being positive. 

The limit of -^ = the limit of — r- 

er e 

= the limit of — ^ —■ ... 

Proceeding thus, we shall, if w be a positive integer, arrive ai 

\n ... . ^ . 

the fraction -z- , the limit of which is 0. If n be a fraction, 

e 

we shall arrive at a fraction having e* in the denominator and 

some negative power of x in the numerator, which also has 

for its limit. 

Hence the limit of — , when a? » oo , is zero. 



154. A remark should be made for the purpoBe of pre- 
venting a misconception of some of the results of this Chapter. 
Suppose <li{x) and Af^{a;) both to vanish when x = a, and that 
^'(a) = while ■^'{aj is finite. We say then, that when x = a, 



INDETERMINATE FORMS. 



129 



the limit ■ 






,*'M 



Sneaning that each side of the er|uation vanishes. 
foliow necessarily that 









3 unity for its limit. 
2x, ■^'(x] = cosx. 



For example, 

then 

When X approaches the limit zero, we can infer that, since 

^ ' , approaches zero, so also does , , , . 

V'(*) tW 

not true that the limit of 



But it is obviously 



SaXX COBZ ixBinx •' 

the limit is in fact J, 

155. It should be observed that there are examples which 
foay be solved by means of the Differential Calculus, but 
'hich can also be solved, and sometimes more simplyj by 
immoii algebraical transformatioDS. For iustaoce, 

Put ic = n + 7(. and the fraction 

" (21.+;.)*' 



rlien X = a takes the form - . 

A* {2a + ft)* ' 
id the limit, when A = 0, is 0. 
T.D.C 
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Again, suppose we have to find the limit of 

sj{x^ - 1) 
as X i^proaches unity ; put a? = 1 + A, and the fraction becomes 

Multiply both numerator and denominator by 

V(A+1) + 1-VA, 
and we get 



or 



VMA + 2){V(A+1)+1-VA} V(A+2){V(A + 1) + 1-Vir 
and the limit of this, when A = 0, is -^ • 

156. There are cases in which not only ^{x) and ^(r) 
vanish, but all their differential coeflBcients, and where, con* 

sequently, we are not able to ascertain the limit of;^y-r. 

For suppose if>(x) = a"", where u stands for ~, a and n being 
positive numbers, and a greater than unity: we have 

4> (a?) = wloga.a-"|-^5jJip---^^J, 
and so on. 

Put - = «, and let t stand for «": 

X ' 



., .,, . wloga.^*"*^^ 
then <l> {x) = ^-j , 



.„. . nloga{nloga.«''"+*»-(n + l)^^} 

9 w = ■ — ^ — -t ^ ; 

Cv 
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H ftlso the value x = corresponda to ^ = x . But it is easy to I 



'flee that every expression of the form 



where a, m, n, are positive numbers, and a greater than unity, 
is zero when z is infinite. For if we apply to this example 
the rule for finding the value of a fraction which assumes the 

form — and differentiate r times successively, r being the 

integer next above m, we have 

the limit of -r = the limit of -—-< , 

where A; is some constant, anc! i/r (s) a function of a which is 
infinite when s is infinite. Consequently, all the differential 
coefficients of ^ {x) va'jisU when a; = 0. 
If then we have 

^ (a:) = u,-", 

vw-*-, 

where v stands for — , and 6 is a positive number greater 
than unity, and v also positive, the differential coefficients of 

bU orders of the two terms of the fraction ■ . ■ , { will vanish 

■f (a:) 
when iE = 0, and the limit cannot be found by this method. 
In the case of i' = w, the fraction, becomes 



(r^ 



this, when ar = 0, will be or » , according as a is greater or 
less than b. 

157. The fraction 



tekes the form - when a; = 0. Put x= - and we have ^, tho 

y e" 

limit of which, when y is infinite, is 0, by Art. 1S3 ; 



I 
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1 

e* 1 - 

— , or - X e* is of course infinite when a? = 0. 

X X 

Hence, — is or oo when x approaches the limit 0, 
according as we suppose x negative or positiva 

158. Form x oo . 

Suppose <l>{x) and yfr{x) two functions of x, such that 
if) {a) =0, and 'i|r(a) = oo ; it is required to find the limit of 
^ (^) "^ (^) ^ ^ approaches a. 

and as the fraction on the right-hand side takes the form 
- when x = a, its limiting value may be found by rules 
already given. 

(x\ flflp 

2 j, and '^(a?)=tan^ - 

Here (f> (x) ^ (a?) takes the form x x when a? = a. 



Then 



logf2-?) 

log(2-?)tan|? = -lL- ±^ 
\ aj 2a . TTX 

cot-— 
2a 



The limit of this when a; = a, is found by making x^c^ ^ 

1 1 



a 



TT 



2a . . irx 

sm — 

2a 



." . 2 

which gives 
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Again, o^ (log a;)", 

■where m and n are positive, takes the focm x ao , whea a:=0 
Here ^^^— takes the foim - 

■when a; = ; its limit ia the same as that of 



■which does not assist us. 



If we assume x — e~°, then a:" (log x)' becomes 

the value of this, when j ia oo , is 0. See Art 153. 

The resiilt in this case should he carefully noticed, as it is 
frequently wanted in mathematical investigations. 

159. Forms 0°, oo*, l". 

Let 1^ {x) and i/r (x) be two functions of x, such that when 

= a, the expression 

aesumes one of the forms 0°, oo ', l"; it is required to find the 
limiting value of this expression. 

Since <f> {x) = ^<v*^i, 

we have {<f> (a;)}*'*' = e'l'l*!"**^. 

Now -^ (a:) log (ic) in each of the proposed cases takes 
the form x co , and its hmiting value can be found by 
Art. 158, Mid thus the value of [i^ (a;)}*''' becomes known. 

For example, af , when x = 0, takes the form 0° ; 

and a: log 3! = 0, when a; = 0, (Art. 158) ; 
therefore, af = l, when a; = 0. 



m 
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Again, gj 



takes the form x ^ when a; = ; also 

fi Nsixijr 










Now, sina: logo? = . a?logaj ; 



when a? = 0, we have 

sinx 



= 1, 



X 

ajlogaj = 0, (Art. 158), 

therefore sin a? log a? = 0, when a;-=0, 

/I \"*°* 
therefore (-) =«1, when a? — 0. 

(. . ira: 
2 J takes the form 1*, when x = a. 

The above expression = e aa \ o^ 

2 

= e' when a: = a, (Art. 158). 

160. Form oo — oc . 

Let <^ (a?) and 'i|r (x) be two functions of x which become 
infinite when x^a, then 

assumes the form oo — oo ; it is required to find the value of 
the expression. 

Put y = ^H-'^W» 

then ev = e*t*)-*t') 
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Thus 6^ taies tbe fonn - when a? = a, and its value may be 

investigated by Art, 145. 
Or we may proceed thus, 



^-*(')!'-lih 



then y is infinite unless the limit of ^{l is unity ; if the 
limit of y} I is unity, 

since y =s r ^ ' 



<f>{x) 



it takes the form - . 

For example, suppose y = tan a: — sec a; ; 

then y takes the form x — x when a? = — . 

2 

Also y = tanaj(l— ) 

\ lan oc/ 

1 — cosec X 

cot a? ' 

this takes the form ~ , and its limiting value is 

€oseca?cot« ^ 

= — or 0. 

— cosec a? 

F(x) 
161. The limit of — ^-^ when a7=Q0, supposing F(x) to 

F'(x) 
be then infinite, will be the same as that of — ~-^, or F'{x), 

See Art. 151. 

But, ?J^+^^=JM=r(.+eh). 

If a? be made to increase indefinitely the limit of the 
second member of the equation is F'ipc). 
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Fix) 
Hence the limit when a?= oo of — ^ 

X 

= the limit when a: = oo of — j- — . 

If for simplicity we make A = 1, we have 

the limit of ^^ = the Hmit of {F{x + 1) - F(x)]. 

X 

1 
162. The limit of {F{x)Y when x is infinite, is the same 

log.F(jy) 

as that of e * , 

But, by Art. 161, supposing F{x) to become infinite with x, 

the limit of — — ^^ — is the same as the limit of 

x 

logF{x-hl)''logF(x), 
. , F{x-\-i) 



1 



Hence the limit when a?= x of {F{x)y 

= the limit of — „, , . 

Fix) 

Suppose, for example, that we require the limit when x is 

infinite of \r~[ . 

By the theorem just proved the required limit 

= the limit of ^±1);^ If 



+ 1 a* 



= the limit of ( j 

= the limit of [l + - Y 
= e by Art. 16. 

# 

163. A few remarks may be made on indeterminate frac- 
tions involving more than one variable. 
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A function of two variables may tako tha form - , either 

when one of the variables remains nndeterminod and the 
other has a particulav value, or when both receive particular 
values. 

As an example of the first case, suppose 

^~y{x-a)-\-{x-a)*' 
if we make a; = o we have b = -t, whatever y may be. Bat 

by removing the factor x~a from the numerator and deno- 
minator of z, we have 

_ c(x + a) 
^-y + ic-o' I 

Hence, when a! = a, we have 



This case \b very simple, and whenever it occurs the ap- 
plication of the preceding rules will give the limiting value 
towards wliich z approaches as x approaches its limit. 

As an example of the second case, suppose 

y-h 

This fraction takes the form ■• when ar = a and y = h, and 
is really indeterminate. For suppose y — J = m (aj — a), then 

m" 
Hence the value of z is indeterminate, for x and y being 
independent m may have any value we please. 

164. It may happen that the values which such a function 
assumes, although infinite in DLimhcr, are confined 'within 
certain limits. For example, suppose 



L 



_ e{x- a){y-h) 
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Assume y — 5 = m(aj— a); 

cm 6 



therefore z = 



m 



Here the greatest value of z is when m = l, and z always 

lies between - and — - . 

2 2 

165. We give two more examples. 

Isi Let ,^(a^-ar+.(y-6r 

(a? - a)' + c (y - by ' 

this takes the form - when x — a and v = J» 

^ 

Put a? — a = A and y--J = Jfc; 

therefore ^ = F+^'- 

If now we assume k = -4A*, we have 

and, according to the diflFerent hypotheses we make respecting 
a, 7?i, p, ..., we shall obtain for z finite, infinite, or zero 
values. 

2nd. I^t ^ = ^4^^^^^^^ 

If a; = a, and y = a, this takes the form - . Pnt a + il and j 

a + i for a? and y respectively ; we shall have 

(A - h) a* + Aj (a + A)*- A (a +Aj)* 



« = 



{h'-k)kh 



If we expand (a + A)* and (a + ky, and maka some 
reductions, we obtain 

n(n-l) ,^ ^(^--1)(^~ 2) >-t/r . TA , 



Honce, putting k and J each zero, we have 



This result may also be found by examining the limit 
towards which z tends as x approaches y, and then the limit 
towards which this result tends as y approaches a. 

The next Article must be omitted until the student has 
read Chapter xi. 



166. 



I both numerator a 



F{x,y)' ' 

denominator of z vanish for certain vahies of x and y, the 

value of s \a really iadeterminate, and in fact depends upon 

the arbitrary relation we choose to estabiish between x and y. 

I Suppose that x=a, y='b, are the values which make z assume 

I the form ■- ; and assume that y = ■^ {x), where ^ {x) ia any 

[iinctioii the value of which is h when x = a. 

Thus the numerator and denominator of z become func- 
ions of X only ; and by previous rules for ascertaining the 

ilue of a fraction wliich takes the form - , we have 



KD^« 



"O^ 



hf-'w 



X being put = a and y = i after the differentiations are per- 
formed. This value is indeterminate, since if-X^) ^ ^ function 
wliich ia quite arbitrary. 



i 



fdf\ , fdF\ . 
\dx/ \dx) 

(D-(f)' 



then the value of z becomes determinate. 
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The value of « is also determinate if 

then proceeding to a second diflFerentiation we have 

which is generally indeterminate, since yjr (a?) is an arhitrar 
function. 

Example 1. Suppose 

loga? + log.y - ,__- 



when a? = 1, 
when y = 1, 



\dxj X * 

W y '' 

therefore ^'^^^. 

1 + 2y (a?) 

which is really indeterminate, and may assume any val^ 
between + oo and — oo . 

Example 2. Suppose 

(aj'-l)*-y+r 
Here « takes the fonn - when x = l and y = 1. 



WITH MORE THAN ONE VARIABLE. 



KS)= 



Hence z has a determinate value, namely, — -. 

Examples. Suppose z=- . -- -^ . 
Here, Trhen a; = and y = 0, "we Lave 

(S-. (D=«. (S)-. ©-■ 

i + l+'WI' i + lf'Wl" 

(l+u)' 

Here the value of z is indeterminate ; but it n'ill be found 
that it is confined between the limita and 2, as may be 

shewit by writing the fraction just given in the form l-f . " ■■ - i ' 
remembering that 1 is never greater than unity. 

167. In solving examples on this Chapter there are 
Tarious considerations which will abbreviate the labour of the 
operations, as will be seen in the following case. 

Find the value of l£l(l+2+i!)+M(i^i!±:0 
sec X — cos » 
■wben x = Q. 

The proposed expression takes the form - when a;= 0. If 

we proceed in the ordinary way, we shall find after reduction 
that the differential coefficient of the numerator is 
23:4-43^ 
l + x'+.i;" 
and that the differential coefficient of the denominator is 

sin X 

- — --4- Kin X. 



iJiJ 
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Thus we obtain again the form -, and we may continue in 

the ordinary way the process of evaluation. We may how- 
ever obtain the result more easily by arranging the fraction 
we have now to evaluate thus : 

2(1 + 2x^) cos' X X 



(l+ic' + a?*) (l + cos'fl?) sin a?* 

Here the first factor is not indeterminate when a;=0; its 

value is then unity. The second factor takes the form -, 

aud its limiting value is known to be unity. Thus unity is 
the required limiting value of the original expression. 

Or the original expression may be evaluated in the follow- 
ing manner. It may be put in the form 

cos X log (1 + 0?' + Qlf) 

sm^^ 

Now cos a? = 1 when a? == ; we need not then pay any atten- 
tion to this factor, but consider that we have to evaluate 



sin" a; 



when a? = ; and we may proceed in the usual way to dif- 
ferentiate the numerator and denominator. Or if we are 
allowed to use the results of the expansions of functions we 
have 



log(l+a^+a?*) __ a^ + ^^-H^' + ^T + H^' + ^y-- 

6 



8m*a? , a?' 



(^-^+..0' 



a?'-|-|a;*— ... 

__ l+|a?*-... 
""l-|aj*+... 

= 1 when a? = 0. 
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EXAMPLES, 

Find the limits of the following functioiis : > 

2 og^ when a; = 1. BesuU 1. 

aj—1 

2. -- — ^ , when a: = 1. Besult - . 

3. ^^^, a; = 0. Results. 

sin^ 

a? — Sana? 

5. -— ; — rj— , oj = 0. ResuU — - . 

(sina?)* ' 6 

6. , a? = 0. ResuU log y . 

« — sina? 

_ *B ••" Sin Qc X 

S« — -| — , a? = 0. Result - . 

Q sin 3a? ,, t> 7. ^ 

y- ^ , a? = 0. Result — - . 

8 . ^ ' 2 

10. IZI^+J^^, a;=l. BesuU -h 

11. --L._,_5_, » = 1. Besult -1, 
logx loga) 

o^sina; 

COS a? — cos X 
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14. a; tan a; — — sec a?, ^=*^* ResuU-l^ 

^ (e - 1)' ' "'^ ^estiftg. 

,- a;* + 3a^ - 7a^ - 27a; - 18 „ „ ,, ,„ 

^^'^ a;'-3a^-7a;'+27a;-18 ' "'^^- ^^^^^- 

a? = — 3. ^eswft— , 

-^ a: V(3aj - 2aj*) - a: 4/^ . ^ , ftl 

17. ' -z — ^ , a? = 1. Mesult - , 

1^- 7-:; rr^ ^> a:=l. Result-'. 

(x-* - 1)* - a? + 1 2 

^^ a;*-l + (a;-l)* ' t> 7 n 

19. w^ .X — - , a: = 1. Result 0. 

m sin a? — sin maj ^ x> » t» 

20. — 7 V, a; = 0. Result r. 

X (cos a; — cos TTia?) 3 

21. , a; = 0. Result—^, 

1 — cosrna? m 

^-. sin(a + a?) — sin (a— a?) . i> 7^ ^ 

22. 7 { 7 T> a: = 0. jBe5M?^-cota. 

cos (a + a?) — cos (a — a;) 

23. t^nnx-»tanx ^^^ ^^^^^2 

n Sin a; — sin na? 

ciA V(a'--a;') + a> -^a? i> 7, V^ 

^- ^(..-^).„.-^,' "=' ^"^Vsrr 

2o. -^^ 77-a T\ > flj = a. ICesuit -ttt-t* 

^^ //2 + cos2a? — sinaj\ /tt— 2a;\* "w ^ , 1 

V \a?sin2a; + a;cosa?y \2sm2aj/' 2 '4 

27. 2* sin -i, a? = 00. Result a. 
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1 

28. (a* — 1)0?, aj»«. Sesultloga, 

•29. (^ + l), a? =00. Result e\ 

^ w* sin na? - n* sin mo? (1) a? = 0. ,,, -, ^ ^ 

tanna? — tanwa? (2) wi = ?i. ^ ' 

(2) Result vT^ (n cos nx — sin wa?) cos' rw. 

31. fl4--^j, a? = 00. Result I. 

32. { -^-j , «? = 0. £e5MZ« 1. 
oo. ( 1 , a? = 0. Resulted. 



1 



t#4. 


1 V«*&« M/ I 

\x ) ' 


fl? = 0. 


Result 00 . 


35. 


n 

(cos ma:)^, 


• a; = 0. 


Result 1. 


36. 


n 

(cos.ma?)**, 


a? = 0. 




37. 


n 
(cos TWa?)*®, 


a: = 0. 


5e5uZ^ 0. 


38. 


a^ (cot a?)* + sin a? 

> 


a; = 0. 


.Be5M?< 2. 



X 









40. „. . "^ .,7. ^ , a; = 0. ^esM^t 1. 



42. 



(sin a?)**"', 


TT 

a?= — • 
2 


Result 1. 


V2— -sinar--CQ3a? 
log sin 2a; ' 


TT 


^^"^' 2V2- 


T. D. a 




L 
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43. V(«*-a'*)-cot|^*/^^^^j-, x = a, Sesult -. 

44. (1 — 0?) tan—-, x = l. Result 



1 



2 ' TT 

1 



45. a?^"*, a? = l. JiesuU-. 

e 

46. ar^'", a? = 0. Result M. 

TTX 

sec — 

log (1 -'xy 

48. {Ax'^-\-Bx'^~\..-\-Mx-\-NY, aj = oo. Result 1. 
49 ^ . 2a: + S + 2V(aa? + Sa; + a?') 

^^- v^ ^ 6T2VM ' - ' 

2 
cos 05^ — cos ad T» T. Biaade!^ 



mPB 



« + 



'^ (ii-1 



52. , x = 0. Result — i. 

tan x — x 

ef* sin a; — e" {sin a + V2 (a;— a) cos (a — ^Tr)} _ 

Oo. ; r 3~7 ; ; r , X — d* 

6*— e (a?+l — a) 

Result 2cosa. 
111^ 

54. (-' r^l , a? = 00. MesuU afi^.^ag. 

-er (a? + sin a; — 4 sin ia?)* ^ ^ . 128 

55. )r-- f-^, aj = 0. Result -^. 

(3 + cos a? — 4 cos Ja?)' 81 
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{ 



log a;)* 



■^r » x = oo. SesuU 1. 



sin^ (a? — 1) 



a^ 



Shew that when a; is infinite — -r is infinite or zero, 

according as m is greater or less than n ; a and h being 
both greater than unity. 

Shew that when x is infinite 

->log(l + i) = l. 



X 



If . V(») = .»-. ^% log {2^ + y(. + ^)} , .he, 

that tt = — and -r- = — :^ni when a; = : and that w = 
c aa? 2c 

and -i- = when a: = oo . 
aa; 



L2 



( 1*8 ) 



CHAPTER XL 

DIFFERENTUL COEFFICIENT OF A FUNCTION OF FUNCTIONS 

AND OF IMPLICIT FUNCTIONS. 

168. Suppose u a function of y and z, and y and z them- 

selves functions of x, it is required to find -y- . This of course 

might be obtained by substituting in u for y and z their values 

in terms of a;, by which substitution u becomes an explicit 

du 
function of x, and -y- can be found by previous methods. 

But it is often convenient to have a rule which gives -j- 

without requiring the substitution for y and z. To this rule 
we proceed. 

169. Suppose w = ^ (y, z), 

where y and z are both functions of x. Let x become x + Ax, 
and in consequence let y, z, and m, become respectively y + Ay, 
z + A«, and u + Aw. Then 

Aw = ^(y + Ay, «+A;5)-^(y, z) 

= ^{y + Ay,z-\-Az)-<f>(y,z+Az)-\-^{y,z-\-Az)-<f>{y,ji;)] 

therefore ^^^ <^(y + -^y> ^ + ^^)-<^(y> ^ + ^^) ^ 
Ax Ay Ax 

<j^(y, g + Ag)~<^(y, ^) A« 
A« Aa; * 

Now let Aa? and consequently Ay, Az, and Au, dimimsh 
without limit ; then 
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the limit of t— is 

Ax 

tlte limit of-r^ is 



The limit of 



the limit of -i 
</■ (y, a + Aa ) - 




As 



H?/.' 



ia the differeatial 



coefficient of (?/, s) or )t, with respect to z, taken on the 
aapposition that z is the only variable ; and may therefore be 

denoted by -,- . 

The limit of ^(y+%^ + A;)-'/-(y.^ + ^^) „,^id_ if i, 
A.y 
did not change, he the differential coefficient of i^ (y, a + Aa) 
with respect to _j/. But as Az diminishes without limit with 
Ay, the Umit is the differential coefficient of <p{y, z), witii 
respect to y, takm on the supposition that y is the only 
variable. 

We have then finally 

du _du di/ du ds 
dx dy dx dz dx' 

170. In this result ,- denotes.as stated, "the differential 
ay 
coefficient of u, taken with respect to y, supposmg y alone to 
vary'' It is not impossible that the reader may be inclined 
,to say, "But y and z being both fanctions of x, if y varies, 
.B must vary too, how then can I make the supposition that 
,y alone varies?" Hia own further reflexion will probably 
rremove the difficulty, if such it be. Should he however be 
unable to satisfy himself, it may be suggested to him that 
"we do not make the supposition that y alone varies aa a 
final supposition. We allow for the variation of both y and 
a, but it is convenient for our purpose to consider these varia- 
tions one at a time. 

the brackets serving to remind us of the suppositions to bs 



It is usual to write [ 
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made in finding the values of these differential coeffidenk 
Hence the above equation should be written 

du _ /du\ dy /du\ dz 
dx \dy) dx \3zJ dx* 

Of course the brackets may be omitted, and indeed frequently 
are omitted, provided we can feel certain of remembering the 
conditions which they are designed to express. The begimr 
will do well to use them, although as he advances m the 
subject he may be able to dispense with them. 

171. For example, let w = a* + y* + zy, 

z = sin a:, 

'^"^ (I) = ^2^+^' 

dz 

^ = cos«; 

dti 
therefore -7- = (3^ + «) e^ + (2« +y) cos x 

= (3e** + sin a?) e* + (2 sin a? + 6*) cos x 

= Be** + ^ (sin x + cos x) + sin 2x ; 

and this value is of course precisely what we obtain if we 
substitute in u for y and z their values in terms of a?, thus 
obtaining w = 6** + e* sin a; + sin* oj, and then differentiate with 
respect to x. 

172. An important case of the general proposition is 
obtained by supposing « = a: so that ;j- = !• We have then 



du _ fdu\ d^ /du\ 
3x "" \dyj di \dxj ' 
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Here we caimot dispense with the brackets or some equi- 
valent notation, r -r-j denoting what would he the diflFerential 

coefficient of u with respect to a?, if y were not a function 

du 
of X, and -j- denoting the actual differential coefficient of u 

with respect to a:, when y is b, function of x, 
173. For example, let u = tan"^ {xy\ 



/du\ _ X 



therefore -j- =•= — -Mj 

ax 1 + or If 

" l + o^'e'*' 

which of course is what we obtain if we differentiate tan"^ {x^) 
with respect to x* 

174. Suppose M = ^ (v, y, -gr) where v, y,'«, are each (unc- 
tions of X, We have, as before. 

Am = ^ (v + Av, y + Ay, J? + A^) - ^ (v, y, ^r) 

= ^ (t? + At?, y + Ay, « + Ais) - 6 (i;, y + Ay, « + Ax?) 

+ ^(t?, y + Ay, « + A«) -^ (t?, y, « + Ais) 

+ ^ (v, y, « + As) - ^ (i?, y, «) ; 
Au <^(t? + At;,y + Ay, g + Ag)*-<^(iy, y + Ay, jg + Ag) Av 
AS "" Au Aa? 

j» (v, y + Ay, g + Ag) - j> fa y, g + Ag) Ay 
■*" ^ Ay Aa? 

<^(t?,y,g + Ag)-<^(t?,y,g) Ag ^ 
As Aaj ' 
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Proceeding to the limit, we obtain 

du /du\ dv /du\ dy fdu\ dz 
dx \dv) dx \dy) dx \dzj dx* 

The process may be extended to the case in which u inyolves 
more than three functions of x. 

175. Examples may occur more complicated in appear- 
ance, but essentially involving the same principles as those 
of the preceding Articles. Suppose for instance 

w = ^ (v, y, z, x), 

y =/(^)> 

z=^F{x\ 

so that u could, by performing the requisite substitutions, be 
made an explicit function of a; : it is required to express the 
differential coeflScient of u with respect to x, without pre- 
viously making these substitutions. 

du _ (du\ dv (dv\ dy fdu\ dz /du\ 
dx \dvj dx \dy) dx \dzj dx \dxj ' 



dv _ fdv\ dy /dv\ dz^ /dv\ 
dx "" \dy) dx \dz) dx \dx) ' 



dx *^ ^ ^* dx 



176. The same suppositions being made as in Art. 169, 
it is required to express -r-^j . We have 

du __ /du\ dy /du\ dz 
dx~^\dy)dx \dz) dx' 



thi 
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{Au\ 



is itself a function of y and z. If we denote it 
^ V its differential coefficient with respect to x will be 
(dv\dy (dv\dz^ 
\dy}'^'^\dz} dx' 
■liich may bo written 

/^\ dy f d^u \ di I 

\dfj dx \dz dyl dx ' 

differential coefficient of ^ witli respect to a; is —^. 
_ dx '- d^' 

•roceeding in the same way with the term 
/du\ dz 

id remembering, (Art. 134), that 

/ d?u\ ^ f_£u\ 

\dzdy) \dyde)' 
ihave 



dj>^~ 



f^\ (d) 



^(1) 



9 ( ^^ \ didz f^\ /dz\' 
\dif dz) dxdx'^ \dzV \dx) 



, d^ 
= X, we have -j- = 
ax 



(du\^ 
[dzj d^- 



d^ \4V [dxj ^ Uy dxj dx ^ U^'V \dy} dx' ' 

177. Hitherto in this Chapter we have given methods 

hich, although often convenient, are not absolutely neces- 

try, as in all cases, by effecting the required substitutions, 

we may obtain an explicit iiinction of x, and differentiate it 

by known rules. But the case we now consider is one in 

which a new method ia frequently indispensable. 

= be an eqiiation connecting the yajiables x 



^ Let <ji (x, 

: it is required to fi 



1^ 



If the given equatioi 
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be solved so as to give y in terma of a", say y=y^ (x), then tie 
differential coefficient of y with respect to x can be found bj 
previous rules. If x can be expressed in terms of y, we cnn 

1 , ■ '^a' J .1 du . dx dif , -r, , 
determine -r- and then -r- , since t- X -,-- = 1. liufc as it u 

(i« ax dy ax 

often difficult, and sometimes impossible, to solve the pven 

Aquation, it is necessary to investigate a rule for finding 4 
which does not require this operation. 

Pat M for {a:, y). From the given equation y is i(mt 
definite function of x ; hence 



(du\ dy /du\ 
\dyjdx'^\dx} 



therefore 



is, by Art, 172, the differential coefficient of w with respect to 
X. But w is always zero, and therefore so also is its diffarenlJri 
coefficient with respect to x. Hence 

\dyj dx [dxj ' 

dy _ \dxl 
dx /dtt\ ' 

w 

178. This important result may also he obtained tlias, 
which is in effect combining into one Article portions of the 
preceding pages. Let 

*("i,S)-0. 
Suppose X to become x-i-^x and y to become y + Ay, so that 

4.{x + Ax.y + Ay)^0. 
Hence <}>[x + Ax, y + Ay) — [x, y) = 0, 

and0(a:+A3-,j+Ay)-0(a:+Aa;,y)+0(a!+Aa;,i/)-0(a!,y)=O. 
Divide by Aa:, and we have 
^(z+Aa:, y+Ay)-0(3;+Aic, y) Ay ^{x^hx,y)~4>{x,y) _^ 

Ay Ax Ax 

This equation, being always true, remains so when Az inA 
Ay are diminished indefinitely. 
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The Kmit of '^ (^ + ^. -V) - <^ (^> y) ^ten Ax diminishes. 

is the differential coeflScient of <^ (a?, ^) m^ respect to x, 
formed on the supposition that x alone varies, and if we put u 

for <l> {x, y), this limit may be denoted by (-j- J . 

The limit of <^(^ + Aa:,y+Ay)^<^(x + Aa:,y^ .^ 

Ay. 

A^ remained constant^ be the differential coefficient of 
^ (a? + Ax, y) with respect to y, formed on the supposition that 
y alone varies. But as Ax diminishes without limit when 
Ay does so, the limit is the differential coefficient of u with 
respect to y, formed on the supposition that y alone varies. 

It may be denoted by i-j-j . 

The limit of -r^ is -f-. Hence finally 

Ax ax " 

\dyj dx \dxj 
179. For example, suppose a'y' + JV — a*i* = 0. 
Here u = aY + 6 V - a'i», 

therefore c?y -^ + b*x = 0, 

1 A dy Vx • /,\ 

therefore -—•= — «- Vv- 

dx dry 

h 

Since y = - V(^' — ^') fr^in the given equation, we obtain 
a 

directly 

die aVK-x*) ^^ 

When in (1) we substitute the value of y in terms of x, 
the result agrees with (2), 



(: 



c 
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In this case we can verify our new rule, by comparing its 
results with those previously found. Li more complex 
examples, such as 

we can find ^ only by the new method ; 
putting u for a;" — aofy + ha?y^ — ^, we have 

~\ = 5.x* - Zaa?y + ibxy\ 

therefore ^ = ^^'-^^y + ^^^ 

dx 5y*-'2ba?y + (i3f 

180. We shall now investigate the second differential 
coeflScient of an implicit function. 

From the equation 

tt or <^ {x, y) = 0, 

'du\ 
we have deduced >^ = — ,±y^ * (1): 



fdu' 
\dxj 



d\ 
it is required to find -t4 , 

We observe that (^ j being a function of both x and y, 
its differential coeflScient with respect to x must be found by 
Art. 172. If we put v ioit \-T-\y the required differential 
coeflScient will be 



\dyj dx \dxj 

Similarly, denoting \-^\ by w, we have for its differential 

coeflScient with respect to x, 

/dw\ dy^ /dw\ 
\dy) dx'^\l^J* 
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Hence, from (1), 

^^ 1— A— ^^^-^-^-— — — ^_ ^^j. 



da? w 



Now 



/dv\ _ fd^u\ 
\dx)^\d^)* 



the latter symbol denoting that w is to be differentiated twice 
with respect to a?, on the supposition that x alone varies; also 



fdo\ __ / dSi \ 
\dy) "" \dy dx) ' 



the latter symbol denoting that u is to be differentiated with 
respect to x, supposing x alone to vary, and the result with 
respect to y, supposing y alone to vary. Similarly 

/dw\ __ / d^u \ 
\dx) \dxdyl^ 

(dw\ __ (dSi\ 

Kdyj-wr 

Hence, substituting in (2), we have 



fdu\ f / dTu \ d^ /^M _ (d^ if—\ ^ / Jm V 
\dyj \\dydxj dx \da?)) \dx) [ \fl?y y dx \dx dyj) 



d^ 

daf /du\ 

\dy) 

(3). 

If we substitute in (3) the value of --r- given by (1), we 



fd^u\ (du\'_ „ / d'u \ /du\ /<h\ fd^\ /^V 
" f) Ux dy) [dx) \dy) ^ W) \da>) 

\dy) 



d*y_ WJXdy) ^ [dx dy) [dxj [dyJ ^ W ) \da>) ... 



da? /du\* 



found from Art, 17S, Ity 
always, and therefore -j—, = ; or indepen 
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181. This result may also 
supposing u 
dontly thus. 

From M = 

itfonowstla. (|)|;©=0 (.). 

Denote this result for the sake of shortness by 

(|)£+©=° (^'' 

■which result, expressed in terms of k, is 



as -^ is already known, this equation will furoish 



Equation (1) ia frequently called the "first derived equa- 
tion," or "the differential equation of the first order;" and 
equation (3) is called " the second derived equation," or the 
" differential equation of the second order ;" the equation u=0 
being called the " primitive equation." 

182, Should the reader succeed in correctly deducing for 
himself the important equation (3) of the last Article, he may 
omit the next two Articles, as it seems unnecessary to direct 
his attention to difficulties he might have felt, or mistakes he 
vtbight have made. If however he has failed in his attempts, 
he may compare his process with the following. 

In (1), putp for -r-, 80 that v stands for 

(du\ , /dii\ 



{£} = {d7T}lP^ 



-©(!)- 
©=©^-©(1)^ 



ld'„\ 



\dydjEj' 
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Thus (2) becomes 
or 

="' (I) '' + (I) - &■ *" " S ■ (^ '"'' "" ""■ 

this simplification we obtain the required result. 
A very common mistake is to omit the brackets in 

© ^ + (S ' ^^ *^°' (£) ^ '"'"^'' S ' ^^ ^^^'^ 

remains a superfluous term, namely -v- , or as it has perhaps 
been written by the student, ^-4- . 

183. In Art. 182 we proceeded very strictly according to 

the literal requirements of the rule involved in equation (2) of 

Art. 181. We might have reasoned thus. 

» 

We have merely to express symbolically the fact, that the 

differential coefficient of 

/da\ dy fdu\ 
\dy) dx \dx) 

with respect to a? is zero. 

Now the differential coefficient of (-^ ] with respect to x 



is 



( dj'u \ (d^u\ dy 
\dxdy)'^\df) dx' 



and the differential coefficient of -~^ with respect to a? is -t4 • 



t 



DIFFEREKT14T10N OF 



Hence the differential coc£Ecicnt c 




IWeiy UyV <&) dx'^Us) di?^ ' '■ 

5 differential coefficient of j-^jis 

\dg Oil da:^ \(h») " 

CoIIectbg tlie terms in (I) and (2), wo have 

184. It is not necessary to proceed further with the 
successive differential coefficients of implicit functions, 33 tii** 
equatioDB become too complicated to be often used. TU^ 
reader may, as an exerciso, obtain the following result from 
equation (3) of Art. 181, by either of the methods we have 
used in Arts. 182 and 183 : 

\d^) "^ WdyJ dx'^ {dxdfj \dx) "*" W^ \^' 

^ "* ni.rrfyy' ^ \dyV dx] dx* + Uj/ d^ 
We may observe that it is often found convenient to use a 
certain abbreviated notation for partial differential coefficients, 
Thus if ^(fl!,y) be any function of a: and y, any partial differential 
coefficient of the function may be indicated by the letter ^ 
with accents abov^ corresponding to the number of differen- 
tiations with respect to x, and with accents helow correspond- 
ing to the number of differentiations with respect to y. For 



example, ^" will inilicate f 



da^ 



, and ^/ will indicate 



\ dxdy 



\ , and so o 



We may also use y' for -p , and y" for Vj ■ and so 01 
'I'hus with the present notation the equations {l) and (8) i 



md the equation which may be obtained from (3) 
J be expressed respectively as follows : 

f +*y=o, 

185. Suppose the two eqaationa 

i?(a:,s,,z) = 0, 
exist simultaneoiisly, in which a; is the independent variable 
and y and z dependent variableR. From the two given equa- 
tions we may eliminate z, and thus find an equation connect- 
ing y and x. Hence -r- naay be determined. Again, from 
the two given equations we may eliminate y, and thos find 
an equation connecting z and x, whence -v- may be deter- 
mined. In cases where the elimination ifl tedious ot imprac- 
ticable we may proceed thus. 

Let u denote / {x, y, z) and v denote F (x, y, z). Since // 
id z are functions of x, the differential coefficient of w ■with 
ipect to j; is, by Arts. 172 and 174, 



\ \d^) "*" \dy) dx "•" [dij dx 

and since u always = 0, we have 



= 



/du\ 

\Tx} 

/dv\ 



/du\ ^ (drAdz 
\dy) dx \dz) dx" 



,.(1). 



^■»^">^.-(S+($)l-©l «^ 

from which we find 



Kiyj \,dzj [ft,) \dj 



■ (3). 



T. D. C, 
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186. BydiEFerentiating equations (l), (2) of the last Article 
Tiitli respect to x, we obtain 

\di?} \dxdy) dx \dxdzj dx \dy*}\dxl 
f d'u \difdz fd'uX [^\' , f<^^\^'!/ , (^\^_a 
■'■ [dydz) dxdx'^[dzV \dx) "•" \d,/l (tc" "'' [dzj (W ' 



\d^z)dx^W)\dx} 



\dydz) dx 



\dx dyj dx 
dx "^ WJ \dxj "^ [dyJ dx' "^ \dxj 



'dv\ d'z 
5^" 



From these equatio 



3 can deduce -,-4 and -n, wHch 
dr. dx" 



may also be found by differentiating equations (3) and (i) uf 
the preceding Aiticle. 

187. Suppose we have n equations connecting n + l Tftii- 

ables X, y, z, L Let the equations be 

F^ {x, y, z, () = 0, say w, = 0, 

F^{x,y,5, () = 0, say «, = 0, 



F^{x,y, z, () = 0, say m, = 0. 

From these equations all the variables but one may bo 
considered functions of that one. If a; be the independi 
variable, we have by differentiation, as in Art. 185, 

^ ^ \da=)'^ \dyj di'^ [d^ J iU'^ '^\di)di' 
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\dx)^\dy)dx^ ^\dt}dx' 

fruiii which n equations we can determine the n quantitica 
dy dz dt 



dx' dx' 



' dx- 



M^> ^1 *} = *o ^6 the only equation con- 
necting three variables, so that z may be considered an im- 
plicit function of the two independent variables x and y : it 

is required to find -j- and ~ . 



dx 



ds 



By -J- is meant the differential coefScient of z with respect 



I of a with respect to y supposing x constant. Theoretically 
[ WG may from the given equation find the value of a in tenna 
F of a and y and then effect the differentiation by common 

mlea; (see Art, 131). But to avoid the difficulty of solving 
I the given equation we adopt another metliod. Suppose y 
I constant, so that we have two variables x and a, and let w 

stand lor 4>(x, y, z), then by Art. 178 



I "'""' {£ 



.(I); 



\dxj \dsj dx 
stands for the differential coefficient of u taken 

k on the supposition that a alone varies, and [-7- j for the dif- 

I ferential coefBcient of u taken on the supposition that z alone 
(-varies. Similarly 

©-(l)S=- I <=)• 

Equations (l) and (2) determine -j- and -^ . 

We may determine -1-3 and -r^ by the method of Art. 180, 



M 



or I)y that of Art. 181. If we adopt the latter method, tHe 
two equations we obtain are 



^ \d^dz} ^ ^ 






I dx' 






tiatirg (I) with respect to y, or by differentiating (9) nJtB 

respect to x. We thus deduce 

f d'u \ r d'a X ds / d'u \ dz /d'u\ dz dz 

\dxdy} \dzdxj dy \dsdy} dx \dz'jdydx 



KS) 



189. Suppose we have two equations connecting foua 

variables; for example, 

/ (w, X, y, s) = 0, aay w, = 0, 
F{o, X, y, z) = 0, say u, = ; 

from these equations v and z ma 

of the independent variables x am 



' be considered function^ 
y. If we eliminate o v^ 

obtain an equation connecting s, x, and y, bo that - and -r- 

may be obtained by the preceding Article ; and similarly 



and 



if we eliminat-e z we may find -,- 
ceed thus : from the equation m, = 

\dxj \dv) dss \dz) dx 
and from the equation u, = we deduce 
/rfwA (du^ dv fduA dz 
[dxJ'^[dB)da:'^[^)^" 

dv , dz 



Or we may pro — 
we deduce, hy Art. 174. 
■du,\ dz ^ 



FUlffOTIONS OF TWO DTDEPENDENT TARUBLES. 
Similarly, from m, = and m, = we deduce 

\dyj ^\dvj dy^\ dzj dy ' 

\dy } \dvj dy \ds ) dy ' 

»ni which -;- and -*- can he found. 
dy dy 

In such equationa as those in the present Article it is 

., df df dF . , , du. 

x-y common to write -■- , -7-, -5-, .... to denote -^ , 
dy dv dy dy 



1.90. If values of x and y which satisfy an equation « = 
rolving a: and y, also make (-,-] and [-3- 1 vanish, then 

(s) 

B.1,.^1. _ — _^ assumes the indeterminate form j: . 



1 



S) 



"We apply the method of Art. 145, we have 
/du\ /dht- 



/du\ /dy\ / d'u \ ^ 

ti,„T ■* f ^^ .1 V -i f Wv [dxdyJ dai 
the umit oi ^^ = the bmit of ^^-^, — , vj'i - ," , 



w 



e numerator and denominator of the second fraction being 
"^Spectively tho differential coefficient of (j^j and of (-rj 
*>ti respect to x. 

^e have then 

/dSi\ / d'u \ dy 
dy _ xdxy \dx dy) dx . . 

^ ['i?!!i,\ + ('^Wi' 

\cij: dyj \dy''/ da 
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In this ospresaion we must substitute in ( j;;^) > I j~j~J t 
and f -y-jj , the values of x and ^ under consideration, and thus 
we obtain a quadratic for finding -^. This quadratic is 

©)(I)'"(5,)I+(S)=» «^ 

equation (2) agrees with equation (3) of Art, 181, remem- 
bering that by hjpotbesis ( j-) = 0- 

191. Should the values of x and y we are considering in 
addition to making « = 0, l-z-\ = 0, [j~) — ^> ^^^ make 

(S)=». ©)=«. (^)-.'^-''^=™'-°f2 

given in equation (1) of the ptecediog Article also takes the 
form -. Hence, applying again the rule for finding the 
limit of such a fraction, we have 



\M)^ \d:edy)dx^\dxdy')\dx)^\dxdy). 



\dxdy)da? 



;...(!). 



Kdx'dyJ ^ ydxdifl dx ^ \dfj \di) ^ \dfj da.' 
Since f , . J and [rj-^j vanish, we obtain from (1) 

($)(l)""(^)©"+K^)l-(£)--«. 

where in all the differential coefficients of u we must sub- 
stitute the values of x and y under consideration, giving a 

cubic equation to determine 3". Compare Art. 184. 





r 


^^ 
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It must ba observed that this method 


is liable to an 1 


objection, 


We assume that ^^ ^ and 


SS™-^'" 1 


because in each case one factor vanishes ; if however ;^ Je 1 


irifinite, it does not follow necessarOy that 


J« Jy^j 


3^ j^ vanish. See Art. 380. 




192. 


Example, y* + 3(iV - ia^xij - aV = 


0, or « = 0. 


Here 


(|)=-4„.,-.«V, 


• 


therefore 


dy 4aV + 2a'ir 2aV + o 


'» 


db 4y + 6a^^-4a=2! 2y + 3a"y- 


- 2a'a; ' 


Here x=-0, y = 0, satisfy u = 0, and make 


T^ assume the 


fo™j. 






Differentiate both numerator and denominator, and we have | 




* .„,■■, r ■"''£"' 






■^ W + 3«-)|-2.- 1 




4+1 


^ 




3^-2 




Hcnco 


S(3|-^)-|-'^ 


■ 


therefore 


=(S'-4— «^ 


■ 


therefore 


Jy 2 i »/7 

a 3 ■ 


J 
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Again, suppose ay' — ba?y+ a?*= to be the givoi eqoatiaD. 

therefore ^^ bas'-SaS ' 

This value of -^ takes the form - when x and y vaniA. 

Hence, differentiating the numerator and denominator, we 
have 

, Ux^-iby-ibx-^ 
dy ^ ax 

ibx — ^ay ^ 

when X and y are made ^ 0. 

Again, we have the form - . Hence, differentiating again, 

dy dx dx* 

X and y being made each = 0. Thus dsmming that x 
and y -^\ vanish, we have 

dx \ , \dx) )~ dx- 

from which ZT"^^* 



or 



dx " \ a* 



193. It may be noticed that equation (2) of Art IM 
differs from equation (3) of Art. 181 only in the omission of 



ftquation (2) of Art. 190 j 
tbe equation 



with respect to x and treaimg --r- as if it were a constant. 

Similarly, equation (2) of Art. 191 may be deduced from 
equation (2) of Art. 190 by differentiating witb respect io x 

id treating -^ as if it were a constant. 

194. If in equation (2) of Art. 190 we have (j^\ = 0, 



WHEN INDETEEMINATE IN FORM. 



j' ) j^j ■ '^T^^ term would not occur if ^^^ w 



conetant quantity, for then 



would be zero. Hence 
ly bo derived by differentiating- 



*- 



one value of 



\dxdyJ 



The other value of -p will be inBnite, 



■k. 



r we know from Algebra that if we have a quadratic 
[uation and the coefficient of the highest power of the un- 
lown quantity gradually diminishes without limit, then 
le of the roots simultaneously increases without limit. See 
[Igehra, Chapter xxiL 

195. The value of ^ , when the values aj = Oj y = 0, make 



I indeterminate form, may often be more Bimply 
)und thus. We have only to seek the limit of - as a; and y 
iminish without limit ; this is obvious from the meaning of 

_, or from Art. 145 ; it will be seen too if we refer to the 

ometrical illustration of Art. 38. 

Example. y' + 3ay — ia'iey — aV = 0. 
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Hence, f gj + Sa'd)'- 4a'|- a' = a 

If now ^ have Buy finite Kmit, the term y* (- j will 19jA 

when y = 0, and we have for finding the idtimate value of ' 
the equation 



or 



'S)'-*®— »^ 



therefore - = — ~ . 

X 6 

ft /M 

If ^ have an infinite value, then - has a value zofo: 
X y 

putting the given equation in the form 

we see that - = ultimately would not satisfy it. Henoe j 

if 

has not an infinite value. 

Again, suppose ay* — hx^y + a?* = ; 

therefore a(^J -b^^J +x- 0: 

when X vanishes, we have - \a f-j — J [ = ; 

therefore '^ = ultimately, or - = ± * /- , 

Again, suppose aj* + ao^y + bosy^ — y* = ; 
therefore x + a^ + b(^\ -y(-) =0. 
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The finite limiting values of ~ are given by 



y 






therefore ^ = 0, or -^— t* 

X X 

And since the given equation may be put in the form 

-^e see that - = ultimately satisfies it ; 
therefore *^ = oo ultimately for another value. 
Hence the limits of ^ are 0, or — ^ , or oo . 

X 

This method is free from the difficulty which is pointed 
out at the end of Art. 191. 

If we wish to ascertain by the method of the present Article 

the value of -^ at a point for which a; = a, y = 6, we may put 

a-\'x' for X and h+y* for y in the equation which connects 

X and y. We shall then have to find the value of -^, when 

x*—0 and y' = ; and this may be ascertained by the method 
shewn in the preceding Examples. 

EXAMPLES. 

1. K u=./i a , \2 )> where z and y are functions of a-, 

nnd -r- . 
ax 

2. K M = sin"* - , where z and y are functions of a;, find -j- . 
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6. At ye -ax, ^^ a!(l + ny)* - 

r 

•^ oa? ar — a?y log« 

5. If (a + y)«(6»-y>) + (» + a)V = 0, find^. 

6. If sin (ajy) = tna?, find -^. 

7. Given y« + a;«-3a^y = 0, shew that ^=--^^3^ 

8. Given a?* + 2aaj'y = ay', find -^ and ^ , and write da 

the third derived equation. 

9. If y = (cc, y, tt) and -^ (a?, y, w) = 0, find -j- . 

rfi/r d^ dyp" d<f} dyjr 

7? 7# ^^— dx dy dy dx dx 
dx dy^ d<f> rfi/r rf0 rfi/r ' 
du dy dy du du 

10. If w = (re, y), and u = x (^)> ^^^ ^- 

11. If u — a'^ + ^/isecxy), find ^ , (1) when a? and y i 

independent, (2) when aj + y = a. 

12. If a** + V(sec rry) = 0, find ^ . 

Besult ^ = - yV(seca?y)tanay + 2o*^yar'loga 
^ a? V(sec ay) tan ay + 2a*^a^ log a log a: 
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.3. If x*+ 2aa?y - ay* = 0^ shew that ^ = 0, or + V2, 

wheu a? = and y = 0. 
4. If X* — ai^ + 2ax^ + Baa?y = 0, shew that ^ = 0, or — 1, 

or 3, when a; = and y = 0. 
6. If aoj' + a^y — cty' = 0, shew that ^ = 1* when a? = 

and y = 0. 

6. Ifai'y«=(a«-3^)(6 + y)«, shew that g = ±-^^^-^^. 
■when SB = and 2^ = — 5. 

find -p when a; and y vanish, and when a? = 1, y = 1. 
3. If y*-y' + 8a?y-2aj*=0, find ;^ when x=0. 



JO. 



8 



JSesult 1, 2, or — -. 



9. Find^if tt' + a!' + 3^ + 0* = c', 

log (ay) + 1 = a*, 



log P j + ax = 6*. 

dx a!(aj+y) «!(a;a + l) 
■r- a;? t/* a* .1 <?'a «i*a , <?*a 



( m ) 



CHAPTER XIL 

CHANGE OF THE INDEPENDENT VARIABLE. 

196. In Art. 60 we have shewn that 

^ = ^ (I) 

dy 
and in Art. 63 we have shewn that 

^^lU ^ (2). 

dx dz dx ^ '* 

and we now proceed to some extensions of these formulse. 

Given x and y, both functions of a third variable z, it 
is required to express the successive diflferential coefficients 
of y with respect to x, in terms of those of y and x with 
respect to z. 



We have S = tSby(2). 



dx dz dx 
dy 



Hence 







■1 "^m- 






dz 




dy 


dy 


d'y 


d dz 


d dz dz ^ , . 


.7 , 

djd' 


" dx dx 


'dzd^.-dx ^^^^' 




dz 


dz 




d*y dx 


d'x dy 




d7? dz 


dz' dz dz 




(; 


i.r\' 'dx 
izl 
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d^y dx d^x dif 

dz* dz dz^ dz ^ f^. • 
by (1). 




d^y dx d^x dy 
. . d^y d dz"^ dz ds? dz dz 

^"'^ ^ = ^ 7^7 'dx 

[dz) 

fd^y dx ^ d^ dy\ fdxV fdxV d^x (d^y dx _ d^ dy\ 
\flb* dz dz* dz) \dz) "" \dz) d^ \^ dz d^ dz) dz 
' /dxV dx 

[cTz) 

( d^y dx ^ ^x dy\ dx d^x fd^y dx d^x dy\ 
"d^ dz 'd? dz) dz"^ ~di^\d;?liz'~d^dzj 




Similarly we might e3q)ress -r^ , ^5 



This process is called " changing the independent variahle 

d XI 
from X to zf since in -t4 the independent variable is x, 

d^y dx d*x dy 

V X . .1 . dz* dz dz^ dz .. . J , . 

tut in the expression ^ , the independent va- 




riable is z, 
197, Suppose in the preceding Article we put z^y. 

ne have ^ = 1, ^.=0, ^-0, 

dx dx d'x d*x 



dz dy' dz* dy" 



176 O^lCi^GS QF TB:^ na>EPBNDEKT VABIANS^ 

and thus -J^ = --• 

ax dx 

dy 

d'y _ W 

da? ~/57' 
\dy) 



V dydy' _ UvV 

W 



cU* Toir'^ 



198. The formulde of Art. 197 may also be obtaiai 
directly thus: 

dy 1 
dx dx^ 



therefore 



dy 

^ = _^ 1 
da? dx a^ 

dy 

^ d \ dy 
dydx'cbs 

d*x d*x 

»__ dy* dy ^ di^ 

W \dy) 

d^x d^x 

^V — _ ^ ^y^ d ^W dy 

dx^ dx f<ixY "" c?y /da^*'^ 

\dy) W 
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(*) 

(I)" 

This process is calleil changing the independent variable 



199, Witb respect to the use of the preceding Articles 
■e must observe that, as is the case with some other parts 

the Diflferential Calculus, the student is here acquiring 
.materials which will be available in some of his following 
eabjects. EKpressions which present themselves can some- 
times be much simplified by transforming them in the manner 
above indicated ; of this examples will be seen at the end 
loi tbiB Chapter. 

200. The following is an important special case. i 
Change the independent variable iu x" -r^ from x to (, 

'here » = e*. 
„^ , d / „ d'y\ d f ^ d"w\ dx 

d f .d'y\ -<rv .+,tr'*v 

This result may for the sake of abbreviation be tbus ex- 
essed, 

\di ) <Sic "^ <&"' W- 
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Put w = 1 ; tten 

\dt J dx da?* 



But ^fc=^^ = a5~^ 

dt dx dt dx' 

«„ref.» ^g = (a-')S- » 

Put {M = 2 in (1) ; the^ 



da? "^ da?' 
or from (2), 

^S-(^oa-)l-- » 

Proceeding thus we deduce 



»" 



S=f.-<-«Ha-<"-')}-{|-'}l (* 



201. It is often useful in geometrical applications of the 
Differential Calculus to have expressions for --^ and -73 » 

terms of 0, supposing 

a? = r cos ^ 1 * . 

y = r sin ^J * ^'* 

Since y is by supposition some function of w, it foflows 
from (1) that an equation subsists between r and 0, so that 
r may be considered some function of 0. 

, ^^ sm ^ ^ + r cos ^ 

-jjz COS ^ -y;i — r sm ^ 
a^ dO 

dv 

<&* d0 ^dr . yj'rfaj* 

cos ^-T5— rs^n^ > 
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The numerator of tliia fraction h 

^^r , „„.^dr ^__ 

de 



-(coB8g-2siue*-rooa»)(si 
ind the denominator is 

. . . (i-i/ '*'\de) 

Hence we obtaia j^ = ^_ 



202. Let u be a function of the independent variables 
jc and ?/, say u=/{x, y) ; and suppose x and t/ functions 
,6f two new independent variables r, 8, so that 

x = F,{r.e), 

y = F^{r,B). 

It ia required to find the valuea of -r and -j~ in terms of 

idifferential coefficients of u taken with respect to the new 

.Tariables. 

If for X and y we substitute thoir values in terms of r 
Wd 6, we make w an explicit function of r and 0. Mow, by 
Art. 169, 

du _dudx du dy 
dr dx dr dy dr ' 
du _dM dx du, dy 
dB'd^dd d^dd- 

'rom these equations ■,- and ■;- can be found. 

203. If the equations which connect x, y'r, 6, inatead of 
Ihose in Art. 202, are given in the form 

r = F,{x,y), 
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we may use the formulsB 

du da dr du dO 
dx^ dr dx d0 dx* 

du ^du dr du dO 
dy dr dy dd dy * 

204. If the equations which connect x, y, r, 0, are given 
in the form 

J^i(^>y>n^=o (1), 

' F,{x,y,r,0)^O... (2), 

we may, in order to find the values oi -^ . -77; , ^ , ^, 
•^ dr' d0' dr' iS' 

required by the formulaB of Art. 202, by successively eliminat- 
ing y and x from (1) and (2), obtain explicitly the values of* 
and y in terms of r and 0. Or, by Art. 189, we may 

-7^ and -K from the equations 

\d0)^\dxjd0^\dyjdd~^' 

dx dti 

and use two similar equations for -y- and -~ . 

^ dr dr 

205. Example. u^f{x, y), 

x = rcos0, 
y^rsinff; 

tere ■^^'^rsm0, ^ — rcoB0, 

dx ^ dy . a 

^=cos^, i = «^^- 



WW - 
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Hence, by 


Art. 202, 




du -du . .du 
:j-= COB -,- + sm 6-r , 
dr dx dy 




du . „du -du 


therefore 


du .du I . „du ] 
du . . da , 1 _ .& 







..(1). 



If we proceed according to Art. 203, Tte must put the 
equations between x, y, r, 9, in the form 



=v(>?+rt 




Since ■ 
1 
agree. 



dy ar' + y* r" 

du _xdu y du 1 
da; r dr r' d6 
du^ydux du 
dy~rdr i^dd 

5 and " = ain5, the formula) (1) and (2) 



In this branch of the subject begioners are habJe to mis- 
takes from not paying sufficient attention to the precise 
meaning of the sj/mbols. Generally speaking mathematical 
iiiotation is so definite that the meaning of any symbol can 
he settled without regard to the context ; but sometimes in- 
•tead of using a complex symbol to express our meaning 
"rithout any possibility of mistake we use a symbol which 
I itself may be ambiguous, but which is rendered perfectly 
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definitQ by means of the connexion in which it occura. Tlmi, 
for example, as we have stated in Art 170, the hracke* 
expressive of differentiation under certain conditions ire 
sometimes omitted, that is, they are left to be suggested bj 
the context. 

In the present case the meaning of the symbols -r-, -55, 

-T-, -^ which occur in Arts. 202 and 203 must be carefoD]' 

observed. "We might use a more complex notation, as far 
example the following ; let -^fr [x, y) be any function of x and 
y, and let 5^ [r, 6) be the form which 1^ {x, y) takes when for 
X and y we substitute their values in terms of t and 8\ then 



dr \ dx 



y)] dx . \ df (x, y) \ dy 
idr'^X dy Idr' 



and this is the equation which in Art. SOS is expressed men 
briefly thus, 

rfw __ dii dx du dy 

dr dx dr Ibf dr' 

The beginner however must remember that the eecond 
form ia an abbreviation of the first form, and he shonid reoni 
to the first form if he has any doubt of the meaning of tho 

, , du dii du 
symbols -r- , ^- , -^ . 
■' dx dy dr 

It 13 however with respect to the symbols j-» i> 

dff' /ffl which occur in Art 202, and the symbols -7- , X' 

-Tf-, -J-, which occur in Art. 203, that mistakes are most 

dy' dy' 

frequently made. For example, beginners sometimes ima^n* 

that the -^ of Art. 202 and the ~ of Art. 203 are conmiai 
dr dx 

by the formula -3- x -j- = 1, This formula however is qnit* 
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kiapplicable here ; for ifc implies that there is a single equa- 
tion involving x and r and no other variable, which is not 
the case here. 



In Art, 202 we suppose that : 
dx 
functions of r and 8 ; and ^ mean 



and y are expressed as 

the differential coe£G<aent 

of X when r varies but 9 does not vary : and as r varies y will 
also vary, so that on the whole r, x, and y vary, and 8 does 
not vaiy. In Art. 203 we suppose that r and S are expressed 

functions of x and y ; and -j- means the differential co- 
efficient of r when x varies hut y does not vary: and as x 
varies 6 will also vary, so that on the whole x, r, and 8 vary, 
and y does not vary. 

Thus the t- of Art. 202 and the -f- of Art. 203 are formed 

dr ax 

I different suppositions as to the quantities which vary and 
the quantities which do not vary. 

dx 

In the example of the present Article we find that the -j - 



<J Art. 202 = 
the product > 



cos 8, and the ^ of Art. 203 = 

dx 
f the two is )ioi unity. 



206. Suppose i* a function of the three independent vari- 
ables X, y, s, and that these are connected by three equations 
with three new independent variahles 8,cft,r: it is required 

to express -j- , -r- , ^- , in terms of differential coefficients 

ax dy 03 
of u ta^en with respect to the new variables. 



We have, by Art 174, 








da 


dudS 


du 


di, 


da dr~ 


<fa° 


~ dS dx^ d4- 


dx ■^ dr dx 


<iu 


dii da da 


d^ da dr 


d}- 


'didj ^ 


d^d, 


dr d) 


iu 


dude 


dti 
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da dr 


di 


de dz * d^ 


a+sE 
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But by means of the three equatiooa between *, y, t, 
6, <j>, T, Tve can determme the values of 

dx' dy' ds^ dx' dy' dz ' dx' dy* da' 
and hence the above equations express -j- , j- , and - 



■ du , du 

-jj , and -,-, 
a<f> dr 



dx' dy' 



AIbo by solving the above equations we can eipresa 
du du du . , , du du ^ du ,. ■, , 

^ , in terms of J- , ^j-_ , and ;5- , which can al» 



d0' d^- dr' '" ^''"'"""" dx 
be found by the equations 

du _du dx du dji 



' dz' 




du dz 
d^ dd \ 
du du dx du dy 
dtj> dx d<f> dy dtf) 
du du dx du dy du ds \ 
dr dx dr dy dr dz dr J 
207. Suppose, to escmphfy the above, we put 

X = r am 9 cos if>, y = rBin fisin i^, x — rctysG. 
Hence, to apply equations (2) of Art, 20G, we have 



d^ 
dx _ . 

therefore 
du 



dr 



rcosO sin if>, 






du , 



cos 6cos^ -r- 



+ ra 



dB 

du 

d^ 

du . „ .du,.„.jdu 
-T- = sm 8 coa^ J- + sm 6 em ^ 



, du _ . „ ,du 
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1£ we employ equations (1) of Art 206, we must put 
the relations between x, y, and z, in the form 

r = V(a? + J^ + -0> 
= Ua^^^^^^. 



z 



— ♦o«-i y . 



^ = tan' 



X 



fli niTfifrtTin ^~ — — eiv^ /f /v\e ^^ 




dx V(«+y + ^ ^ 


dy r ^' 


dr z J. 


dO z X cosdcos 




€fe~a?+j^+«*"V(«'+yO r 


d0 z y cos^sin 


> 


<^y ^ + y'+«* V{a?"+yO^ r 


d» V(a? + y*) sin^ 


€& a;"+y' + ^~ r ' 


d^ y sin^ 


<te aJ* + ^ rsintf' 


«Z^ _ aj cos ^ 


^ a^+y'^rsmO' 




therefore 


du . y, . (2u oosdcofi^cfu sin^ dw^^ 
dx ^ dr r dO rmnOd^ 




du . /I . .du . co&Oem^du , cos^ du 

, = sin r sin © , + ji/i + • /I j^ 

rfy ^rfr r dO rff\i\0d(f> 


»- 


du _ ^du miOdu 

dz dr r dd J 





(2). 



which will be found consistent with (1). 



^^^ 


'^^^H 
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For exercise we give the results arising from diOerentiatiDg 1 
equations (2) of the preceding investigation. 1 


dmdy 






, sin 28 <Pii sin' Sin cosS/ . -^ 1 \A| 




„, fl (?« cot8 (Pm 1 rfwl 




sin28 ^ (<i'> 1 (fit 1 <;«] ^^1 

^-=°s*|5J-;ij^-;.S:} ^H 


P 


C0S28C0S[^ ( (fu Ifful ^^1 


+ Uedr rdsl ^H 




sin*(l d'« cos 9 <?«. 1 ^H 
■^ )• \rded<f, smOdrdfi ^ 




ainSflcost;. . cos28cos.^ _ sin0 ^ 1 


2 r ■*" 7- ' '^J' "^M 


dydz 


«in29.in* cos2«.in* cos* ^M 


^ r '■' ^H 




=--»£-'-^'eS-S)-~&S-IP 






1 J f ■ =fl<^" . cos'^ <^» si>i25 d't* cos'e (i» fiinSdAl ] 


■ 


sin20 r t^'u cot8 (ftf 1 du\ ^^H 
r V^iir''' r dSd^ rtrn'Sd^,! ^^M 


■ 


, sin'<i r 1 A du cot0 (2u) ^^1 
+ /irsin'8<;f +*+ r ds\ ^B 


w 


-coa-^L-^^M+'-^N,^j; ^H 


[ 5 = sin.*LH-21^^+«4*^. H 
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By addition we tave 
Jud*Md'M_^l t£u 1 d'u , 2 ^ cot 8 da 



208. The following example for two independent Tariables 
is analogous to that in Art. 200 for one independent variable. 

lix=e andy = e it is required to change the independent 
Tariablea from a; and y to 8 and ^ in the expression 



'ig=V3^ 



-I) .^ , d-u , 



Let this expression be denoted by r^, and let w^, denote 
what it becomes when n is changed into n + 1 ; we shall 
prove that 



_ dv„ dx _ do„ 
dw dd dx' 



and 



dy _ (?p. 



Now take any term in the expression represented by u, and 
perform the following operations : differentiate the term with 
respect to a: and afterwards multiply by x ; differentiate the 
term with respect to y and afterwards multiply by y ; then 
add the two results. Take for example the (r + Ij* term 
which is 



n(«-l),..f„-.+ ]) 



ar-if 



dx''~'dy''' 



and by performing the operations we obtain 
«(»-!) ...(.-■■+l) ( 
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Hence we infer that a: -r-^ + y -7-^ is equal to »t?, together * 

with two series ; and by uniting like terms in the two sedes 
we obtain a single series of which the general term is 

(n + 1) n (n- 1) ... (72 + 1 -r+ 1) ,^, d*^ti 

\r ^ ^ doT'-^df 

Therefore *5^+y^ ="»»+''-hi; 

and thus (1) is proved ; we may write (1) for abbreTiationthiu, 

Put n = 1 in (2) ; then 

\dd^d<l> ]\dd^dj>)~\d0^d<l> )\d0^d^\ 
as we may write it ; again, put n s 2 in (2) ; then 

{d d ^ {d , d Md , d Md , d\„ 

Proceeding in this way we obtain 

EXAMPLES. 

1 . Change the independent variable from a; to y in the equati^^ 

ar^ + a?^+« = 0, supposmg y = log or. 

Result -T-y+t*=«ft 
df 
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Transform -^ + ■;-: — i j + /^ ava = into an equa- 
dar l+oTflfe (1 + a;')* ^ 

tion in which d is the independent variable, where 

tf = tin"^a?. T^ 7. rf*V . 

Transform -^ + ~ ^- + y = 0, into an equation in which 
t is the independent variable where a?=it. 

Result ^-^1 + ^+^ = ^- 

If a; =: cos ty then 

^^""^^"■^J^~^ becomes -^=0. 

Transform j , u , by assuming a; = r cos ^, 

7F©1 »='»'• 

If a?s=rcos^, y=:r sin^, shew that 

dy r dd' 

If «*a(l — co8<) and ysa(n< + sin^, express 

^y. X ^, Ti ». nco«f+l 
yj in terms of t .fie^uft »-rr"» 
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9. Suppose utohesL function of r and 

r^^x^* + x^* + x^^+ + x^'; 

then if 

d'u d^u d^u d^ _ ^ 

shew that 

d\ n— 1 du _^^ 
dr^ r dr 

10. Given a; = acps^^ y=Jsin^, express 

^ \g ^ in terms of ^. 

^ , (a«sin*A + 6»co6*(|>)' 

ab 

11 Transform ^ + 2^-:^ ^^ + —i^^V_^Ointoan 

11. iranstorm ^x^"^^ ^^^^^-^ ^x^ ^^^^^-y"^ ^^"^ 

equation in which t shall be the independent variable, 
having given x = log iy/(tan t). 

12. Change the independent variable from y to a? i 

d^u d^u « du ^ 

^3 -itany^ + 2tan*y^- = 0, supposmg tany=i 

13. Transform ^K+l;^) ii^to an expression' in which y ^ 

the independent variable. 

d^u 

14. Given a; = < + «^ transform -^ into an expression i^ 

which « is the independent variable. 
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If *=U — eeinu, and 

dv {l+eooBu) 

' da:' X dx 

that **S -2 = 0. 



V(ii-:) 



w,'£^ 



-z = 0, and 3?-\-y' = a 



^Ia. 



by assommg a + bx = e'. 

If s be a functioD of the two independent Tar!al)1cs x 
and y, and x and y be connected with two new vari- 
ables r and $ by means of two equations, shew how to 

d'z d*z , d^s . ^ . ^, 

express -r-^, , . , and -^-5, in terms of the new 

variables. 



For Hifitance, if a; = r cos 0, y = T sin 6, fihcw that 
^^L ^ = A + B CQ&2e - C sai^2\ 

' where 



dj?~ 



d'z 
dxdy 



6 + Caa28, 



where A +B 



= BsliLiff + C 003 26; 

r'dff''^ 
1 de 



'dr" 



~B^ 



dr' 



\ rf'3 

^ TdrdQ r" dO ' 



, If X, y, z, and f, 7?, i^, be co-ordinates of the same point 

I /"referred to two different rectangular systems, shew 

I that 

I <2'i^ d 4* d <f> d'4i d ^ d ^ 
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20. If »^-~ b|) '^^ = ^> ^d a = y^, fitew that 



22. Transform -^K — sec ^ cosec 0-^+ y^* tan* ^ = 0, into an | 

equation in which x shall be the independent variabH i 
having given x = log (sec 0). 

BesuU ^+»V'^* i 

23, If y = e'^ and a; = sin $, shew that ' 



24 Express ^+2^^ + ^ in terms of ^, ^, 

where 5 = e* + 6^, and ^=e~* + 6"^. 

Result s'-^-2st-^^ + f-^ + ,^ + t-ji. 

25. If X = oe^ cos if), and y = oe* sin ^, shew that 



/ 
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MAXIMA AND MINISU OF A FUNCTION OF ONE VARIABLE. 

209. Suppose <^ (a;) to denote a certain function of x, 
and that while the variable x changes gradually from one 
definite value to another, ip (^) clianges in such a manner 
that it is sometimes increasing and sometimea decreasing. 
There must then be certain values of x, for which (x) begins 
to decrease, having previously been increasing, or begins to 
increase, having previously been decreasing. In the former 
icase, if) {x) has a greater value for the particular value of x 
than it has for adjacent values of x, and is said to have 
a maximum value. In the latter case, (ft (x) has a less value 
for the particular value of x than it has for adjacent values 
of X, and ia said to have a minimum value. Hence, these 
terms maximum and minimum are not used to denote the 
arithmetically greatest and least values which a function can 
.assume; for it appears from the above explanation that a 
iimction may have several maxima and minima values, and 
l&at some particular minimum may be greater than some 
[particular maximum. 

210. Definition. If as jc increasea or decreases from 
I'the value a through a finite interval, however small, if> {x) 
t k always leas than tf> (a), then <^ {a) is called a maximum. 
I value of d (a:) ; if (x) is always greater than tj> {a), then 
K^ (a) is called a minimum value of ip (x). 

211. Rule/or discovering maxima and minima values. 
Let iff (x) denote any function of x. By Art. 92, we 

<l>ix + h) = *l>ix)+ h4>' [x) + 1' 0" {x + ek). 
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If (j)' (a?) be not zero we can give such a value to h that 
the sign of 

shall for that value of A, and all inferior values of A^ be the 

same as the sign of h<j>'{x), because - <l>'{x + 0h) can always 

be made less than <f> {x) by taking h small enough. In ibis 
case 

^ (oj + A) — ^ {x) 

and ^ (a? — A) — ^ (a?) 

have different signs, and therefore ^ {x) has neither a maxi- 
mum nor minimum value. 

Hence, as the first condition for the existence of a maxi- 
mum or minimum value of ^ (a;), we must have 

f(a')=0 (1). 

Let a be a value of x deduced from equation (1), so that 

f (a) = 0. 
"VVe have now, by Art. 92, 

<f,(a + h) = <l> (a) +1 f («) +1 *'"(« + Ok). 

Suppose 0"(a) not zero; then by giving to A somevaloic 
sufficiently small, the sign of 

|r(»)+|f"(«+^A) 

A' 
will be the same as that of .— ^"(a), or of <l>'(a), for i\^^ 

If 

value of A and all inferior values ; 

therefore ^ (a + A) — ^ (a) 

and 4^{a'-h)'-'j> (a) 

have the same signs. 

If then <fi!'[a) be 'positive j>[a) is a minimum vala^ < 
^(a;) ; if ^''(a) be negative <f) (a) is a maximum value of ^C^^ 
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If <p" {a) vanish as well as <}>'{a) then, by Art. 92, 

0(<.+t)=*(<.)+gr(«)+|^' *""(<■+«'■)■ 

By reasoning similar to that used before, we may shew 

lat unless <j>"' (a) also vanish (a) can be neither a maximiiia 

>r minimum value of <J3 {x) ; but that if if>"'(a) vanish and 

4>""(a) be positive 0(a) is a minimum value, and if 0'" (a) 

Vanish and ^""(a) be negative ej> (a) is a maitimum value. 

Since this process may be continued until we arrive at 
a differential coefficient which does not vanish when ir; = a, 
we have the following result. In order that <f> (x) may have 
a maximum or minimum value when ic = a, it is necessary 
.that this value of x should make an odd number of the suc- 
differential coefficients of ^ {x) vanish, beginning with 
the first ; when this condition is satisfied ^(a) is a maximum 
value if the next differential coefficient be negative and a 
minimum value if it be positive. 

212. It is to be observed that in the above demonstration 
i have used 6 to denote a fraction less than unUy, and it 
is not to be assumed that the same fraction is denoted when- 
ever the symbol is used. Also we have supposed as usual 
that none of the functions 0'(a), ^"(a), ... are infinite. We 
llhall shew hereafter, that maxima and minima values 
occur when 0' (a;) = 00, aa well aa when 0' (a;) = : see 
214. 




213. Suppose that when x = a, the function 0(a:) has a 
maximum or minimum value, and that ^"{a) is the first 
difl'erential coefficient that does not vanish, n being even. 
By Art. 92, since ^'(a), 0"(a), -■■ all vanish up to 0"''(a} 

'usive, we have 

*'(»+*)= Hj *■ w + 1 *■"(« + »)., 
*■(»-'') = -£;*"'''' +|*"'<°-*A 

Ivhere 6 and fl, are proper fractions. 

From these values of 0' (a + ^} and d>{a — 7i) we see that 
m'{x) changes sign as x passes through the value a. If we 
nppose a to inorease and pass through the value a, then 

02 
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^'{a:) changes from positive to negative if A'{a) be negative, 
that is, if (a) be a maximum ; and <f>' {x) changea from nega- 
tive to positive if (^"{a) be positive, that is, if .^(a) tea 
minimum. This suggests another form for the definitjon 
of maxima and minima values and for the investigation 
of the conditions of their existence which we give in tlie 
next Article. 

214. Definition, If as a; varies through any finite in- 
terval, however small, tj> (x) increase until x = a and then 
decrease, <ji(a) ia called a maximum value of <^(a:); Jf^(i) 
decrease until x = a and then increase, ^ (a) is called a mini- 
mum value. 

By -Art. 89, if the differential coefficient of a function 
be positive that function increases with the variable, and it 
the differential coefficient be negative the function decreases 
as the variable increases. Hence, as x increases ^' (a-) muat 
change from positive to negative when se = a, if ^ (a) be a 
maximum, and from negative to positive if (a) be a minimnid. 
But a function can only, change its sign by passing through zero 
or infinity. Hence, we must find the values of a; that moke 
>P' (a:) - 0, 

or _ f(^) = =c; 

and if as a; passes through any one of these values ^'{x) 
changes its sign, we have for that value of oj a maximum 
or minimum value of <j> {x), according as, when x increases, the 
change is firom positive to negative or from negative to positive. 

Example (1). Suppose^ (a;) =a:'-9a;' -K24a;-7, 
then ^' (x) = 3{x*~6x + 8), 

f H = 6Ca.-3). 

If we put 0' {x) = 0, we obtain x = 2, or a: = 4 ; 
when x=% ^"(ar) is negative, 

when x=i, <p"{x) is positive. 

Therefore when x = i, ^ {x) has a maximum value, and 
when x = 4, ^ (a;) has a minimum valao* 

Example (2), Let ^ (ic) = e" -(- e"" -f 2 cos a; ; 
therefore 0' {x) = e* — e"' ~ 2 sin x, 

<l>" (x) = c" -f- e"" - 2 cos X, 




^'" (a;) = e- _ c"' + 2 sin a;, 
4'"" {«) = e* + e"" + 2 cos X. 
If a: = 0, we have 4,'(x)=0, f"{r) = 0, ip"'{x)=0, and 
^"" (a;) = i. Hence, (a;) is a miaimum w)iea x = 0. 

It may be easily shewn that x = is the only value of x 
px which <j> (ar) vanishes ; for 



+ 12 [3^ 



fc^refore f (.) = 4||+g +^ + ...}. 

&U the teriDB in if) (x) being of the same sign, 0' (a;) can never 
' — 'ih except ivben a: = 0. 

Example (3). Suppose j- =x(x—iy [x — S)', for what 

ralues of x vnM w be a raaximum or minimum? In thia 
"Ixample the method of Art. 214 is preferable. When x is 

Degative t- is positive ; when x is positive and leas than 

unity, -T- is negativa Hence -j- changes from positive to 
negative as x passes through the value 0, and x = Q makes u 
ft maximum. When a; = 1, -p vanishes ; it does not how- 



r change its sign, but continues negative until a; = 3, and 
ftfter that it is positive. Hence, when x=l, w has neither a 
(naximum nor minimum value, but has a minimum value 
irhen x = 3. 

Suppose that in the Example last given we merely wish 
to ascertain if a; = gives a maximum or minimum value to w, 
Bod that we are required to proceed according to the method 
l»f Art.211: we have 



das 

tPu _ 

wliena;=Otbe first term ii 



=x{x-vnx-?,)\ 



';^,= {x-iy{x-ZY + ^x[x~\){x-iY+-Ax{x-l)*{x-tf, 



d^ 



ia negative, and the other im 



terms vanish since they holh have x as a factor. Hence ire 
need not have expressed them, but might have put 

-T-j = (a: — 1)' (a; — 3)' + terms vanishing when a: = 0, 

This remark should be carefully noticed, because in Exam- 
ples like the above we are saved the trouble of writing down 
superfluous terms. 

Example (4). The following Example will introduce the 
reader to considerations by wiiieli the process for finding 
maxima and minima values may sometimes be abbreviated. , 

Through a given point P a 
straight line is drawn, meeting 
the axes Ox and Oy at A and B 
respectively : find the least length 
this straight line can have. 

Let OM=a,MP=h, PAO=e. ~ 
b 



Ihen 



PutM = 

Now 



PA = 
FB = 



+ — —„ , and WQ have to find the least value oflj 
sind 



sin d cos 

du _ hcoaB 
dB ^^0 



therefore -^ vanishes only when tan 0= //- . 

From the figure it appears that by making either as I 
small as we please, or as nearly equal to a right angle U I 
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iTre please, the straight line AB may be made aa great as we 

(.please. Also, as 8 varies from to - , there must be soma 

f Talue of 6 which gives to the straight line AB the least length 
I it can have, and this least length of AB will satisfy the defi- 

liiition of a. minimum length. And as -^^ for a value of 6 be- 



dO 



ftween and 



its sign except when 

, this must be the value of 6 that gives the least 
^length we are seeking. 

This value of B gives for the least length the value 

(o» + S»)». 
In this Example it is easy to see from the value of -73, 

■that it does change sign from negative to positive when 9 
P'increases and passes through the value assigned ; but in more 
complicated questions it is often advisable to shew in the 
manner above exemplified, that a maximum or minimum 
must necessarily exist, and then we are saved the trouble of 
examining if the differential coeiEcient of the function changes 
iKgn when it vanishes. 



216. If w be a function of a; we have shewn that 



8 the equation from which we are to find values of x which 
Ejuake u a maximum or a minimum. If then between two 

■assigned values of x there exists no value which makes -,- 

Kvanish, we conclude that there is no maximum 01 minimum 

■Value of u between those assigned values of a; so that u 

Rather continually increases or continually decreases aa x 

•hanges from the less to the greater of the assigned values. 

?his principle has already been noticed in Art 89, but its 

mportance and its natural connexion with the subject of the 

resent Chapter lead us to draw attention to it again. 

For example, suppose 

u= 2aj — tan"' a; - log [x + V(l + ^)] I 



i 
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then 



du . 



dx 



'l+a^ VU + a^)' 



Hence ^^ is positive and cannot vanish for any value of x 

lying between any assigned positive value and positive int- 
imity. We conclude that u continually increases as x chasges 
from zero to positive infinity. 

216. Maxima and minima values of an implicit funcUon. 

Let ^ {x, y) =0 be an equation connecting x and y ; it ia 
required to find the maxima or minima values of y. From 
the given equation we know that 1/ must be some function 
of X, and if the equation admits of solution we can expies 
y exphcitly in terms of x, and then find the maxima or minims 
values of 3/ by the foregoing Articles. 

But instead of solving the given equation we may prooeed 
thus ; by Art. 177, 



(dy) 



where u stands for (f> (x, y). But the values of x which make 
y a maximum or minimum must, by Art. 211, be found Iff 

solving the equation -^ = 0. Hence 



0, 



and this equation, combined with w = 0, will determine tie 
values of x, which may make y a maximum or niinimuni. 
To determine whether such a value of x does make y a 
maximum or minimum, we must, by Art. 211, examine the 

da^ 



value of ^ . By Art. 180, since (^\ = 0, 



dh,_ 



U) 




T-— J -■, He uuMiB — . H«ace there u a 

Bsximum value of y. The v^ues a; = 0, y = 9, which make 
be nuiuerator of -/ vauLBh, also make its (IvBoiuiuaJxir vaoisli : 
bus v^ asBumea an indetennmatefbrm, and we must ducorer 




MAXIMA AND MINIMA TALTTES 

its real value. Forming the derived equations from (he 
given equation, we Lave 

When we put a: = 0, y = 0, in these, the first equation gives 

equation giyea -j-^ = -- . Heme, 

have y a minimum. 

217. If the values of x and y found from w = and 

(-j-J = 0, make -t4 vanish, then in order that they may 

make y a maximum or minimum, it wiU he necessary to 

-^ HTimild B.Ian vHnijli Thin (-an Ti(i tested bv making CM 



■when a; = 0, and y 



, should also vanish. This c 



of the value of ^ given by Art. 184; and by obtiuimig 

a formula for -r{ similar to that for -,-, just referred tft Vt 

can ascertain whether ~-^ is positive or negative for the 

specific values of x and y. On a^icount however of the 

complexity of the general formula for j^ and -y^, it ia 

preferable to determine them in any example directly by tbfl 
method of Art. 184, rather than to quote the results of tiat 
Article, 

218. Suppose u = <f>{x, y) and -^ (jc, j) = ; bo that y is 
a function of x by the second equation, and therefore from 
the firat equation w is a function of x ; required the masitiia 
and minima values of m. We may proceed theoretically thus: 
by solving the equation -^ [x, y) = 0, obtain y as a function 
of X ; substitute this value of y in (a;, y) ; then u becomes a 
function of x only, and its maxima and minima values caa 
be found by previous rules. But we may avoid the difScuItj 
of solving the equation -^ (a:, y) = 0, thus. 
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By Art. 172, we have 

du __ fdvi\ /thA dy 
dx "" \dx) \dy) dx * 

Also, putting V for -^ {x, y), we have, by Art. 177, 



dx 



\dx) 



fdu\ fdv\ 
therefore ff , (ff) - '^^ \^^ 

W 

Hence, the values of x and y that render u a maxunum 
or minimum must be sought among those that satisfy simul- 
taneously 



W W " \dyJ [d^J "" ' 



and '^{x,f/) or t; = 0. 

The value of -i-^ must then be found by Art. 176, and 

we must examine whether the specific values of x and y 
render this positive or negative, in order to determine whether 
U is a minimum or a maximum. 

Example. w = aj^ + y', 

while (a?-a)*+(y — J)* — c" = 0, or v = 0. 

Hence a?(y — 5) — y (a; — a) = 0; 

therefore ay = hx. 



Substitute the value of j in u = 0, and 



therefore a: = a + - ,; - - ■ , - „ - . 

V(a + J 

Xrpon examination it tviU be found, that if we take tk 
upper sign in the value of x we obtain a maximum yalao 
for u, and if we take the lower sign, a minimum. Thia 
example is a solution of the geometrical question, ■' To find 
the points in the circumference of a given circle which are at 
a maximum or minimum distance from a ^ven point." 

219. The process for finding the masima and mii 
values of an impbcit function may be extended to the 
in which one variable is connected with more than one other 
variable, the whole number of equations being one less thso 
the whole number of variables. Suppose, for example, we 
have three equations, 

Fix.i,,z.u)=(i, 

F,{x, y, e, w) = 0, 

F^{x, y, s, w) = ; 
a being the variable of which we wish to find the maxiniuin 
or minimum value. 

From the given equations it follows that we may considsf 
y, z, and u functions of the independent variable x, Henw 

OF dF dy dFdz_dFdii_ 
dx dy die dz dx du dx 

^ + ^^ + ^^ + ^^ = 
dx dy dx dz dx du dx 

dF, . dF, du , dF, dz 



...(1). 



dF,^ dF,d^ dF\du^^ 
dx ' dy dx dz dx ■ du dx 

From these equations we "-" '•V-'rr.'^-nato JL 
(he value of -j- which we then obtain must be pwt «iuil 



L eliminate j^ and -j-, «" 
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to zero. Or, more simply, we may put -5- = in these equa- 
tiona, and then eliminate -^ and -5- from the resulting equar- 
,tJona which are 

dF[ dFdi dFdz ^ 

dx dy ax dz dx 

dx dy dx dz dx ' 

dx dy dx ds dx 
The equation obtained by eliminating -5^ and -j-, com- 
bined with the equations F= 0,F^ = 0,F^ = 0, will determine 
p,y, s and u. 

By differentiating equations (l) again, we can obtain j-j, 

ind by the sign which the values of x, y, z, u, already found, 
give to this quantity, we determine whether m is a maximum 



220. Suppose we have a function of n variables, the 
variablea being connected by n— 1 equations, and we require 
the maximum or minimum value of the function. For ex- 
Itmple, suppose three equations 

F (x, y, s, u) = 0, F^ i^, y, z, u) = 0, F^ (x, y, z, u) = 0, 

laid that we wish to find the maximum or minimum of 
f(x, y, z, u). In this case, to the equations (l) of the pre- 



dx dy dx dz dx dudx 

From these four equations we must eliminate -^ , -r , 
du 
fend ^ . The resulting equation combined with the given 



J 
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equations J'=0, i^, = 0, -^, = 0, will determine ir.y, e, and a 
We should then form the second differential coefficient of 

fipo, y, B, u) with respect to x. This will involve -tK, 73. 

and j-j , which must be found by differentiating qua- 

tiona (1) : by tie sign of thia second differential coeffident 
oi f {x, y, z, u) wo shall settle whether the function is a 
maximum or a minimum. 

221. In Art. 214 we obtained as the condition for ^(«) 
having a maximum or minimum value, that <^'{x) murt 
change sign, and hence that 0' (x) must be zero or infinite. 
The cases in which 0' (x) is infinite occur but rarely, and in 
the Articles following Art. 214 we have always considered ^{x) 
to vanish when ^{x) is a maximum or minimum. We shall 
bere add one proposition which shews that according to the fiist 
view given of maxima and minima values (Arts. 209. ..213), 
a maximum or minimum may exist when the differential 
coefficient of the function considered becomes infinite. 

Suppose that (a) is sucha function of a; that when!c=fl 
we have some of the differential coefficients of ^{x) icfinitfi 
fio that [a + A) cannot be expanded in powers of \ bj 
Taylor's Theorem. 

Suppose that by some unexceptionable algebraical prooeai 
we find 

0{a + J)_ (a) = ^A' + 5A^+ i7A*+ ..., 
where a, 0,y, ..., are not necessarily positive int^ere. ff 
any one of these exponents be a fraction in its lowest tenni 
with an even denominator, then tf> {a — h) — <f> (a) willU 
impossible, and the consideration of maxima and miaina 
values becomes inapplicable. If none of the exponents bft 
of this form, then <j>{a — h) — (f> (a) will bo a possible quan^. 
Now there may be cases in which, by taking k small enongh, 
the sign of Ak" determines the sign of (a + h) — (a) ; lot 
example, this happens if the number of terms in 0(a+S)-^W 
is finite, and the exponents a, /3, 7, ..., all positive, and i 
the least. Let ua suppose such a case, and let a be a proper 
fraction ^vith an even numerator ; then <fi(a + h) — if} (a) »od 
1(1 (a — A) — (a) are both positive if .d be positive, and nf^*" 
tive HA be negative, when h is taken small enough. Heoc* 
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tf> (a} in the former case is a miiiimum value of ip (x) and 
in the latter a. maximum value. 

Also, since a ia a proper fraction, 



is infinite when k = 0, 
lerefore ^' (sj) is infinite when a: = a. 

Lence ^ (a;) may be a maximum or a minimum when 0' (ar) 
, infinite. 

Example, Suppose 

<p(x)=c+{x^a)^-\-ix-a)*; 

therefore 'j>(a + Ji) = c + k^ + h^ , 

</.(«) = c. 

Hence ij>(a + h) and 0(a — A) are both necessarily greater 
than <^ (a). Hence <ft {a) is a minimum value of ^ (k), and 
'it is obvious that (}> (a:) is infinite when ic = a. 

222. On certain cases of Geometrical Maxima and Minima, 
We occasionally meet in Geometry cases of maxima or 
minima values for which the ordinarj' analytical process 
Appears to fail, though from geometrical considerations it ia 
obvious that maxima or minima do exist. The following 
jroblem will introduce the difficulty which it is proposed to 
explain. " Find the maximum and minimum perpendicular 
torn the focus on the tangent to an ellipse, the perpendicular 
being expressed in terms of the radius vector." 

The equation which gives the perpendicular in terms of 
hs radius vector ia 

^ 2a -r' 

therefore P^=-7X ^i, whichmu9t = 0. 

^ dr [2a — r) 

Now this can only be satisfied by r = + ao , which values 
■e not admisaihle, whereas we know from Geometry that p 
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has a maximum value = o (1 + e), and a miniranm 
= o(l-e). 

The reason we do not find tbese valuea by the above uansl 
analytical process is this. In the ordinary theory of mMima 
aod minima the function is considered to be expressed in 
terms of an independent variable which may assume all poBfd- 
ble values. But in the example above r is not an iruiependeiii 
variable ; its values are limited to those found by ascribing 
all possible values to 6 in the equation 



Since r is thus a function of 0, we may consider f 
which is a function of r to he also a function of 0. Hence 

-^ = T^-Tfl, and this may be made =0 if we can make 

T3 = 0. This we can do, and thus p has a 

minimum value at the same time aa r has. 

Similar remarks apply to other examples. Thus _ 
if j= ^ (x), where x is not susceptible of all possible valuer 

it may be impossible to make j^ = 0, and thus there may be, 

apparently, no maximum or minimum value of y. But in tldi 
case, if x can be expressed in terms of some variable whiob 

can assume all possible valuea, we must put t^ = Of whicb. 

makes ;^ = 0, and thus we determine simultaneous masimi 

or minima values^of x and y. 

Example. To find the maximum and minimum lengtl 
of the straight line drawn to a circle from a given estetna 

Take the axis of x passing through the centre of the circL 
and the given external point, the former being the origin. Les 
a=the radius of the circle, c=the distance of the g^ve 
point {A say) from the centre ; and let x be the abscissa of 
point P on the circumference ; then j4P' = c' + a' — 2cx, 
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The differential coefficient of tbia expressioa with respect 
Ao xiB — 2c, -whicli cannot vanish. But if we put x=acoaff, 
■ we have 

^ AF' = (? + a' - 2ac cos 8, 

d.AP' „ . - 

— -la — = 2ac sm 8 ; 

and = 0, 6=tr, give the minimum and maximum values 
respectively of AP". 

In this Example the difficulty would not appear if we had 
flo chosen our axes that x should not be a maximum simul- 
taneously with AP. Calling b the ordinate of A, c the a 
of A, and a the radius of the circle, we shall have 
AF* =■ o» + S* + o' - 2i >/{a* - a?) - Scat, 
iUvhich bsia its minimum and maximum values, when 



Another solution of the problem is giv«i in Art 218. 

The following is an analogoua case. Find those conjugate 
diameters in an ellipse of which the sum is a maximum or 
minimum. Let r and / be any two conjugate diameters, 
and u = r + r', then it is to be a maximum or minimum, 
.■while r' + r" = tt' + i' = c", say ; 
thus w = J- + t/{ii' - 1-'), 

^" = , !:— 

If -J- be put = 0, we get r' = - , and therefore r* = - . 

This gives us the equal conjugate diameters, the sum of which 
we know to be a maximum. If we express r, and therefore r', 
in terms of some variable which can take all possible values, 
as for example <^ the inclination of r to the axis major, we 

'sbail get an additional result. For -r, =1- ttj ^'^^ there- 
d<p dr cf(f> 

fore, if 3^ = 0, we have also ^ = 0. But -^ = makes r a 

d(p d<p «<p 

maximum or minimum, and thus we obtain the two principal 



i 
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axes, whose sum ia a minimum. By a different method, ifo 

might have obtained at first the minimum value ofr+r'. 

For since J'' + r'* = a' + i', and rr sin 6 — ab, 

we have {r + r')' = o' + 6' + -^^—5 , 

where 6 is the angle between r and r'. Differentiate irith 



', and we get — 



iah cos 



0, therefore 5=-jthi« 



gives the minimum value as before i jt = ^^ would give 
second result, which woidd be the maximum. 

The foregoing Article has been derived from the third 
volume of the Cambridge Matkematical Journal, page 237. 
The following problem will fumiah an exercise. Find the 
maximum or minimum length of the straight line drawn froio 
the end of the minor axis of an ellipse to meet the cnrve. 
If X, y, be co-ordinatea of the point where a straight line 
drawn from the end of the minor axis meets the curve, Uie 
length of the straight line can he expressed either as a flIn^ 
tion of ar or of y ; thus two solutions can be obtained aai) 



In the solution of some of the examples on maxima and 
minima the following results will be required; they maybe 
established by means of the Integral Calculus. 

The volume of a right cylinder is found by multiplyiug 
the area of its base by its altitude. 

The convex surface of a right cylinder is found by multi- 
plying the perimeter of its base by its altitude. 

The volume of a right cone is one-third of the product of 
its base and altitude. 

Tlie convex surface of a right cone on a circular base is 
one-half the product of its slant side and the perimeter of 
its base. 

If r bo the radius of a sphere its volume is — r- and its 

Eurface^is inn*. 
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Shew that a^ — 5x' + 5a^ — 1 is a maximum when a; = 1 ; 
a minimum when x — 3; neither when ar = 0. 

Shew that a? — 3ai' + 3x + 7 is neither a maximum nor 
a minimum when x=l. 

If u=x^ — 3x^ + G3: + 7, shew that it has neither a 
maximum nor a minimum value. 

If u = a^ — 2x' + 15x — 3, find its maximum and mini- 
mum value. 

a minimum when x = 5. 

«=(s-ir(j,+2)-. 

A maximum when x = — ^; a minimum when x = 1; ■ 
neither when x = 

u = {l + x'^){7~xy. 

A maximum when a 

and when x = l. 
ji^33f-n5x^ + 2U0x. 

A maximum when a; = — 4, and when a 
a minimum when a; = — 3, and when a 
l-ai + a:* 



a minimum when x = 0. 



l+ic-a;"' 

aj'-Tar+G 



A minimum when x=^. 



a: -10 * 

A maximum when a: = 4 ; a minimum when a; = 16. 

If 'T- = iB'{a: — l)'{a! — 2)'Ca; — 3)*, find when u is a 
maximum or minimum. 

A maximum when a: = ; a minimum when x = 2. 

If -^ = (a! — 1) (a: - 2)' (x — S)', find when m is a maxi- 
mum or minimum. 

A maximum when a; = 1 ; a minimum when a = 3, 
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12. M = a?(a + a;)'(a — a?)'. 

A maximum when x = -, and when a? = - a, 

and a minimum when sc = — - . 

13. uJ^. 

a — fix 

A minimum when » = r» 

■ 

14. tt = & + c (a? — a)'. 

A minimum when x = a. 

15. t«= — + 



a? a — aj* 



a* 

A minimum when a? = j, and a maximum when 

a + b 



a? = 



a» 



a — 6* 



_^ 3aj'-a* 

16. u= .-^ 



{a' + xy 
A minimum when a?= 0, and a maximum when a=±a. 

17. w = (Twa? + wa)"*"^ — (m + w)"*"^aj~a". 

A minimum when a? = a. 

a? 

18. Shew that r is a maximum when x = cos a;. 

1 + a; tan x 

19. Shew that ar^ is a maximum when a? = «. 

20. Shew that ^ — r— is a nlaximum when a? = - . 

tan 3a; 8 

21. Shew that sin a? (1 + cos a?) is a maximum when a? = « • 

22. If xy{y — x)= 2a*, shew that y has a minimifm value 

when a? = a. 



If 3o'y'+irj' + 4aiB' = 0, shew that when a: = — , ^ has 

value, namoly — 3a, the value of -7-^ being 

then — -zr- . 
5a 

If at* + 2aa)*y — oy" = 0, shew that ■when x — ±a,^ = —a 

and is a ininimiim , Also, when y = —-^, a: is both 

, . . , . 4aiVG 

a masimuni and mmimumj and is = + — - — . 

If 23^ + 3ay — ay = 0, shew that a: = a . 5' makes y a 

minimum, and — a. 5'. 
Find the maximum and minimum value of 1/, when 
y' — ic'yx + a;' = 0. 
x = cijZ makes y = c ^(27) a maximum, 
« = — C\/3 makes y = — Cv'(27) a minimum. 

A person being in a boat 3 miles from the nearest point 
of the beach, wishes to reach in the shortest time a 
place 5 miles from that point along the shore : sup- 
posing he can walk 5 miles an hour, but row only at 
the rate of 4 miles an hour, required the place where 
he must land. 

One mile from the place to bo reached. 

The ^dcs of a rectangle arc a and b% shew that the 

' greatest retrtangle that can be drawn bo as to have ite 

sides passing through the comers of the given rect- 

^ angle is a square, each side of which is — — - . 

' If a rectangular piece of pasteboard, the sides of which 
are a and b, hare a square cut out at each comer, find 
I the side of the square that the remainder maj form a 
' bos of maximum content. 
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ANorman window consists of a rectanglesunnountedbj 
a seTiiicircIe. Given tiie perimeter, required the height 
and breadth of the\Yindow when the quantity of light 
admitted is a maximum. 

The radius of the semicircle must equal the height 
of the rectangle. 

Shew that the altitude of the greatest equilateral triangle 
that can be circumscribed about a giveu triangle, is 
[a^ + b''-2ab cos {^7r+C)]K 

A straight hne is drawn through the given point P, 
meeting the asea Ox and Oy at -A and i? rfispectiveiy 
(see the figure on page 198) ; find the position of tbe 
straight line. 



nimum. 
nimum. 



(1) When ABha,Ji 

(2) "When OA + OB is a n 

(3) When OA x OB ia a. n 
(i) WheuOA+OB + ABk 

(5) When OA x OB x AB is a minimum. 

(6) When OA" ■+ OB" is a minimum. 

Let 6 denote the angle PAO, then we torn 

(1) tan«-Q', 

(2) tm9.fj)', 

(3) tanS--, 

a 

{fi) Sffltan'fl — 6tan'fl + otaii5 

(«) tm 9 -'*'>' 



= ©" 



Having given an angle of a triangle and the opposite 
Mde, prove that the area will be a maximum v»hea tl 
given angle is equidistant from the other angles. 
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Having given an angle of a quadrilateral and the two 
opposite sides, prove that the area will be a maxi- 
mum when the given angle is equidistant from the 
other angles. 

It follows from the preceding Example that the two 
sides which contain the given angle must be equal ia 
order to ensure a maximum area ; for if they were Dot 
equal the area of the quadrilateral would be increased 
by changing these two sides into two equal aides. 

Find the least ellipse which can be described about a 
given parallelogram, and shew that its area is to that 
of the parallelogram as tt ia to 2. 

The least tangent to aa ellipse intercepted by the axes 
is divided at the point of contact into two parts, which 
are equal to the seniiaxea respectively. 

37. Find the area and position of the greatest triangle that 
can be placed in a given parabolic segment, having the 
chord of the segment lor its base. 

Find the leaat triangle which can be described about a 
given ellipse, having a side parallel to the major axis 
and having the other sides equaL 

The height is three times the semi-minor axis. 

39. Prove that of all circular sectors described with the 

same perimeter, the sector of greatest area is that in 
which the circular arc is double the radius. 

40. A chord PSp is drawn through the focus S'of an ellipse, 

and the pomts P, p, are joined with the other focua^: 
determine when the area PHp is a maximum. 

Let e be the eccentricity of the ellipse and the 
angle between the chord PSp and the major axis of 
the elhpse- If 2e' is greater than I the maximum 

determined by cos' = 2 — ^, and 0= - gives a mini 
mum; if 2^° is not greater than 1 the maximum 
when ^ = 5"! and there is no minimum. 
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Find the kngth of the shortest normal chord in apms- 
bola, and prov« that it- intersects the curve nearer the 
vertex than any other normal chord. 

If ia bo the latus rectum of the parabola the re- 
quired length is 6a V3. 
Two ships are sailing uniformly with velocities Wj » alone 
straight lines inclined at an angle 0: shew that ii a,ft 
be their distances at one time from the point of intfir- 
section of the courses, the least distance of the ships 
, , (av — bu) sin S 

IS equal to — ^ — -r , 

{u' + v'-^uvcose)* 

Of all the straight lines drawn from the vertex of a given 
ellipse to the circumference of the circumscribing circle, 
determine that for which the portion intercepted be- 
tween the two curves is a maximum. 

If be the inclination of the straight line to the 
major axis uf the ellipse, and e the eccentricity of the 
ellipse, 

2e' cos'5 = 3 -e' - V((l - c') (9 - e')]. 

If an ellipse be described to touch a given semicircle ami 
its diameter symmetrically, its area when a maximum 

2777^ 



An ellipse ia inscribed in an isosceles triangle, and has 
one trf its axes coincident in direction with the straight 
line bisecting the vertical angle of the triangle : sliew 
that this axis is two-thirds of the height of the tri- 
angle when the area of the ellipse is a maximum. 

Find what sectoi- must be taken out of a given circle, in 
order that the remainder may form the curved surface 
of a cone of maximum volume. 

The angle of the sector must be - — ^ — ^^ • 

Two focal chords are drawn in an ellipse at right angle^ 
find whon their sum is a maximum, and -when i' 
minimum. 



EXAMPLES OF MAXIMA AND" MINIMA, 



^ia the following problems the cones and cylinders are sup- 
posed to bo right ooaes and cylinders on circular hasea.j 

48. Determine the greatest cylinder that can be inscribed in 
a given cone, 

If b be the height of the cone, and a the radius of 

ite base, the Toliime of the cylinder is — irt^b. 

49. Determine the cylinder of greatest convex surface that 
can be inscribed in the same cone. 

-rv !■„ -^^H 



1 



50. Determine the cylinder, ao that its whole surface shall he 
a maximum. 



nature of the prohlem this must be less than a ; this 
leads to the condition that b must be greater than 2a in 
order to ensure a maximum. If & be not greater than 
2a the whole s\irface of the cylinder continually increases 
as its radius increases, and there is 



51. Determine the greatest cylinder that can be inscribed in 
a given sphere. 
If r be the radius of the sphere the height of the 
cylinder is —r^ . 

' 52, Determine the cylinder inscribed in a given sphere which 
has the greatest convex suri'ace. 

Height = r */2. 

I 53, Determine the cylinder so that its whole surface shall be 

■ a maximum. 

■ 54. 



: 



Height -.|2(l--J-)J'. 



1 54. Determine the greatest cone that can be inscribed in a 
given sphere. Height =f »■, 
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55. Determine the cone of the greatest convex surface that 

can be inscribed in a given sphere. 

56. Determine the cone 80 that its rohole surface shall be 

a maximum. 



Height =^(23-v4 



57. Given the volume of a cylinder, find its height and 

radius when the sum of the areas of its convex surface 
and one end is a minimum. 

The height is equal to the radius. 

58. Of all cones described about a given sphere, find tliat of 

minimum volume. 

The sine of the semivertical angle mu^ be J. 

59. A series of cones have their slant sides of the same 

length : find that which has the greatest volume. 

The tangent of the semivertical angle = V2. 

60. Find the position of the chord which passes through a 

given point within a parabola, and cuts off from the 
parabola the least possible area. 

61. Find a point in an ellipse from which, if perpendiculars 

be drawn to two given conjugate diameters, the sum 
of their squares will be a maximum. 

62. Prove that <f> {/(x)] is necessarily either a maximunx or 

minimum when f{x) is a maximum. And so also 
when /{w) is a minimum. 
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CHAPTER XIV. 

EXPANSION OF A FUNCTION OF TWO INDEPENDENT 

VARIABLES. 

'223. Let u=^<j>(x,y) be a function of two independent 
variables, and suppose <f){x + h, y + Jc) is to be expanded in 
ascending powers of h and k. Put 

h = ah', h = clIc, 

theii ^ {x + h,y + h) = <\> (aj+ oJi,y + oJc') ; 

the last expression may be considered a function of a, and 
denoted by /(«)• By Maclaurin's theorem, 

a' 



/W=/(0)+/'(0).a+r(0).^ + ; 

we shall now shew how the differential coefficients of /(a) 
may be conveniently expressed. Suppose 

x+Oifi ^x, y + cJc =^y\ 

then /(a) stands for <\> {x\ y') and since both a;' and y con- 
tain a, we have by Art. 169, 

fr^^§±^^j_M} ^ I ^^ ^^'\ y ') ^ 

^ ^ ' dx da dy doL 

_ I, d<f> {x\ y') . jy d4>{x,y') 
ax dy 

Also, by Art. 63, 

d4> {x\ y") ^ d(f> {x\ y') do[^ 
dx dx' * dx' 
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therefore d^i^^d^^^ 

ax ax 

hence /'(a) = K^^^+Tc'^^^. 

which, for shortness, may be written 

Similarly, 

The law of the formation of the successive diflferentia 
coeflScients of /(a) is thus obvious. When a=0, /(a) In- 
comes u ; hence we have 

/(0) = «, 



Restore h for aK, and ^ fbr o^'; then 



+ 
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224. If we wish the series for ^{x+h, y + i) to close 
after a, finite number of terms, we can put the espansion 
for/(a) under tho form 

/(») =/(<>) +/(») ■ « +/"(«) ■ g +•••+/"(»)• ^ 

taid from this the required form for ^(ic + h, y + k) can bo 
obtained. For example, if n = 3, 






■where v stands for <j>{x+0k,y + 6k). 

225. In the formula established in Art. 223, put a;=0, 



and y 


= 0; then 




*(i, *)=■..+ jg+i^' 




where 


-^{^■&--l|-'-t} 


^. ^, rfX 

"" dir' dy' dy" "■■ 

J-, :7-;) when ic 

dy dx' 


. stand for the values of 


du 


these expressions we put 


«-0, 


and y = 0. If we change 


h and k into x and y respec- 


tively in the above formula, we have 


*fey 


=".+«t-+4" 






. 1 { -.d'u 


--&.--S^i 




+ 
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a and y being eacb put equal to zero in m, and its difiFerential 
coefficients after the differentiations have been performed. 

In this manner the formula of Maclaurin is extended to 
the expansion of functions of two variables. 

226. The expression for the nth differential coefficient 
of /(a), in Art. 223, is 

* dar^"'' ^cU^-'d^^ il djT^dy'-^'' df 

which, for abbreviation, may be written 

provided we interpret this expression thns: (A't-+^'t-) 
is to te expanded by the Binomial Theorem as if A' -j- were 
one term and k' -j- the other term : when the expansion is 
effected, eveiy such term s" ''■' ' 



("rJl'^'l)/*''-''" 



is to be replaced by h'^'^W , „-/, , . K we adopt tliis mode 
of abbreviation the result of Art. 223 may he wiitten 

*c-+'.,»+i-)=»+(''£+'^r>+li(4+4)"" 

1 /, d , d\""' I f, d , d\' 

+ +i^i{''di*h-i) "+[i(*a+*;5J«' 

where u = ifi(x. y), and v = ^{,x + 6h,y + 6k). 

By Art. 110 the last term of the expansion may, if we 
please, be replaced lay 

The methods here given for the expansion of a function 
of two independent variables may be readily extended to 
the expansion of a function of more than two independent 

■variables. 



dV 
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MISCELLANEOUS EXAMPLES. 



1. Shew that if a? and c are positive 



2log— — + - + 



'^C-hX ' X ' c + x 

decreases as x increases. 
Shew that if x and c are positive 



f— y 

\c + xj 



increases as x increases. 

3. If tt=(a? — 3)e*^+4a7e*+a;+3 shew that -y-^, -^,andM 

are positive for all positive values of a?. See Ex. 10, p. 86. 

4. Shew that for positive values of x the expression 

e"{x''2) + e'(x + 2) 

diminishes as x increases, and that its greatest value 

. 1 

IS -. 
6 

5. Demonstrate the following approximate expression when 

X is small, 

(l + a:)'=e|l-- + — -- 
1 



C- Evaluate ^^ ^ when a? = 0. 

X 

7. Shew that when x is infinite 

8. Find the value when x is infinite of 

&r'(l + i)'-8ea='log(l + l). 



Result — - . 



Result e. 
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J — tan"* X 
9. Evaluate «—-—3J when a: =1, 

log/cot |j 

10. Evaluate ^ , when a = 0, 

cot 0? + log a: 



11, Evaluate ^^j. when ^ = — . 



12. Evaluate 



tan nx — tan tna? 



sin {n^x — wi^a;) ' 
(1) when aj=0, (2) when n^rri^ 

13. In the equation f{x-\-h) —/(a?) =hf'{x+ 6h), shew 

that iif"[x) is not zero the limiting value of d as A is 

indefinitely diminished is -: also shew that if /'(a) 

is the first of the differential coeflBcients /" {x) , /'" (a;), . . . 
which is not zero, the limiting value of ^ as A is in- 
definitely diminished is 

14. In the equation f{x + h)'-f(x)=Jif\x + 0h) shew 

that if ^ be the same for all values of k, it must equal 

- and /"(a;) must be constant 

15. Change the independent variable from z to a; in the 

equation 



a' 






where « = e' 



«sin« 



Remit. 3-^ + tana?^=l. 
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16. Transform the expression 

into one in which r, 5, 6 shall be the independent 
variables, having given 

aj = rsindcos^, y = rsin^sin^, « = rcosft 

17. If X, y and f, 17 be co-ordinates of the same point 

referred to two systems of rectangular co-ordinates, 
shew that 

da? dy''^ \dxdy) "^ rff drf [d^driJ * 

18. Shew that aj" + a;sinx + 4cQsa; is a minimum when 

« = 0, 

19. CQ is the perpendicular from the centre C of an ellipse 

on the tangent at a point P: find the maximum value 

ofPG. 

Result a — h. 

20. A straight line drawn from the extremity of the minor 

axis of an ellipse cuts the major axis at Q and the 
curve at P; from P the ordinate PN is drawn to the 
major axis : find when the area PQN is a maximum. 

Remit. PN== 7 (V17 - !)• 

4 



T.D.G. 
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CHAPTER XV. 

VATTMA AND MINIMA VALUES OF A FUNCTION OF TWO 

INDEPENDENT VARIABLES. 

227. Definition. ' A fiinction (f> {x, y) of two indepen- 
dent variables is said to have a maadmum value when 
<f> {x-\-h,y + k) is less than <^ (a?, y) for all values of A and k 
positive or negative, comprised between zero and certain 
finite limits however small. The function is said to have a 
minimum value when <f> {x + h, y + k) is greater than ^ (a?, y) 
for all such values of h and k, 

228. To investigate the conditions that a function of two 
independent variables may have a maadmum or minimum 
value. 

Let u = ^ (x, y), 

v = (f>{x + dh,y-\-6k); 
then, by Art. 226, 

<f){x+ky + k)=^u + h^ + k^ + B, 
where ^ "= i"o 

Now, if A -J- + i -V- be not zero, by taking h and k suf- 
ficiently small, we can always make B less than ^ j~" "t* ^ J" » 
and hence the sign oi <f){x + h, y-hk) —^ {x, y) will depend on 
that o{ h-j- + k-T- , and will therefore change by changing 

that of h and i ; it is impossible then that ^ {x, y) can have 
a maximum or minimum value unless 

ydu jdu . 
h -J- +k j-^0. 
ax ay 



ax ax ay ay) 



MAXQU AND MINIMA VALUES OF i 



Since the quantities A and k are independent, we must lia 

diC ' dy 
Find values of x and y from these equations, say x = 



1 



ate assigned to x and y, be denoted by A, B, C, respectively. 
We have then by Art. 226, 

■where iJ = ^ \h' '^ + Zh'k -j— + 3Ai' ^^^ + 1^^\, 
' |_3 ( daf dx dy ax dy dy ) 

IB being made = n, andy = J, after the differentiations have 
been performed. 

If A, B, and G do not all vanish, the sign of 
^ (tt + /?, 5 + h) - <f> (a, h) 
will, when h and k are taken small enough, depend on that of 
Ah^ + 2BKk + C/;', or of ^' { (-4 J + -B ) V ^ C" - -S"} . 

If AC—B' be negative, it will be possible, by ascribing 



change its sign ; and then t}> {a, b) is neither a maximum nor 
nunimum value of ^{x,y). Hence generally we must have 
^0— -B* positive as a condition for the existence of a maxi- 
mum or minimum. la this case A and C will have the same 
sign, and Ah" + 2B/ik + Ck' wilt have the same sign aa A or 
V; and if that sign be positive, ^ (a, 6) is a •minimum value 
of <p {x, y), if negative, [a, h) is a maximum value. 

We say that generally AC — B' must be positive ; because, 
in fact, there rnay be a maximum or minimum value when 
AO—B' = Q, as we shall now proceed to shew. 

229. To investigate the additional conditions for the ex- 
istence of a maximum: or minimum when AC—B' = 0. 
lfAG-B' = 0, then 



Ah' + 2Bhk+Ck'=j(A^ 



A'i + B] 
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hencQ t^{a+7i, b + k) — ^ {a, b) is always of the same sign aa 

A, when A and k are taken small enough, except when t is 

equal to — -^; and then the sign is as yet unknown and 

further investigation is required. Let P, Q, S, T stand for 
the values of 

^ '^'" t^'" ^ 

rf^c" ' da? dy ' dx dy^ ' dy' 
respectively, when x = a and y = b; and let 

a: being made = a and y = h after the differentiations. 

Suppose V is equal to — -j , then Ah^+2Bhk+ CX-* vdnishes, 
and 

A{a+k,b+k)-,f>{a.h)=^iPh'+3Qh'k + 3SW+n'']+B,. 
\A 
Heneo if h and !c he taken small enough the sign of 
4,{a + k.b+k)-'f>{a.b) 
will be the same as the sign of 

Ph' + 3Qh'k + ^Shl^ + Tk'. 
and will therefore change by changing the sign of k and k ; 
it ia imposaiblo then that ^ (a, b) can be a maximum or mini- 
mum value unless 

Ph' + 3 Qk^k + 3 Skk^ + Tk" 

"k^ 
Suppose this condition to be satisiied, then the sign of 
{a + h, b+k)-<t>{a, b), 
,^. -.,„.„, 

hen y 13 not equal to— -j, and h and k are taken small 
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I'Wiough, the sign ol <f>(a + h,b + k) — 0(o, b) is the same as 
I tKe sign of A. But in order that <^ (a, I) may be a inaxi' 
I mum or minimum value the sign of ^{a-i-k,b+k)"tj> (a, 6) 
I must be invariable when h and k are taken small enough. 

[ Hence we have the condition that the sign of B^ when j- is 

equal to —-^, and h and h aro taken small enough, must he 

the Bame as the sign of A. 

If these two additional conditions are satisfied {a, h) is a 
maximum value if ^ be negative, and a minimum value if A 
be positive. 

230. If ji = 0, B = Q, and G=Q, we must proceed thus; 



;^(a+A, l+h)-^{a,h) = ^{Ph'-i-bQhVc + Z8hk^-\-Tk'\-k-Il,, 



LI 



1^ 

■ where P, Q, ,S> T, stand for the values of 
B vhen x = a and y = h, and 



da? ' da?dy ' 



being made = a, and y = 6, after the differentiationa. 
Hence, that if> (a, i) may be a maximum or minimum, it 
is necessary that P, Q, 8, T, should all vanish. Also, B^ 
must be of invariable sign ; but the conditions to ensure this 
are too complicated to find investigation here. 

231. The follo\¥ing is another method of investigating 
\ the conditions that a fiinction of two independent variables 
, may admit of a maximum or minimum value. 
I Let u — <P(t, y), where x and y are independent : required 
I the maxima and minima values of u. 

If y, instead of being independent of x, were equal to 
I Kme function of x, say ^ [x), then u would be a function 
I cf one yariable x. We should then have 



?-=fSU(|)t'w, 



w 



S)+<J^)^-wHt)i+'wi'+(D*>'- 



In order that u may h 
have, by Art. 211, 



du _ 



©-(|)«^)-- 



Hence, since y is really independent of x, this equation rauBt 
hold whatever be the function "^'{le) ; 

© = «, (|)-0. 

In order that m may be a maximum, the values of x and j 

derived from the last equations must make -j-^ negative, 

whatever -J^'fic) may be; hence, denoting by A, B, C, the 



values which 



\dx'/ ' \dxdyl ' 



and 



dfJ 



, respectively a 



for the values of x and y under consideration, we require that 

A-\-Wf{x)-^CW{x)Y 
should be always negative, whatever "^'{x) may be. Hunce 
as in Art. 228, A must be negative, and generally AC — ^ 
must he positive. Similarly, that w may be a minimum W8 
must have A positive, and generally AG— I^ positive. 

The preceding method may be rendered more symmetrical 
hy supposing both x and y functions of a third variable t. 

Putting for shortness Dx for ^ , and Dy for -^, we have 






(£)(^')-^ 



\dxdyj 



DxDy-i- 



ii>yr 



Hence we must have 



/du\ dPx rdu\ dDy 
"•" \d^} dt ''" \dy) ~di~ ' 



0= 



(S) 



(Dx)' 



OF A F[JNCT!ON OF TWO INDEPENDEST VARIABLES. 231 
iUao for values of x and y found from these equations. 

Bust preserve an invariable sign, whatever be the signs and 
ralues of Dx and Dy. From tMs we deduce the same results 
u in the preceding Article. 

232. There is no theoretical difficulty in finding the maxi- 
Qum or minimum value of an implicit function c*" two inde- 
iiendent variables, nor in finding the masiraum or minimum 
Talue of a variable which is connected with any number of 
other variables by equations, when the whole number of equa- 
tions IB two less than the whole number of variables. For 
I example, suppose we have two equations 

■j /. K S. '. ») -0, /. {^. H. '. «) =0 (1), 

^piTolving four variables x, y, z, u, and we wish to find the 
^^naximum or minimum value of w. We may eliminate one 
of the three variables w, y, z between the two equations; 
suppose we eliminate s ; then we obtain one equation con- 
necting X, y, and u ; from this we find u in terms of x and y, 
\ proceed in the ordinary way to investigate the maximum 
ninimuni value of u. Or if we wish to avoid the elimina- 
1 we may adopt the following method ; consider x and y 
the independent variables and differentiate the given 
[uatioos (IJ ; thus 

dx dz dx du dx 

dy dz dy du di/ 

dx di dx du dx 



^ df^dl d£ da 
dy dz dy du dy 



Tnaa these equations we can eliminate -5- and ^-, and 
nd -T- and --r ; then for a maximum or minimum value of u 
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the values of -p- and -,- must be zero. Thus, more mmplT, 
ike du '^'' 



we may put j-=0 and ^ = Oin equations (2), and then 

eliminate -j- and -;- : the two resuItiiiK equations combined 
ax ay o i 

with (1) will determine the values of x, y, z and «, which owj 

correspond to a maxiraum or minimum value of «, Add by 

differentiating equations (2) with respect to x and y we ca 

find 3-5 , - , - _, , and -j-s , and so settle whether u is rea^T 
ax dxdy dy ' 

a maximum or minimum. 

Practically the solution of problems of this class is &d^- 

tated by the method of indeterminate multipli&rs, whii^ is 

explained in the following Chapter. 

233. Tie student will find it advantageous to illustrate 
this Chapter by means of the Geometry of Three Dimensions. 
If z = {x, y) he the equation to a surface, to find the maiims 
and minima values of z amouuts to finding those points on 
the surface which are at a greater or a less distance from the 

plane of {x, y) than adjacent points. The conditions ^-=0, 

dz 
Snd T- = 0, make the tangent plane at any one of the painfl 

in question parallel to the plane of {x, y). The interpretatio» 
of the case in which £' — .^(7=0 will be seen from what ia 
stated in Art 235. 

The method given in Art. 231 admits of clear geometriod 
illustration. If, for example, there be a point on the ^ved 
surface which is at a maximum distance from the plane of 
(jc, y), then in passing from that point to an adjacent point, 
along any curve whatever lyin^ on the eurface, we must ap- 
proach nearer to the plane of (x, y). Now, by combiniug the 
equation z = ip{x, y) with y = -^ [x), we obtain a eun'e lying 
on the given surface, and by giving every variety of form to 
^ (a;) we may obtain aa many curves as we please. Hence 
we see that if we put y = '^ {x), and leave the form of the 
function -^ {x) arbitrary, we do not really break the restric- 
tion that CB and y are to be independent 
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23i. A function « of two Tttriablea may iave a maximum 

ff minimum value for values of x and y which render rr- 

and -J- indeterminate or infinite. Such exceptional cases must 

"be examined specially, as there is no general theory appli- 
cable to them. For example, suppose 

du _ 2x du By 



'^ 3{a;' + /)S' ^3 3(0;'' + /)*" 
Here, when x and y vanis 



J- and ^- becom 
ax ay 

biinate. If we pit y=ax, we have 



3x*(l+a')5' dy 3^i(i + a=)** 



V is really a minimum then, for it vanishes only when x and 
y vanish and is never negative. 

235. On a case of maxima or minima values o/a function 
w of two independent variables. 

I If u denote a function of two independent variables x and y, 
the values of x and y that make u a maximum or minimum 
are found from the two equations 
dii du 



dx 
If these equations are sati 
X and y, we cannot deti 
and y, that render « a r 
propose to examine. 



fied by a diujle relation between 
le a finite number of values of ;c 
mum or mmimum. Tbis case we 



U.M, 



• Y.M .. 



-CO, 

•■(2). 



where P, V, Mare functions of a: and y. 



J 
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If j»f=0 (3), 

^ ^i du -I du . - 
both -7- and -7- vanish. 
ctx ay 

From equations (2) we deduce 

d^u ^ dM , ,-. dU ^ dM , . ., .. /. , 
-i-ji =67. --T— +JZ . -7- =c/. -y- when (3) is satisned, 

-7-a = F. — ; — h Jf . -7- = V, -~- when (3) is satisfied, 
ay ay ay ay ^ ^ 

= F. -7 — VM, -J- =F. -7- when (3) is satisfied, 



dxdy * dx ' dx dx 

d^u rr dM . ,, dU TT dM , ,_. . .. ^ 1 
= fT. -T- +M.--j-=U. -J— when (3) is satisfied. 



dydx ' dy ' dy ' ' dy 

But J J = , , always ; hence, when (3) is satisfied, 



( ^^ V rzr 77 F — — 

Wj; rfy/ ' ' dx' dy ' 



If then -4, J?, (7 denote the values of -j-j , , , - , and T-t 

when (3) is satisfied, we have 

AC^^R (4). 

Now suppose that from Jf = 0, we find y in terms of a^ 
say y = yjr {x), and substitute iu w; we thus make u a functioft 
of X only. On this hypothesis 

du _ /du\ /du\ dy 
dx \dx) \dy) cbs 

= 0, since Jf = by hypothesis. 
Hence, this substitution of yjr (x) for y has reduced u to 
a constant, since -y- vanishes without our assigning any parti- 
cular value to X. 
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Let US now return to equationa (1) and (2). Change in 
<ft {x, y) the variables x and y to x-\-h and y-Vk respectively. 
Calling M* the new value of u, we get 

, ,duydu A' (d'u 2& d'u ifc' d'u] _ 

''='' + '' di + '' d^-^\2W^-h d^y + h'df\ + ^- 

Let us now assign to x and y any values consistent with 
(3), leaving however the ratio of & to A quite arbitrary, and 
examine whether u' becomes less or gi'eater than m when k 

and A are sufficiently diminished. The coefficient of ^ in 

the above value o£ u', is 

^ d'u 2k d'w Jc'd'u , 2h^ k^-, J^H 

VNow by a) this ^^^| 

and is therefore necessarily positive if ^ be positive, and 
necessarily negative if A he negative, whatever he the ratio of 
kto ft, except for that particular value of the ratio which makes 
the expression vanish. Hence the conclusion will be this : if 
we assign to x and y values consistent with ^=0, then when 
A and k are sufficiently diminished, u' is certainly less than « 

if -j-i be negative, and certainly greater than it if -yp be 

positive, excepting only when k has to A one particular ratio. 
This latter case would require fiirtber examination, had we 
not already shewn that by a certain supposition u is reduced to 
a constant, so that when k has to A the one particular ratio, 
u' is ultimately neither greater tha.n « nor less than u, but 
equal to it. 

The whole theory may be illustrated geometrically; for 
example, if 

e* = a*-~x' — ^+ (a: cos a+ysina)* (J), 

find maxima or ininima values of z; 



3 J- = — a; + (ic COS a + y sin a) COS a 
= (ycosa— icsina) sin a, 

therefore, wheii y cosa — a;sina= (3), 

ish. 
TJnder these circumstances z becomes = ±a. 

Now equation (1) represents a cylinder having its asis 
parallel to the plane of {x, y). Equation (2) represents a 
plane which passes through the axis of the cylinder, and 
which cuts the surface in two parallel straight lines. Along 
the upper straight line we have z = a. M\. points in this 
straight line are at the same distance from the plane of {x, y\ 
and at a greater distance than any points not in this straight 
line. This straight line is in fact a ridge in the surface. 

Another example may be seen in the equation 

This surface is that formed by the revolution of a, circle aboot 
a tangent line which is the axis of z. The highest point of 
the circle will by revolution generate a circle, all the points 
of which are at the same distance from the plane of (a;, «), 
and at a greater distance than any adjacent points of toe 
surface. 





EXAMPLES. 


1. Let 


„=«'+»2,+,-+i'+^. 




£— ^-?. 


r^^--$ 


erefore 


2« + j-i-0, 


2y+«-^-<> 


erefore 


(2s + y)i'=o' 


-(2y + «)j,-; 
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therefore 2 (aj* - ^ ) ^ocy{y- x) ; 

therefore 2(x-y)(a? +ay + y^) ^xj/iy — x): 
either then x = y, 

or 2x* + 3a?y + 2y* = 0. 

The latter leads to an impossible result ; the former gives 

4 1 e?'w ^ . 2a^ 



dxdy 



<Pw_ 2a* 

therefore ;t^-7-» — ( t , J is positive when x and y have 

the assigned values, and -y-j is positive ; hence u is then a 
minimum. 

r . 

2. Let tt=cosa?cosa + sina?sinacos(y — /8), 
^ = — sin oj cos a + cos a? sin a cos (y — y8), 

^ss — smasinajsm (y — p). 

Hence -^ vanishes when y=y8, and then -j- becomes 
«y dx 

mn (a — ^)y and vanishes when a; = a. 

Also ^ = — cosojcosa — sinajsinacos (y — ^), 

2^ = -cosajsinasm(y-/S), 

£?!!.. r o\ 

^=s — smasmacos (y — pj. 
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The first expression becomes — 1, the second becomes 0, 
and the third becomes — sin' a, when the assigned values of 

X and y are substituted. Hence -q ;t • — ( , ^ ) is positiYe, 

and t« is a maximum. . 

3. Suppose u = e^'^ (aa? + h^, 

du , « 



dx 

du 
dy 



jr = 2y\b--aa^-^hy')e'^'^. 



Here ;7- = 0, and -j- = 0, give as one pair of values x = 0, 
y = 0. And these values make 

d^u _ d^u _ cZ*!* _ , 

therefore w has then a minimum value. 

Another pair of values is given by 

x^O, 
and b — ax' — hy^ = 0, 

that is, a; = 0, and v = ± 1. 

« 

With these values we have 

Hence, if a is less than h, we have a maximum value of «, 
and if a is greater than b, we have neither a maximum mx 
a minimum. 

There is only one other solution, namely, that found by 
combining 

y = 0, and a — aaj' — 5y' = 0; 

therefore y = 0,' and x=±l. 
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Here we should find that if a is less than J, there is 
neither a maximum nor a minimum^ and if a is greater than 
b. there is a maximum value of w. 

If in this example a = b, we arrive at the anomalous case 
considered in Art. 235. 

4. Let u = 8mx + smy + coa{x + 7/), 

^ = cosa7-sm(a;+3^), 

du • / , \ 

^ = cosy-sm(aj + 2^). 

-rndu :t du . n . r 

If -J- and J- vamsh, we must have 
dx ay 

cos a; = cos y = sin {x + y). 

These equations admit of numerous solutions. For ex- 
ample, 

if cos a; = cosy, 

we have x — y, as one solution. 

Hence we have cos x = sin 2a? 

= 2 sin ^ cos X ; 
therefore, either cos a? = 0, or sin x = \. 

If we take the first, and put x='y= -^ we have neither 
a maximum nor a minimum ; if we put 

we obtain a minimum. 

If we take sin x = ^, and put 

TT 

we obtain a maximum value for u. 
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5. To find a point such that the sum of the straight lines 
joining it with the angular points of a given tiiangle shall be 
a minimum. 

Let ABC be the given triangle; let BC=a, GA^^h, 
AB = c, Take any point P - 

and draw PM perpendicular 
to AB; let AM= x, PM= y. 
Also let AP^u, BP=v, 
CP=w\ the angle ^Pif= ^, 
BPM=^, CPM=^ylr. 

Then v!'=:^a?'+y\ 

v'^{c'xy + y\ 

w^= {bcosA — xy+ {bsinA — yy. 
For a minimum value ofu + v + w y^e must have 

du dv^ ,div _ ^ 
dx dx dx 




and 



du dv .dw_^ 
dy dy dy "" 



(2). 



Now 



du 
dx 


X 

u 


•' sin 6, 


do 
dx" 


c 


V " 


dw 


h 


cos -4 - a; 


dx" 




V) 


du 
dy" 


u 


•' cos 0^ 



= — sin -^j 



.dv y , 

-- = ^ = cos 6, 
dy V 

dw hsmA — y ^^„ , 

-— = — = cos Y* 

dy w 

Hence, from (1) and (2), 

sin ^ = sin ^ + sin '^, 

cos ^ = — cos j> — cos '^. 



^B EXAMPLES OF MASIlIi AKD MIKIMA. 2H ^^^H 

^■Equarc and aJd ; tbiis ^^^H 

■therefore cos (i^ - ^) = ~ ^ = cos ] 20". ^^H 



Thus the angle CPB must be 120°. Similarly it may be 
I «bewD that AFB and APC must each be 120". Hence we 
|))&ve the following result: describe on the sides of the 
I triangle segment* of circles each containing an angle 
O*, and their common point of inteisection is the point 
squired. 

. is obvious that there must be a point for which the 
wsed sum is a minimum, and therefore we need not exa- 
B the criteria depending on the second differential coeffi- 
ts. 

If the given triangle has an angle equal to 120°, then that 
IDgular point is the point required ; if it has an angle greater 
120°, the method fails to give the solution. It may 
3ver be shewn that when the triangle has an angle 
sater than 120*, the vertex of the obtuse angle is the point 
'i-ed. 

r suppose the point P inside the triangle and very near 
le angle B of the triangle ; let BB = r, PBA = a, 
BC = y, then 

M = ^{<? - 2cr COS a + O- « = »*. 
w = -/{a' — 2ar easy -i-r^. 

tus neglecting squares and higher powers of r we have 
^proximately 

ii + w = a + c+r-rCcoaa + coB7) 

a+7 «— 7 

= a + c4->--2rcos— ^cos— ^. 

is less than unity if -B is greater than 

^0*. and thus a + c + r— 2r cob ^-~- cob '^-^ k greater 

And it is obvious that if P be outfide the tii- 
i from A, B, and C ia greater 



242 EXAMPLES OF MAXTMA AND MINIMAt 

than a + c. Therefore in passing from B to any adjacent 
point either inside or outside the triangle the sum of the dis- 
tances is increased; and therefore at the point B the sum is 
a minimum. 

The values of ^- and -j- take the form - at the point 

CUV ay '^ 

B ; and this is the reason that the solution failed to indicate 

the point B. We have already remarked in Art. 234 that a 

maximum or minimum value may exist corresponding to 

such indeterminate values of the differential coefficients. 

6. Find the maximum and minimum value of 

Qix + Ay — g) {hx-V ky — b) 

Let u denote the expression^ and let v denote 

l + aj' + 2/"; 
then u = v'^ Qix -^-hy - a) {hx + % — 6) ; 

du __ h {2hx -f 2Jct/ — a — &) 2x {hx + ky — a) (hx + ky^b) 
dx" V tr* ' 

du _ k {2lix + 2ky — a — b) 2 y (hx + ky-'a) (Ax + ky-'b) 
dy"" V 1? ' 

Put J- = 0, and j- = : thus we deduce 
dx ay 

X y 

r=V = ^ suppose. 

Substitute rh for x and rA; for y in -r- = or -r- = ; we 

shall obtain after reduction the following quadratic equation 
in r: 

r*(A» + A;')(a + 5)+2r(A« + A;'-aJ)-(a+J) = 0; 

thus the values of r are possible, and one is positive and the 
other is negative. ". 



Ee differentiate the values of -j- and -^ 
ax ay 

ition use the relations which arise from 
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and aiter dif- 

3- = and 



-ly 



- 0, we shall find 



i(%- 



-j)_ 



2iV 



it"" 

Hence the sign olAG — 2?i& the same as the sign of 

id ia therefore the same as the sigu of 

Now it may be shewn that if a + 6 be not zero and a ba 
". equal to b, the sign of the la.st expression is positive 
both the values which r can have. For suppose a + b 

iiive; then we have to shew that „ ,,, , ,, - — r is positive, 
2{h' + k') 

it is, we have to shew that — t .^ --- ,, ■ is greater than the 

itive root of the quadratic in r. Substitute the positive 

mtity ■ ■ — jj- for r in the expression which forms tho 

hand member of the quadratic ; we shall obtain a positive 

t if a and b are unequal ; this shews that . ,, is greater 

the positive root of the quadratic {Algebra, Art. 339). 
■ly we may establish the result if a + 6 is negative. 

Hence the necessary conditions for a maximum or mini- 
im are fulfilled. 
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Since AO — B' is positive A and have tbe same sign, 
and that sign is the same as the sign of ^ + C, and therefore 
the same as the sign of 

a + h-ih' + h^r 
r 

If a + 6 is positive this expression is positive or negative 
according as r is positive or negative; if a-\-h is negative 
it is positive or negative according ae r is negative or posi- 
tive. Thus Tve can discriminate between the maximum and 
minimum value of w. 



Two particular cases which have heen 
remain to be noticed. 



ipted above 

I. Suppose 0=6. Here we shall have 

~^=^<iv^ {hx + ky -a)[hv-x (hx + hy-a)]. 
■^=2v~'{hx + Jcy~a)\h}-y {kx + Ay - a) }. 

If we suppose hx + }c>/ — a^O we arrive at the . case dis- 
cussed in Art. 235, in which there is not strictly a man- 
mum or minimum. If vre take the other factors in -,~ and 

ax 

-j- and put 

hv — x {kx + ky — a) =0 and kv—y [hx + iy — a) =0, 
wo shall obtain 

h k 

these values will be found to make u a maximum. 

The quadratic equation for r, when a=b, has for its rooU 

a 1 

AM- « a 

the former value leads to values of x and y which satisfy 

ha: + ky~a = 0; the latter leads to the values 



II. Suppose a + 5 = 0. The original investigation he- 
omes inapphcable ; it may be shewn that the only vaLues of 
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x and y which make -;- and -r- Tanish are a; = 0, v = : and 
il " dx ay • !) ' 

I these give a mimmum value to u. 
i 



W- Find the maximum value o{ x'y' {^—w—y). 

Result. Maximum T«heti a; = 3, y = 2. 

If u= {2aa: — a:^ (26y — y'), find its maximum or mini- 
mum value. 



Eemdt x=a, y=b, mate « a maximum. 

K u = a;' + y' — 21* + ixy — 2j/*, shew that when x = (i, and 
y = 0,u is neither a maximum nor minimum ; when 
x = ± V2, and ^ = + ij'2, m is a minimum. 

111. If M = y*-8/ + 18,v°-8J/-t-a:'-33;'-3a;, then 3 + 4 ^3 
is a maximum value of m and — 6 — 4 V2 is a minimum 
value of u. 

11. li v = x^ + xy+-f-ax~hj, then K"^-a'-i'^ is a 

minimum value of h, 

12. Divide a number n into three parts, x, y, and z, such 

that 9 + -IT + ^ ^'^^^ '^^ ^ maximum or minimum, 
and determine which it is. 

Result. ^ =^ =fi ^ maximum, 

13. If «=-a' + y'-|-3axy, then a' is a maximum value of m. 

14. Find the maximum or minimum of x [a? +y) — Zaxy. 

15. Find the maximum or minimum of i- . 

a a +0 

with the upper sign there is a maximum, with the 
lower a minimum. 

IG, If u = -^[{c~x){c-y){a!+f/ — c)], shew that it is a 
maximum when flj = j= — . 



L 
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17. Shew that ,,^ . « . o\ is a maximum when a; = - , 

V(l + ar + f) a 

c 
^ a 

18. Shew that x^^^ has neither a maximum nor a mini- 

mum. 

19. Find the minimum value of aj + y + a?, subject to the 

condition 

ah c ^ 
-+- + - = 1. 
X y z 

Result When -7- =-^ =-r ^'Ja + Jb +Je. 

hja hfo tjo 

20. Find the minimum value of a?^s^ subject to the same 

condition as in the preceding Example. 

Besult. When^=^ = -=:p + ^ + r. 

a ^ ^ 

21. Having given the three sides of a triangle, find a point 

within it, such that, if perpendiculars be drawn firom 
it to the sides, their continued product shall be a 
maximum. Shew that straight lines joining this point 
with the comers of the given triangle will divide it 
into three equal triangles. 

22. Find the maximum value of xyz subject to the con- 

dition 

a c 

■^^^ ^- 

23. Determine a point within a triangle, such that the sum 

of the squares on the distances from the three sides is 
a minimum. 

Remit. If p, ;, r, be the perpendiculars on the sidei 
a, J, c, respectively, then 

p _ y _ r __ 2 area of triangle 
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24. Detennme a point within a triangle such that the sum 

of the squares on the distances from the three angles 
ie a minimum. 

Jtesult. The centre of gravity of the triangle. 

25. Through a point within a triangle three straight 

lines are drawn parallel to the sides dividing the 
triangle into three parallelograms and three triangles : 
shew that the sum of these triangles is least when the 
straight lines are drawn through the centre of gravity 
of the triangle, 

26. A triangular space is to be diminished hy fencing off 

the corners, each fence being circular and having the 
nearest comer as centre : shew how to leave the 
greatest possible central space with a given length of 
fence. 

Result. The radii of the circular fences are equal. 

S7, Given the sum of the three edges of a rectangular 
paraiielepiped, find its form that its surface may he 



In a given sphere inscribe a rectangular parallelepiped 
whose volume is a maximum. Also one whose siuface 



Residt. A cube. 

Of all triangles of the same perimeter find that which 
will generate the greatest double cone by revolving 
about a side. 

Result. The fixed side must be two-thirda of each of 
the other sides of the triangle. 

A rectangular parallelepiped is so constructed that a 
plane which passes through three of its comers, but 
through no edge, contains a point whose distances 
from the three faces adjacent to one of the other 
comers are given. Shew that the shortest diagonal 
wliich such a pajallelepiped can have, is (a' + t' + c*)'i 
where a, h, c are the given distances. 
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CHAPTER XVL 

MAXIMA AND MINIMA VALUES OF A FUNCTION OF SEVERAL 

VARLiBLES. 

236. Let u = <]>{x, y, z) be a function of three independent 
variables, of which we require the maxima and minima valuer 
By an investigation similar to that in Art. 224, 

T du , dii jdu 
ax ay az 

h^ d^u ^ If d^u V d^u ^ T. d^u . ,, cPw . ,, cPw 

+ -^ -7-3 + 77-^-2+ TT ^-5+ A:&-i — 7--\-hl , , +nA; 



2 da? 2 dy^ 2 dis^ dydz dxdz dxdy 

where JS is a function involving powers and products oi h, k,l 
of the third degiee, which may be expressed for abbrevia- 
tion by 

l(,d^jd .dV 

V denoting (l>{x-\-0h, y + 0k, z + 61). 

If we make A, h, I small enough, the sign of 
^ (a; + A, y + A;, z + l)- (l>{x,y, z) 

will in general depend upon that of the terms involving only 
the first powers of k, k, I; hence, to ensure a maximum or 
minimum, we must have 

J du J du ydu ^ 
ax ay cCz 
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a.nd therefore, since k, h, I are iad^endent, 

Let values of a^ ^, z be found from these equations, and 

whea these values are substituted in -n , ^-i>---. let 
tlr d\f 

d'a_. d^u d'u_^ 

-j-s=--^, -r-,—i3, -j-i=i^, 
dxr dy dz 

-^=A' -^^^B- J^^C. I 

dyds ' dxdz ' dxdy ' ' 

The sign of 

^{x-vli, y + h z + l)-^[x.y,z) 

Ciin, with the values of a;, y, z just found, be made to depend 
OH that of 

^A' + 5/^+Cr + 2^'/:i + 35'«+2CM (1). 

Hence, that m may have a maximum or minimum value, 
the expression (1) must retain the same sign, whatever be the 
signs and values of li, h, I comprised between zero and fixed 
finite limits. K we put 

h^d, h = tl. 
it follows that 

-4s' + ^t'+ C + 2J'( + 2£'s + 2C's( (2), 

must be of invariable sign, whatever be the signs and values 
of 8 and (. Multiply (2) by A, and rearrange the terms ; then 

(J« + B'+ Oty+ {AB- C") t' + 2{AA' -RC) I + Aa-B'' 

(3). 

must retain aa invariable sign. 

Hence, (AB- C) {" + 2 {AA' -B'O') t + AC- B" must 
be incapable of becoming negative ; therefore 

AB— C must be positive, and (4), 

(^^■-BT)' less than [AB-C^ (AC~B") (5); 

(4) and (5) are the conditions that must be satisfted in order 
that u may be a maximum or minimum. Conversely, if they 
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ara satisiied, u is a maximum or mimDium ; for then (3) ii 
Qecessarily positive, therefore (2) has always the same agau 
A, and i* is a maximum if ^ he negative, and a mimmrnn if 
A he positive. 

Heuce the necessary and sufficient conditions for the 
existence of a maximum or minimum value of a function u of 
three independent variables, are, that the values of x, g, t 
drawn from 

p-o. ^=0, ^-0, 

ax di/ dz 

should make -rp, t— , — f , , J positive, 

and f''^'" '^'^ - ^^ <^f Y I ,v 

\dx^dyds dxdy dxdz) 

Lc' dy* \dx dy) j \dx' d^ \jix dz) j ' 



Idx' 

It follows of course from these conditions, that 
£?*« (Pa 
da^ dz' 



y-^ — I , . ) must be positive-. 



and thus -r-. , ^-, , t-. must all have the same sign, and v 
dx d'tf dz ° 

is a maximum if that sign be negative, and a minimum if it 

be positive. 

From the conditions f4) and (5), we should conjecture by 

the principle of symmetry, that BC — A" will also be poaiti™ 

if (4) and (5) hold. This is easily verified, for from (5) m 

find that 

A {ABC-i-'2A'B'C-AA"-BB"~ CC] 

is positive, and therefore, since A and S have the same Bign, 

by (4) 

S{ABC+2A'SC-AA''-BB-- C0"| 

is positive, and tlierefore 

(SB'- J' (7)" is less than l,BC-A-) ^BA-C"), 

from which it follows that BC—A" is noaitive. 
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237. Example. Let t 



dw_ yz {ay — a:') u{ay — x^) 

d^~{a-^xf[^yY'J3 + e){z^'h)~x{a-Vx){x + y)- 

Similarly, -j- = - , ' ■ ■■ ■ -. , 

^— « {by — ^) 

Hence, ifay — 3;*=0, xz — y* = Q, and &?/— a' = 0, w ma^ be 
a maximum or minimum : these equations give 

? = ^ = - = -- 
a x y z' 

terefore each of these fractions = . / 1 - . - . ~ . - 1 or . /- . 

y \a X y el V a , 

Ul this T \ then 

ic^ar, y = xr = ar', z=yr — ar". 

Proceeding to tbe second differential coefficients of u, we 
we 

d'u _ 2xu „ 

e terms intruded in the &c, being such as vanish when the 
ecilic valuea are assigned to x, y, z, 

_, . 2« 2 

Hence A = — j— tt 7^= — a—, r, • 

«V(l + r)' aV(l + r)' 

imilarly B, C, ... can be found, and we shall finally arrive 
I tlie result that u is a maximum. 

238. Suppose it required to determine the maxima and 
Inima values of a function tf> [x, y, z, ...) of tn variables, 
e»e variables being connected by « equations, of which tho 
oeral form is 

FM 'J.', ■■■) = « (■)■ 

The m variables involved in ^ are of course not all inde- 
udest, since by means of tbe given equations n of them 
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may be expressed in terms of the remaining m — tu The 
simplest theoretical method of investigating the masima and 
miaima values of tf> would be to express by means of tlw 
given equations the values of n of the variables in terms 
of the rest, and to substitute these values in i^ ; thus ^ 
would become a function of m — n independent variables, 
and we might proceed to ascertain its maxima and mimm 
values in the manner already given for functions of one, two, 
or three independent variables. But this method would be 
often impracticable on account of the difficulty of solving tks 
given equations, and the following method is therefiM 
adopted. 

Suppose X, y, s... all functions of some new variable t, di 
which consequently i^ becomes a function. Put for shoitiua 



then 



d^ _d4> J- 



'Dy, 



1)3 + 



From the n given equations (l) we deduce 



da, 
dF, 
dx 






dF. 


Dx + ^Z.j,+ 


^-.... 



I 



By solving the linear equations (3) we can express « ">f 
the quantities Dx, Dy, Dz... in terms of the reraaining 
m.~n. Substitute these values in (2), then only m — n of the 
quantities Dx, Dy, Dz ... remain, and we have a result 
which may be written 



dt 



'X.Dx + Y.Dy + Z.Dz... + Q.Dq (1), 

where X, Y, Z, ... do not involve any of the quantiti* 
Dj; Dy, Dz, ... Since, consistently with the given eqos- 
lions, we may consider the m — n quantities Dx, Dy, Dt, ■■■ 
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to be quite arbitrary, it follows, in the same manner as in 
Art. 233, that if ^ is to be a masimum or minimum, we 
must have 

X=o, Y=o, z=o, ^-n (5). 

From these m — n equations, combined with the v. given 
equations, we can find the values of the variables for which 
may be a maximum or minimum. To determine whether 

if) is & maximum or minimum we m.ust express -^. I'rom 

(4), with the use of (5), we have 



We should then examine whether the above expression 
retains an invariable sign, when the specific values of the 
variables x, y, z, ... are used, whatever be the arbitrary 
values assigned to Dx, Dy, Dz, .... If it does, then A is 
a maximum if that sign be negative, and a minimum if it 
positive. 

239. The practical solution of any example ai:cording to 
the above theory is facilitated by making use aiindetei-minate 
mullipliers. Multiply the first of equations (3) by \, the 
second by \, ... the n,"' by X,, the values of \, \, ... \, 
being at present undetermined. Add the results to (2), then 
we may write 



dt' 



IdJ, , dF, , dF. , dF, 







If we equate the coefficients of n of the quantities Dx, 
Dy,.: to zero, we shall arrive at n equations for determiim^ 
\, \, ... X^. Substitute these values of \, \,-.- X,, in the 



remainiug terms of (S), i 



- takes the form given in (l) ; 



WB must therefore equate to zero the coefficients of the re- 
maining m—n of the quantities D^, Dy, ... Hence ivebaw 
the rule ; " Equate to zero the coefficients of every one of the 
quantities Dx, Dy, ... in (G) ; the m equations thus foanii, 
together with the n given equations, will enable us to elimi- 
nate the n quantities \, \ ... \,, and to find the values ot 
the quantities a:, y, z..." 

240. The concluding part of the theory in Art. 238, in 

which we are directed to examine the sign of -^ , frequentlj 

becomes in practice excessively complicated. In fact the 
examples of this method are generally such as allow us to 
predict that a maximum or minimum must exist, and to dis- 
pense with the second part of the investigation. 



EXAMPLES, 
Find the maximum or minimum value of 



-w- . 



subject to the conditions 

ax + hj + cz -1 = 0,] 

a'a: + b'i/-\-c's~l = 0, J 

Putting (f) for x^+y'-i-z', we have 

^^ = 2xDx + 'iyDy + 2zDz. 
Also from equations (1), 

dDx^-b'Dy+c'Dz = 0, J 

Hence, multiplying equations (2) by \ and \ respectivelyj 

we may put 
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d0_ 



^^ = (2j: + \o + V') -0* + (2y + \i + V'') % 

Therefore 2x + X,a + \a'=0, | 

2y + X,6+X/ = 0, [ (3). 

Multiply equations (3) by a, h, c, respectively and add ; then 
' ■e,by(l). 
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2 + X, {a' + J' + c*) +X, (aa'+ hh'+ cc") = 



-.(4). 



Similarly, 

2 + \{a'+i"+c")+\{aa'+lh--^cc) = (5). 

Equations (4) and (5} determine \, and \, and then by (3) 
e find X, y, z. Also multiplying (S) by x, y, z, respectively 
ad adding, we have 

2^ + X, + \ = 0, 

which finds ^, Tliis is the solution of the following question 
in Geometry of Three Dimensions: "In the lino of inter- 
■fictiou of two given planes to find the nearest point to the 
origin of co-ordinates. ' From the nature of the question it 
'a evident there must be a minimum value of ^. 

^^ 2. Determine the greatest quadrilateral wbich can be 
farmed with the four given sides a, j9, y, S, taken in this 
der. 

Let aj denote the angle between a and ^, y the angle between 
and £. Tho area of the figure is ^ [s/3 sin ^ + 7^ sin ^), 
horcfore we may put 



fi {x, y) = 0^ sin ic + 7S sin ^ . 



■ (I). 



If wc draiv a diagonal of the figure from the intersection 
of /3 and 7 to the intersection of a and S, we have from tho 
two different values which can be found for the length of this 
diagonal, a' + jS* — 2i^ cos a; = 7" + 8' — 27S cos y. 

Tims 
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1 


W From (1) and (2). 




^ 


~^ = a0cosxDa^ + 'yScosyD2, 


■(S). 


B 


0= afi Bin xDa: — yB ^ l/Dy 


•W, 


therefore 


t="^H-+^^1^- 


■'* 


Heace, since 


the coefficient of Dx must vanish, 
ain{:. + 3,) = 0. 




Therefore x+^ must be zero, or some multiple of 
only solution applicable to the present question is 


ir;lhe 




'E+J = '^ 


.(«). 


Hence coa y = - cos a; : substituting this value of coay in M 
equation (2), we have 1 


Since by (5) 


-j- = -. JJx, 




we have, neglecting such terms as vanish, by (G), 




■ 


g_?^J|±?-)i,,(i,,+fl,), 




which, by means of (4) and (6), becomes 






-^,(-|)'-)-- 




Hence, since -— is negative, we have found a maximum ■ 


value of 0, namely, when the sum of two opposite angles ofl 
the figure is equal to two right angles. . 1 


_ Thus the 




It may now be shewn that when all the sides of a 

lineal figure are given the area is greatest when the 

^^ can be inscribed in a circla For let PQ, QR, RS, ST 


3 
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sent any four consecutire sides. Then, by what we have 
I just Been, P, Q, R, S must lie on. the circumference of » 
t circle : for otherwise the area could be iacreased, by leaving 
I the rest of the figure tmchanged, and shifting PQ, QR, MS 
I nntil the points P, Q, R, S did lie on the circumference of a 
|<rarcle. Similarly Q, R, S, T must lie on the circumfecence of 
f a circle. And tiiis circle is the same as the former circle, for 
s the circle described round the triangle QR8. In this man-' 
: we shew that when the area is greatest the figure must 
' have all its angular points on the circumference of a circle. 
Suppose an indefinitely large number of consecutive sides 
of the figure to become indefinitely small : then the cor- 
responding portion of the boundary of the greatest area be- 
comes an arc of the circle of which the remaining sides are 
chords. Hence we obtain the following general result : if an 
area is to be bounded by given straight rods and strings, the 
area is greatest when the strings are all arcs of the same 
circle, and the straight rode all chords of that circle. 

The following problem is analogous to that which we have 
been considering. Required to determine the greatest area 
which can be inclosed by a quadrilateral three of whose sides 
[ are given, 

' Let a, b, o denote the lengths of the three given sides, 
taken in order of contiguity. Let denote the angle between 
the sides b and c, and ^ the angle between the side a and 
that diagonal which passes through the angle between a and 
b. Then the area of the figure is 

-bceinS + -a V(J° + c^ — 2hc cos 6) sin ^ 

This is a function of the two independent variables 9 and ; 
but we can obtain the result which we require without going 
through the usual process for finding the maximum value of 
a function of two independent variables. For we see that 
to ensure the greatest area must be a right angle. In a 
similar manner we might shew that the angle between the 
aide c and that diagonal which passes through the angle 
between 6 and c must also be a right angle. Hence the qua- 
drilateral figure must be capable of being inscribed in a circle 
of which the side not given must be the diameter, 
T.D.C. 
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It may now be shewn that when all the sides of a recti- 
lineal figure are given eseept one, the area is greatest when 
the figure can be inscribed in a circle of which the side not 
given is the diameter. 

For let QS represent the side not given, snd PQ an adj^ 
cent side. Then the whole figure must be capable of being 
inscribed in a circle : for otherwise the area could be increased 
without changing the length of any side. And the angls 
QPJi must be a right angle : for otherwise we might leare 
PQ and Pli unchanged, and by changing QB replace the 
triangle PQM by a larger triangle. Andsiuce QPJt is arighl 
angle, QB is a diameter of the circle surrounding the figure. 

3. Find the maximum and minimum value of u" when 

M' = oV + 6y + cV (1), 

while 3^ + y + a*=l (3), 

and £c+m^ + n3 =0 (3). 



From (1), (2), and (3), we deduce 

= a'xDx + VyDy + c'zDz . . 
= xDx + 7/Dy + zDz ... 
0=i IDx -\-mDy +nDz... 



Multiply (5) by \ and (6) by \ and add to (4) ; 
equate to zero the coefficients of Dx, By, Dz ; thus 



a'x + \x + '>4 = 



■m. 



..(9). 



Multiply (7) byjr, (8) byy, and (9) by z, and add; the 

by (2) and (3), ^ 

oV + fcy + c'z' + \ = 0. 

X, = - u'. 
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Therefore, from (7), (8), aad (9), 



V 



y= 






a* 






and thus, &6m equation (3), 



P . tr^ n 



u—ar u "0 u—c^ 

This equation is a quadratic in u^ from which two values 
of tt* can be determined, one of which will be a maximum 
and the other a minimum. It is obvious that a maximum 
and a minimum value of u^ must exist, for x, y, z, cannot all 
vanish simultaneously, and no one of them can be greater than 
anity ; hence u* must lie between the limits and a^ + V + c", 

4. Find the values of x, y, z, when x^yz^ is a maximum 
or minimum, subject to the condition 

aV + 26y' + «* = c*. 

We have, putting u for x*yz\ 

k^y^Dx + a?VjDy + 2x^yzDz = 0, 

{4J)x Dy . Wz\ ^ 
[ x y z ) 

Also cfxBx + ^^Dy + %z^Dz = 0. 

Therefore - + \€fx = o, 

X 

S3 
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Multiply the first of these eqitations by x, the seoimd bj 
■^ y and the third by z, and add ; then 

therefore ^ ~ — V* ' 

_. , , 12c* , . c* 4 3c* 

Hence aV = — , ^f^^' ^"^17' 

5. To find the maximum and minimum value of r* when 

r' = (x-a)' + (y-i8r + (a-7)', 
the variables and constants being connected by the equations 

^ + C+^* = i W' 

& + iny + 7w;=j) ..(2), 

la + m^+ny = p (3), 

a^"i«m c'n ^^' 

[The student who is acquainted with Geometry of Three 
Dimensions will see that (1) is the equation to an ellipsoid, 
and (2) is the equation to a plane ; a, ^, 7 are the co-ordmates 
of the centre of the curve of intersection of the plane and the 
ellipsoid, and r is the radius vector drawn from the centre 
of this curve to any point of the curve.] 

Since ?'* is to be a maximum or minimum, we have 

{x-a)Dx+{y-^)Dy+{Z'-'.y)Dz=^0 (5)- 

also from (1) and (2) 

^^■^■"F"'*""? — ^ w. 

Wx+mDy+nbz = (7). 
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Multiply (6) by X, and (7) by ft, and add to (5) ; then 
equate to zero the coefficients of Dx, Dy, and Dz ; thus, 



« — 7 + -T- +/!«=& . 



...(8), 
...(9), 
..(10). 



Multiply (8), (9), and (10) by x-a, y~^, and i 
respectively, and add ; thus by (2) and (3) 



'' + M^^ + ^^ + ^} 



'0, 



Now by (4) 

_a_ _ _^ _y__ tt? + )9"t + yra £ 

aV ~ b'm ~ cV ' a'i' + 6W + cV a'P + fm' + tfn' ' 
tbiu (U) becomes with the help of (3) 

,^ =X Its— ;^i — T-T - if = X* say. 

Thua (8), (9), and (10) may be written 

-('+)£) = '"-'''■ 

By Bubstituting the values of x, y, and z from these in (2), 
Fe obtain 

Uca*(a—firi mkh* {8 ~ fim) fik<? {y—ftn) _ 
ka' + r' "'" A6' + r» "^ itc' + r» ^' 
ibo fa + m^ + tiy —p. 
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By subtraction 

.■.(V.g) .v(v.|g) .v(.,.^) 

ka' + r' kU'^-t^ 



k6' + r' 

Now ^jM + -n I kfi-^ ji- , and kfi+'~ are of equal valne 

by (4) ; and this value cannot be zero, because then by (iS) 
we should obtain the inadmissible results x = a, y=^, x=t. 
Hence dividing out we have 



'"jto'+»^ 



= 0. 



This quadratic will give two values of r", one will be 
the maximum value of r" and the other the minimum value. 



of the values of r* will be 

kVbVjl'-hm'+n^ , 
aH' + b'm' + c'n' ' 
and TT times the square rcMt of this product is the area ot 
the curve of intersection of the ellipsoid and plane; hence 
taking the positive value of the square root we have lot 
the area 

{a'P + bW+c'n'}i J" 



Find the maximum 
u = a;*a V, and 2x + 



r minimum value of 
u + 4:Z = a. 



Result. 



■■ ©■'» 



a mazimuiQ t^u& 



7. Find the minimum value of u from the equation 

M = a;'+y + B*+ , 

the variables being connected by the equation 

ax + hy + cz+ =h. 

4* 



ReauU, u = 



ffl'' + 6' + (^ + .. 



Examples of maxima and minimh. 
Find the minimum value of 

a;" +■ y* + z' + x - 23 — a(y. 

Result. x = — ^, y = - 



h 



63 ^^1 



Find the ininiim*m value of a'+j' + e*, where xys = ^. 

K a;, y, a axe th« angles of a triangle, find the valuee of 
ic, y, e which make sin^ic sin"y sin'z a maximum. 

Find the maximum or minimum value of x'y'e'' auh- 
ject to the condition la: + 'my + ve = a. Hence find the 
parallelepiped of maximum volume which has for its 
three edges the axes of x, y, z, and has the intersection 
of its opposite edges in a given plane. 

If (ke' 4 hxy + cj' =/, and r' = a:' + j°, shew that the 
maximum and minimum values of r are given hj the 
equation 

(6' - iac) r* + 4/(a + c) r" - 4/'= 0. 

Find the maximum value of 



where i = V2y(j + |s + ^) 



A given volume Y of metal is to be formed into a 
rectangular vessel ; the sides of the vessel are to be 
of a given thickness a, and there is to be no lid. De- 
termine the shape of the vessel so that it may have a 
maximum capacity. 



Resvlt. If a:, y, and s, 
and depth ; 



B the external length, breadth, 
[V- 



^m': 
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15. If r^ = a? + ^4-2;', where 

oaj" + Jy' 4- c«* + 2a'yz -f 2y«i» + 2c'a?y = 1, 
and lx + my + nz = 0, 

find tlie maxiumm and mmimum values of /. 

Result. They are determined by the equation 

'•H)(«-?)-'(«-?)K)--("-?)H) 
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CHAFPEB XVn. 

ELIMINATION OF CONKTINTS AND FUNCTIONSk 

241. We nay make use of •differentiation in order to 
eliminate from an equation involving variables and constants 
one or more of the constants. For example, let 

(y-6/+(a?-a)*-c»=0 (1). 

Differentiate three times, giving 

(»-»)0-^(l)'^-» w. 

<»-')S!*»IS-'' («• 

From these four equations we may deduce an equation 
free from the three constants : we have 

djf « — a 
Ax y ^b^ 

iPv dxda? 3c*(ag — g ) 

^ h(l)]S-»l@)'-« ")• . 
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2i2. In general, if wo bave an equation between i and j 
and n arbitrary constants, and we differentiate m times suc- 
cessively, we have m + 1 equations between ^ich we can 
eliminate m constants, and this will give a result involving 



dx" 



and inferior differential coefficients of y. Tliere nill 



also be n — m constants in tie resulting equation ; and as we 
can choose at pleasure the m constants we eliminate, we on 
form as many resulting equations containing n — m constaate, 
as the number of combinations that can be formed out of 
n things taken m at a time ; tbat is. 



«(»-i) ■■■(»- 



»+i) 



Each of these resulting equations is called a differeiAvA 

equation of the m'" order, -j-— being the highcBt differential 

coefScient of?/ which occurs in it. 

When the original equation is differentiated n times Buo- 
cesaively, we have n + 1 equations, between which aJl tie 
constants can be eUminated, giving ua a differential eqitation 
of the n** order. 

2*3. If we recur to the example in Art. 241, we bave 
for one of the three differential equations of the first order, 

If we find a from this equation in terms of a:, y, h, and 

-^ , and substitute in the given equation, we obtain another 

differential equation of the first order. If we find b in teniw 

of X, y, a, and -^ , and eubstitiite in the given equation, *e 

obtain the remaining differential equation of the first order. 

The three differential equations of the second order wliidi 
can be obtained by combining equations (1), (2), and (3) rf 
Art. 2il, are 
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11- (in 




& 


{-(1)1 



m 



It Trill he found on trial, that if yre take any one of the 
differential equations of the first order, and differentiate twice, 
we shall obtain the same result if we eliminate the two 
constants involved in these three equations, as we have 
already found in equation (5) of Art. 241. Also, if we 
take a/ny one of the differential equations of the second order, 
differentiate once, and eliminate the constant involved in 
these two equations, we shall still arrive at the equation (5) 
^(tf Art. 241. 

Sii, The process by which, as in the preceding Article, 

I we may deduce differential equations by differentiation and 

I eliininatiou of constants, has not in itself much interest or 

' value. But the method of passing from the differential 

equations to the primitive equation from which they were 

deduced, forms a most important branch of mathematics. In 

fact all investigations in physical science lead to differential 

equations, which must be solved before we can be said to 

understand the subject we are considering. Wo do not 

enter here on the solution of differential equations, but it 

is usual, in treatises on the Differential Calculus to devote 

l:-8ome space to the consideration of the formation of such 

equations by elimination, as this process throws light on the 

Biethods to be adopted for their solution. 
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245. Not only constants may be eliminated/ but functioifi. 
Suppose, for example, 

jjr = sin«; 

then j^ =5 cos a 

dx 

therefore y*+ (^ -1 = 0. 

Hence the function sinx has been eliminated. 
Again, let 

therefore ^= {l + tan«(a? + y)} |l + g} 

Hence tan (ar+y) has been diiminated. 

In these examples given functions have been eliminated: 
"we proceed to cases in which vmkfoofwn. functions ac^ fSaa^ 
nated. 

246. Suppose « = ^ f- j , where ^ denotes some fuAcKon 

the form of which is not given, and which is therefore called 
an arbitrary funotion. The variables x and jr afe supposed 
independent. ^^ 

Put - = < i then 

y 

a-*'(')|-i*'». 

therefore * Z" "^ ^ ^ ~ 
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HenoQ this last equation is true whatever be the form of 

f the function if); for example, if s = log(-l, or 3 = sin-, or 

2 = ( - 1 , in each case we have that equation subsisting. 

247. Suppose u=ip {v), where u and v are known func- 
tions of X, y, and z, but the form, of is not given. The 
variables x and y are supposed independent. If we differen- 
, tiate both members of the equation with respect to x and y 






(dv dv dz 1 



du dudz _j,f \ (dt 



(dv dv-dz\ 
\dy dz d 
IHierefore, whatever he the form of ^, 

(du dudz\/do dvdz\_/du dudz\fdv du dz\ 
dx dz dxj \dy ~3k dyj \dy dz dyj \dx dz dx) ' 
In other words we have eliminated the arbitrary fimc- 
I tion ^ 



\ two known functions of x, y, b, which enter into an equation. 

-FKy,»,*,W,*,Ml--o (1), 

nd ^j being arbitrary functions, K we form the equations 

1^ = ^- -^='> (''' 

d'F ^ d'F „ d'F „ ,^, 

-j^ =0, -j-^- = 0, -^-, =0 (3), 

dir dxdy df ^ ' 

we introduce the unknown functions 

♦,'w. *;w, *,"w. *,"(«,). 

and these, with ^^(a,), and ^,{o!^, form six quantities to he 
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eliminated between the six equations (l). (2), (3). Thk 
cannot generally be effected Proceeding to the equations 

da? ' cb^dy "' dxdf "' rfy "■■•^*'' 

we shall introduce only two new unknown fuoctions, namely 
0/"(a) and 0,"'(oj). Hence we can obtain by elimination sn 
equation between z and its partial differential coefficients with 
respect to y and x of the third order inclusive, which wili 
be free from the functions j>, (a,) and 0, (a,) and tlieir derived 
functions. Since we have ten equations and eight quantitiw 
to be eliminated, two resulting equations can generally ba 
obtained, 

249. We say that generally, in the case supposed in ihe 
preceding Article, we cannot eliminate the arbitrary functions 
by proceeding as far as the second derived equations. Caaea 
however occur, in which, owing to the forma of o^ and a,, this 
elimination can be effected ; for example, suppose 

z==<p^{x + ai/) + <p,{x-ay). 

-Jy = '^K (a! + ay) - f^'^1 {a; - ay), 
^ = <^;' (^ + ay) + 0," (x - ay). 



a^lj>^ [x + ay) + aVs" [^ - 



dy" 

d' 



250. Suppose we have an equation between three vari- 
ables of the form 

^hs.'.M'XMO, *.WI-o. 

involving n arbitrary JimctioTis if>^, ip^, ip^ of the n knovm 

/■unctions a,, a„ a, respeetively. 



The number of unknown functions ■will be (m + 1) n, and 
therefore, that we may be able to eliminate the arbitraiy 
Eunctionfi, we must have generally 
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If we proceed in the manner of Art. 248, and deduce 1 

feom this equation all its derived equations up to those of the J 

order inclusive, Tve shall obtain 



1+2 + 3 + 4+., 



.(-«+l) 



(m + l)(m + 2) 



greater than [in + 1) n, 



therefore 
therefore 



— — greater than n ; 
ji = 2« — 1 at least. 



If m=2n—l, the number of equations will be n (2n+ 1), 
and the number of functions to be eliminated, 2n'; hence, 
there will be generally n resulting equations. 

251. Suppose however that the known functions a,, a,,. ..a,, 
are all the same function ; we shall find that it will be """ 
cient to proceed to the derived equations of the n'^ 
inclusive, in order to bo able to eliminate the arbitrary 
tions. For let 

Flx,y.z, *.{.), *,(.) *.W)=Oi 

tlifierentiate with respect to x and ^; thus 
dF ,dFdz . dF (da. . di dz\ 



order 
fmiCT 



,dFds^ dF/da 

dx dz dx d'3- \dx dx dxj 

dF dFds^ ^/^ d^dz\ 

dy dz dy dx \dy dz dyJ 



= 0, 



:0. 



SUminate - 



ds dy 
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This result involves only the same arbitrary fuDctionsM 
the original equation, namely, 

*.(«). ♦.(») M'): 

it also involves -3- and -j~ ; we may denote it by 

-^{-■^'''S' |. *.(**.!») *.<=■)}=»■ 

Differentiate this equation with respect to x and y U 
before ; thus we obtain another result which involves onty 
the aame ai'bitrary funetiona as the original equatioE, I^ 
continuing the process until we introduce the differential 
coefficients of z of the n"' order, we find that we have on lit! 
whole n + 1 equations, from which the n arbitrary funclioiu 
may be eliminated. 

252. Suppose we have two equations of the form 

F[x, y, z, a, 0/a), ^,(a), 0„ (7)} = 0, 

/{:n,2,,.,a,^,(a),<^,(a) ^,,^1=0, 

whereaiaauMnfoioWrtfunctionof a;, y, and s, and ^,, i^,,...^ 
denote arbitrary functions ; and let it be required to eliminate 
a and the arbitrary functions of a. In thia case also we shall 
find that it will be sufficient to proceed to the derived equa- 
tions of the 71"' order inclusive. 

As in the preceding Article we differentiate the first equa- 
tion and thus obtain 

dF_ d 

dx de dx _ dx dzdx . 

^V— — ~— +— ^ 

dy ds dy dy dz dy 

But as a is not a known function the right-hand member of 
(1) is not a known function. But fi'om the second of the 
given equations we obtain in the sai 
dn dadz d/ fi/ 



^ da die daf"^ 






da da ds df df ds ' 
dy ds dy dy dzd^ 



I 
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SO that we can replace tlie right-hand member of (l) by the 
right-hand member of (2). Hence, as in the preceding Article, 
we obtain a result which we may write 



' die' 



l>^(<^).<PM 'I>M\ 



--0. 



Differentiate this again and make use of (1) or of (2) ; thus 
we obtain another result involving only the same arbitrary 
quantities. By continuing the process until we introduce the 
differential coefficients of z of the «* order, we find that we 

I have on the whole ji -I- 2 equations from which we may elimi- 

I nate aand the n arbitrary functions of a. 

253. As an example of the preceding, suppose only one 
arbitiajy function ^(a). The given equations become 
/(»,y,s, «,./.(»)] -0, 

Differentiate each with respect to x and y. We thi 
BIX equations, from which we may eliminate 






, <^(n), and ^'(a), 
leaving one equation between 



' dx' 



dy' 



i 



254. The conclusions obtained in Arts, 251, 252 are- 
due to Dr Salmon ; see his Geometry of Three J)imensions, 
Chapter xii. It had been usual to overestimate the num- 
ber of derived equations which are necessary in order to 
effect the elimination in Art. 252, Suppose, for example, there 
are two arbitrary functions so that 

/{x,y.s:,a.<f>,{a).<t>M = 0; 

then it might appear that by forming the derived equations up 
' to the second order inclusive, as in Art. 248, we should obta.i'o. 




ELIMIIfATION OF FUNCnONS. 



twelve equations, but have twelve quantities to elimioite, 
namely 

da di d^a d^a d'a 

' dx ' dy ' dj^ ' dxdy' dy' ' 

*.W. *.'(•). A"W. *.(•). *.'("), *."(«)• 

But the fact is that by adopting the method of Ait 3SS, 
we have ^,'(a) and ^,'(a) occurring in such a way that thej 

disappear together in our elimination of -5- and -4- ■ Heaca 

it happens that we are able to effect the required elimination 
without proceeding beyond the derived equations of the second 
order. 

255. In particular cases the elimination may be effected 
without proceeding to so many differentiations as the general 
theory indicates. Suppose, for example, that wc have threw 
arbitrary functions, we should generally have to form the de- 
rived equations of the third order by Art. 253. But if the 
three arbitrary fuuctious are bo related, that 

*.(«)-*.■("). 

the given equations take the form 

■F(«. J, ». «. *{«), *,'(«). ^."Wl-O. 
/lx,J,,;>,a,,f.(.). ^.'W.^/'MHO; 

and by proceeding aa far as the second derived equations, wa 
obtain twelve equations and eleven quantities to be eliminated, 
namely 

d^ da d'a. rf*a d'a 
dx' dy' dx' ' dy" ' dxdy' 
*,W, ,f,'(.), *."W, 4,."' (a), <f, ""(.). 

Thus we can deduce one resulting equation involving ■ 
y, z, and partial differential coefficients of js up to those oft) 
second order inclusive. 
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256. We ■will give one case In which, more than three 
Variables are involved. Suppose 

F{u.x.y,z,<t>{a,m = (1), 

in which ^ {a, ff) designates an arbitrary function of the two 
quantities a and /3, which are themselves both known func- 
tions of u, 37, y, and z. If we differentiate (1) with respect 
to each of the independent variables x, y, e, we obtain three 
equations 

dx ' dy ' dz ^ '' 

In these equations, besides the arbitraiy function ^, we 

ive its two derived functions ~ and ■^. Hence, between 
da dp ' 

the four equations (1) and (2), we shall be able to eliminate 
'the three arbitrary functions, and arrive at an equation in- 

, . du dfi ■, du 

«l«ng«.^,y,., ^. ^ and^. 



EXAMPLES. 

1. Eliminate the constant irom 
ay_c=(a! + y)(c-l). 

ResvXt (2^+!C+l)^+3(' + 3/ + l=0. 

2. Eliminate e* and coa x from 
y - 6" cos a; = 0. 



*'"'"■ 0-^i+^j'-''- 



S. If J?- 2ay - a' - i = 0, shew that 

cb? dx 

JS y = ae"" Binnx, shew that 
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6. Ify = asinaj + 6cosa?, then 

6. Eliminate the exponentials from 

Remit. ^^+2^-ay=0. 

7. Eliminate the constants from 

Result. ^i'§ + «(S)-y|=*^ 

8. Eliminate the constants and exponentials from 

^- 0HlM}{(S)"-4='g(S) 

9. If (aj+y) (c+ log x) = a?6*, then 

10. Eli m inate a and 6 from 

Result a?' j^+2aj^H-2y = 

11. Eliminate the constants from the equation 

1 = aoi? + ibxy + c^. 

12. If i - 1 =/('l _ 1) , shew that 

(fa? * rfy * 
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13. If log« = ^ {ay + Ja?) + -^ {ay - hx), then 

14. K a =^^ (a;+y), then ^ - ^ = ^ 



15. K ^ = ^(e"sin^), thensiny T- = cosy -5-. 

ds? \dy) dx dy dx dy ^ \dx) "" 

17. If '^-./f^^^^V then 

, .dz * . .dz^ 

18. Eliminate the arbitrary functions from 

z=sa!(f> {ax + hy) H- yy^ {ax + by). 

Mesmt a t-, -*- 2a5 , , + 6-3-. = 0. 
cty^ dxdy doer 

19. Eliminate the arbitrary and exponential functions from 

Mesmt. -T-i ==nu'^2n-7- + -^. 

20. Eliminate the circular and logarithmic functions from 

(1) ytefiinloga?, (2) y =:logsiiia?. 
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21. If «=:^ + ^(^ + logy), then 

22. Eliminate %he functions from y = irf («) + ^ («). 

£e8u7^. The same as in Example U 

23. 1£ z + moG+ny =/{(a?- a)*+ (y - i)«+ (« - c)'}, then 
{y~6-n(«-c)}^-{a?-a-in(«-c)}^=:n(a?-a)-m(y-l 

24 If -8r = aj*(aa; + 6y) + 0(y*+a')+^(y'-a")* 

th 1 d'^ 1 <?'g 1 dz 1 dz_Sa laf 
of ds? jf^ dy* x^ dx y^ dy" x y* * 

25. If « = ^ {a? H-/(jf)}, then 

d'z dz^^dz d'z _^ 



dxdy dx dy dx* 

26. Eliminate the arbitrary functions from 

*»^ (■'S-^§)'+He-4)(4-4)- 

27. If tA + y + « = a?'/ {^ (w — y)> ^ (y —«)}> tli^ii 

du , . , \du . . . c?!^ 

«^+(«+«)^+(«+y)^=y+«. 

28. Iftt = ^|i'(y'-a»), /(^-y-«)|, then 
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29. li u=^xyz.F{f^{a?'\-y''Vz\ /,(ajy + a:5?+y^)}, then 

, ^du ^ , ^du ^ , .du 



(y — z z — x x — y\ 
X y z I 



30. Eliminate z from the equations 

BmM. 2^ (ar, y) = ^ -^ 

31. EUminate the arbitrary fuuctions from 

T> » • d'« rf'« • d^z dz dz m 

32. Shew how to eliminate the n arbitrary fanctions from 
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CJHAPTER XVHL 



TANGENT AND NORMAL TO A PLANE CfOBVK 



257. Definition. Let P, Q, he two points on a cwve, 
and suppose a straight line drawn through them ; the limit- 
ing position of this straight line, as Q movea along the curve 
and approaches indefinitely near to JP, is called the tangeii 
to the curve at the point P, 




To find the equation to the tangent at a given point of 
a curve. 

Let Xy y, be the co-ordinates of the given point P, 

X + Aa?, y + Ay, the co-ordinates of another point Q on the 
curve. 

Then x, y\ being current co-ordinates, we have for the 
equation to the straight line PQ, 



, y + Ay — y , , . 



that is, 

Now let Q approach indefinitely near to P; the limit of 
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•^ Is -^, and the equation to tte tangent at P is 

268. Deij'INITION. The normal to a curve at any point is 
a straight line drawn through that point at right angles to 
the tangent at that point. 

To find the equation to the normal at any point of a curve. 

Since the equation to the tangent at the point (a?, y) is 

the equation to the normal at the same point is 

dx 
supposing the axes rectangular. 

259. Let the tangent and normal at the point P meet the 
axis of X at the points Tand O respectively ; draw the ordi- 
nate PJf; then 

MT is called the suhtangent, 
MO is called the svbnormal^ 

Now -jj™ =5 the tangent of PTx 

-^. 

therefore MT^^ « y ^ , 

dx 

MO 
Also -j^ = tangent of 0PM ^ tangent of PTx 



W.» MG-A 



dx 



PEEPEHDICULAB FEOM ORIGIN ON TJ 

In these expressions for the subnormal and enbtangfint, 
it is to be observed that the subtangent is measured firom if 
towards the left, aud the Gubnormal is measured from if 

towards the right. If in any curve y -^ isa. negative quantitj, 

it indicates that Q lies to the left of M, and, as in that case 

dx . 
y J- is also negative, 2" lies to the right of M. 

260. In the equation to the tangent put y = G, then 

, dx 

X =x—y^r\ 

this therefore ia the value of OT. 
Similarly, if we put x' =0, we find 

which gives the ordinate of the point where the tangent 
meets the axis of y, 

261. The length of the perpendicular from the origin a 
the tangent is, by the usual formulEe of analytical geomeby, 

d» 



wFm\' 

262. If the equation to a curve be given in the form 
^{x,i/) =0, we have, by Art. 177, 
rd<^\ 

dy \dx} 
Thus the equation to the tangent becomes 
and the equation to the normal becomes 

tf-^)(g)-(-'-)(|)=»- 



TANGENT AND NORMAL, 



The length of the perpendicular on the tangent from thi 
origin is, neglecting the sign, 

m 



TPMtl' 



1 



L It is eometimes convenient to determine a curve Ly 
the two equations 

BO that X and y are both functions of a variable (, by elimi- 
nating which between the given equations, a result of the 
usual form t/ =/ {x) may be obtained. With this supposition, 
we have 

dt 
Sence the equation to the tangent becomes 

di' 

and the equation to the normal becomes 

In the figure we have supposed the axes rectangular; 
if they are oblique no change is made either in the inves- 
tigation of the equation to the tangent or in the result. But 
the equation to the normal is 



1+COSI 



dx , 



dx 
vhere w is the angle of inclination of the axes. 

26*. Example (1), The general equation to a t 
&e second order is 
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Hence, by Art. 262, the equation to the tangent at ihe 
point (a?, y) is 

(y'-y) {Ay + Bx + D) +(a?'-aj) ((7aj+%+J?) = 0, 

which reduces by means of the given equation to 

Example (2). Suppose the equation to the curve to be 

therefore ^ = - 6* = - ; 

ax c c 

and the equation to the tangent becomes 

The subtangent MT = j- *= ^ ^^^ is therefore constant in 

dx 
this curve which is called the hgarithmic curve. 

Example (3). The equation to the logarithmic spiral is 

tan-' ^ == A: log V(aj" + y% 



X 



Hence 



1FTT a^ + y 

dy kx + y 
therefore ^-^Ily^' 

and the equation to the tangent is 

/ AJ*Z/ "t" y i t \ 
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Example (4). Suppose that the eqaatioa 0(aj,y) = O, or 
t^ = 0, can be put in the form 

-where %, r«_i, are homogeneous functions of the degree 

n, w— 1, respectively; hence 

dx dx dx * 



dy dy dy ' 

and the equation to the tangent is 

« 

But by the property of homogeneous functions (see 
Example 3 at the end of Chapter VIII.) 

dv^ , dv^ 



Hence the equation to the tangent becomes 

^ Uy^ dy ^ r'^Kdx^ dx ^ ) 

or^ since v^ + v^^ H- v^^ . . . + v^ + v^ = 0, 

^(l + ^^H- )w(*- + %. ) 

+ Vi + 2v*-« + ... + (»i - 1) Vj + »Vo = 0. 
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Example (5). Determine a point in a given cnrve eothat 
the area of the triangle formed by the tangent at that point 
and the co-ordinate axes may be a maximum or a mininuun. 

By Art. 260, the area varies as the product of 
dx , dy 

r- » g , 

then we require the maximum or miuiaium value of v, 
It will be found that 



-a)(4^ 



\A 



\die, 



Now, as we shall i 



, a. 



in Chapter SXI., where ^=0. 

the curve has in general a singular point called a point of 

inflection. Where y— x-j- = 0, the tangent passes throngb 

the origin and t/ie area in question vanishes. It will be often 
obvious when any particular curve ia considered, that m- 
tber of these exceptional cases can hold. We have then 

x -^-hy = as the condition which determines the fiiiii. 

required. 

When a: -^ + y = 0, we have, by Art. 260, 
x' = 2x, and y = 2y. 

Hence in general when the area is a maximum or a mtni- 1 
mum the portion of the tangent between the axes is ^iseeUdl 
at the point of contact It will in general be obvious frwa I 
the figure in the case of any particular curve whether the | 
area is a maximum or minimum. 



TANQEST AND NOBMAL, EXAMPLES. 
265. If the equEitioa to a curve be given in the form 
F{x,y)-c = Q, 
the equation to the tangent at the point {x, y), will be 

b'-,)f+{x-)S'-0 (.) 

ftnd the equation to the normal 

(,._„g_(.._.,|.„ p). 

If we consider x, y , as constant, equation (1) combined 
with F{x,y) = c, will give the co-ordinates of the points 
where the tangents drawn from the point (:c', y') meet the 
curve represented by F {x,y)^c; and equation (2) combined 
with F{x, y) = c will give the co-ordinates of the points 
where the normals drawn from the point {x, y') meet the 
lure represented by F {w, y) = c. 

Since the equations (1) and (2) are independent of c, they 
will represent the geometrical loci of the points where tho 
curves which we obtain by ascribing different values to c in 
the equation F{^, y) = c, are met by their tangents or their 
normals respectively, which pass through the point (x', y^. 
Thus, if we want to draw tangents from the point (a;', y') to 
tnj one of the curves F{x, y) =c, we must construct the 
curve 

mid determine where it intersects the particular curve 
J''{x,y) = c which we are considering; join the point or 
points of intersection with the point (m', y) and we have 
the required tangent or tangents. Similarly, we may draw 
normaU from {x, y") to any one of the curves F{x, y) =c. 

EXAMPLES. 

1. In the ciirvi' y (a;-l) (a!-2) =a:-3, shew that the tan- J 
gent is parallel to the axis of x at the points for which f 
aj = 3 ± V2. 
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2. In the curve y' == (a? — cbf (a? — c), shew that the taBgent 

is parallel to the axis of x at the point for which 

2c + a 
a?= — - — . 



3. In the curve a^y* = a' (a? + y), the tangent at the origin is 

inclined at an angle of 135^ to the axis of x. 

4. In the curve a? (x + y) = a* (a? — y), the equation to the 

tangent at the origin is y = aj. 

5. In the curve a;' + y' = a' find the length x)f the perpen- 

dicular from the origin on the tangent at {x, y) ; also 
find the length of that part of the tangent which is 
intercepted between the two axes. 

Results. (1) U{aocy)\ (2) a. 

6. If x^, y^y be the parts of the axes of x and y intercepted 

by the tangent at the point (a?, y) to the curve 

7. Shew that all the curves represented by the equation 

©■^(l)-v 

diflFerent values being assigned to n, touch each other 
at the point (a, 5). 

8. In the curve y* = a'^'^x, express the equation to the 

tangent in its simplest form ; and determine the value 
of n when the area included between the tangent and 
the co-ordinate axes is constant. 

9. If the normal to the curve aj' + y' = a', make an angle </» 

with the axis of x, shew that its equation is 

y cos ^ — a; sin ^ = a cos 2<^. 
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10. Find at what angle the curve 2/* = 2aa; cuts the curve 

a" — ^axy + 2/° = 0. 

Results. The curves meet at the origin ; here the 
first curve has the axis of y for its tangent, and the 
second curve has both the axes for tangents. The 
curves also meet at the point x = a 1/2, f/ = a^i; and 
here they meet at an angle whose cotangent is ^4, 

IB* tf" 

11. Tangents are drawn to the ellipse -5 + 75 = 1, and the 

circle a:*+y' — a* = 0, at the points where a common 
ordinate cuts them: shew that if ^ be the greatest 
inclination of these tangents 

, a-b' 

12. If tangents be drawn from a point {h, k) t6 the curve 

whose equation is f-j + ('il = 1, an ellipse whose 

eemiaxes are a (jj , and h [r] will pass through the 
points of contact. 

13. Shew that all the points of the curve y'= 4a [a? + a sin- 1 

at which the tangent is parallel to the axis of a; lie on 
a certain parabola. 

14. The normal to a parabola at any point P is produced 

to meet the directrix at Q, and the tangent at Pmeeta 
the directrix at R : find (1) when QR is a minimum, 
(2) when the triangle PQR is a minimum. 

Mesults. (1) a; = "5 , (2) a: = ^ i where y = iax ia 
the equatioa to the parabola. 



A 



CHAPTER XIX. 

ASYMPTOTES. 

2C6. SnpposE one or more of the branches of a curve 
extend to an infinite distance from the origin, and that at 
successive points of such a branch we draw tangents. Then 
two different cases may exist with respect to the directions o( 
these tangents; they either, as we pass from point to point 
along the curve, approach some definite limit or they do Eot 
And with respect to the position of these tangents, two caaa 
are possible ; the intercepts cut from the axes of co-ordinatw 
either tend to a finite limit or they do not. If the direction 
has a limit, and one or both of the intercepts a limit, there 
esists a straight line towards which the successive tangente 
continually approach, Such a straight line is callea u 
asymptote to the curve; hence we have the definition whicli 
follows. 

267- Definition. An asymptote to a curve is the limit- 
ing position of the tangent when the point of contact moyw 
to an infinite distance from the origin. 

To find whether a proposed curve has an asymptote, to 
jnust first ascertain if -^ has a limiting value as we proceed 
to an infinite distance from the origin. If it has not there ia 
generally no asymptote. If -^ has a limiting value, we 
then ascertain if the intercept on the axis of x, which by 
Art. 260 ia x — y-j-, has a limiting value. Suppose it hM 

and let it be denoted by c while fi. denotes the limit of j-i 
then y = ^(a! — c) ia the equation, to an asymptote. 



recthineak asymptotes. 

If -f- increases without limit, and at the same time 
ax 



le axis of y. 

Also we may have an asymptote when the limit of 

—y-r is infinite, namely in the case where the limit of 

- is zero, and the limit of y — x-^, which is the intercept 

I the axis of y, is finite. The asymptote is then parallel to 
e axis of X. 

S69. We will now take some simple examples. 

(l) The equation to the parabola is ■if=iax; so that 

) have y=±2'Jax; therefore V^ = + ./-; henco, when 
ax -y x' 

increases indefinitely the limit of -^ is zero; but 

~SB-^ = ±(^'Jax — 'Jax)=±'/ak, which has no finite limit, 

fore there is no asymptote. 

{a) The equation to the hyperbola is j' = -i [x^—c^ ; so 

kt we have « = ± - Vtx^-a") ; therefore ^ = + —J-~,- , 
a ax atj{3r — a) 

i x~y -3-=^ = — ■ Hence the limit of -^ when 

" ay X X dx 

■ infinite is ± - , and the limit of a: — w -,- is 0. There- 
o ^ dy 

» y = - as is the equatioa to one asymptote ; and y = x 



)e equation to another asymptote. 



dy 

are # = — 7 ttt, 

ax [x-bf 
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As X approaclies b, y and -^ increase without limit. Tbe 
limit of x—y-j- is h, and, by Art. 268, there is an asymp- 
, tote parallel to the axis of y, having for its equation «= J, 

270. An asymptote may also be defined sr b. straight \m, 

the distance of which frotn apoint in a curve diminishes with- 
out limit as the point in the curve moues to an infinite iufonu 
Jrom the origin. 



the equation to a straight hne, and 

y = /w; + ^ + « 
the equation to a curve, then if v diminish without limit as 
X and y increase without limit, the straight line will be an 
asymptote to the cnrva For if x, y, be the co-ordinates of 
a point in the curve, the perpendicular distance of that point 
from the straight Une ia 



■V(i+rt V(i +/•■)• 

and this diminishes without limit when x and y increue 
without limit. 

271. That the two definitions of an asymptote lead in 
general to the same results may be seen by considering difle> 
ent examples, or by the following proof Let y = fix+fi+v 
be the equation to a curve, where fi and ^ are constants, and 
V diminishes without limit as x and y increase without limii 
From the given equation 

Hence /j, is the limit of ~ when x and y increase vitltciiit 

limit. But, by Art 148, 

dy 

the limit of - = the limit of — or ^^ . 
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Also P is the limit of y — fue ; but il ^ the limit of -^ ; 

therefore in general fi = the limit of y — -^ a?. Hence the 

equation to the tangent to the curve at the point (a?, y), 
which is 

becomes, when x and y are indefinitely increased, 

that is, the equation to the asymptote found according to the 
first definition is the same as the equation found according to 
the second definition. 

272. We say in the last Article that in general the limit 
of y — /Ao; = the limit of y — -> - x. Suppose, for example, that 
the equation to a curve is 

y = Ax + jB + - ; 
^ x' 

therefore - = -4h h— «. 

X X or 

Hence u = the limit of - = -4, and 

'^ X 

y-;taj = J5+-. 
Also ^-^«^ 

therefore y^^ x = B-\ — . 

^ dx X 

Here y ^ -r-x and y—fix have the same limit, namely B. 

_ J -r* tt + sin X 
But suppose y = Ax + jd H . 

Here, as before, /i=A. 
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-/j^=S + - 



therefOTe y - 



ax 



= B — COB X + 



2(fl + Binz) 



Here we cannot assert that y — fix and y—^x hare the 

same limit : the limit of the former is B, but the latter cannot 
be said to have a limit, on account of the term cos a;, whidi 
does not tend to any limit as x increases indefinitely. In 
this case the curve 



y = Ax-\-B + - 



haa an asymptote according to the definition of Art. STB, 
namely, y = Ax+B, but not according to the definition of 
Art 267. 

The demonstration in Art. 270 might, of course, start 
with the equation x = fit/ + ff -\- v; so that, should the asymp- 
tote be parallel to the axis of y, by taking the second form 
we avoid having /i infinite. 

273. We have hitherto confined ourselves to rectUinesr 
asymptotes ; we now extend the definition to curvilinear 
asymptotes. 

DEFiNITrON. When the difference of the ordinatea of two 
curves corresponding to a common abscissa diminishes without 
limit, or the difference of the abscissEe corresponding to * 
common ordinate diminishes without limit, as we pass from 
point to point along either curve, each curve is said to be S 
asymptote to the other. 

Hence, if the equation to a curve can be put in the form 

y = A^ + A^x''-' + ...+A^^x + A, + -^ + -^ + ^+.. 

&sa y = Ajtr + A^ar'^ + ... + A^^x+ A^ 
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ihe equation to a cnrre wliich . 
So also ts 



sfrn^ote to the 



y = jI^+J^"^ + ...+^jr + J. + - 



id so on. 

Sxample, Ymd asymptotes to the carve 



H^^ ap 



« approacliea the value a, both y and ^ iocrease 
Bmit, and 3; = a ia the equation to a rectilinear 



Putting y in the fonn + 
e Binomial Theorem, we have 



(-in 



»=±a:)l + 



2j;'^8a!'"'l6j^'' 



and espasding by 



•.(«. 



Hence y=± (^ + 5 ) ''^e the equations to two rectilinear 

^ptotea. We may obtain as many curvilinear asympfotca 
vepleaaebymakinguseof the series in (1). Forexample, 

e the equations to two aaymptotic curves of tho second 
rder. The student will remember that by Art, 114 we 
tay use the Binomial Theorem in the above Example us u 

arithmetical expansion when - ia less than unity, which 

rill cert^nly be the case when x is increaeed indefinitely. 
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274. The folbwing method will furnish the rectilinear 
asymptotes with great readiness in many cases. Sappoee 
the equation to a curve, F{x^ y) = 0, to be such that -F(a5,y) 
is the sum of different homogeneous functicHis of x and y, so 
that the equation may be put in the form 



OJ* 



where n, p, q, are arranged in descending order of magnitude 
For example, every rational integral algebraical equation 
between x and y can be put in this form. From (1) we h&ve 

^{^*^*(i)*^x<iy--o (* 

Now.in finding an asymptote we must first by Art. 271 

ascertain the limit of - when x and y are infinite. K we 

X ^ 

call that limit fi, and suppose it to be finite, we haye from (2) 

Let /L6, be a value of fi obtained from this equation; we 
have next to find the limit of y — fi^x. Put y — /AjJjsjS, 
then from (2) 

*('*'+!)+^^('*'+f)+-=« (^^ 

: But, by Art. 92, 

*(''.+l)-*w+f*'(*+f) 

since ^ (/t^) = 0. 

Thus (3) becomes 

^f(/^+f)+^.f(/*.+f) + -. = (4). 
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I In equation (4) let a; be supposed to increase ludefinitely, 
I we shall have different results depending on the valae 

If p be greater than » — 1 Ibe v^ue of is infinite, And 
ihere is no asymptote for the root /i, of the equation 

j If p be equal to n — 1 and 4>' (ji,) be not zero, the limit of 



.iM. 



't>{f^t 



; and the equation to an asymptote is 



= ft,X- 



tM 



If p be less than n—l and tf>' (/xj be not zero, the limit of 
is and the equation to an asymptote is 

In the last case the equations 

tve foi determming the asymptotes 



*©=»• 



'^* ! -»; 



when the equation to a curve can be eihibited in snch 
form that the sum of a number of homogeneous functions is 
Bro, and the degree n of the highest of these functions ex- 
beds by more than unity the degree of any of the others, 
11 the asymptotes in general pass through the origin and 
ly be found by equating to aero the homogeneous function 
the n"" degree. We say in general because there is tlie 
mttation that ^' (^,) is not to be zero ; that is, by the theory 
equations ij>(ji)=^0 mast not have equal roots. 

S75. We will now consider the case in which <j>(ji^ is 
ro. 

First suppose p equal to n - 1. 

If ^ 0*,) is not zero )3 becomes infinite, and there is no 

^mptote for the root /j., of the equation tft(ji} = 0. But if 

^Ji^) t= the value of j9 becomes indetenniiiat& 



Suppose in this case q 
Art. 274 gives 
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3, BO tliat equation (3) of 




Since (/i,) = and i^' (/tj = 0, we have, by Art. 

Substitute these valueB in the equation above, multiply ly^ ' 
a;", and then proceed to the limit, and we have for determimig 
the limiting values of /3, the quadratic equation 

f "^"W + ^^'W+xW^o. 

If the valuea of fi be possible, we thus obtain two paialld 
asymptotes. 

If this quadratic assume an indeterminate form, we msj 
proceed in the same manner to form a cubic equation in/S. 

In the case where <j>' (ji^) is zero aud ifr (jj,^) is not zero. 
there is no rectilinear asymptote for the root /*, of the equation 
(^) = 0, as we have already stated at the beginning of thia 
Article. In thia case we may in general obtain a paraboUe 
asymptote, as we will now shew. 

Dy Art. 92, since ^ (fi,) = 0, and ^' (/i,) = 0, 

*(''.+S=^f*"(''.+¥)- 

Hence equation (3) of Art 274 becomes 



+-+ ft+ 



i x increases indefinitely this equati 



, i^ 



form t; -= = -] 



i-W 



fV,)' 




ASYMPTOTES. 

Hence wc have a parabolic asymptote determined by the 
[uatioa 

Next suppose p less than n — 1. 

Then since <^'{^i) =0 equation (4) of Art. 2Ti wiH not de- 
enuiite /9; and instead of this equation we have ultimately 
the manner just shewn 



'"f'W 



Ifn 



-p = 2, we obtain 






that if ^(^,) and 'f^"(^i,^ are of different signs we have two 
«^ble values of ,3, and therefore two parallel asymptotes 
liich are equidistant from the origin. 

1£ n — p ia not equal to 2, we have a curvilinear asymp- 
te determined by the equation 

276. We have assumed in Article 274, that the limit of 

is finite; if it be not, the limit of - will be zero, Mid we 
. . 3' 

■ examine if there exists an asymptote parallel to the 
of y. This can generally be easily ascertained in any 
articular example. Or we may put the given equation in 
tie form 

id proceed as above. 

277. If a curve be given by an algebraical equation we 
ay dctermino the asymptotes which aie parallel to the 
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axis of y thus. Arrange the equation acoording to powers 
oiy ; suppose it to be 

irm+r-M') +j-'/.w +...-o, 

where a, y3, ... are all positive, then the asymptotes paralldto 
the axis of y will be given by the real roots of the equation 

/W-o. 

For the equation to the curve may be written 

/W+-^i^+^^ + - = o, 

and it is obvious that this is satisfied by supposing y = « sod 
f{x) — ; and that when y is qq no other value of x except 
those derived from / (a^) = will satisfy it. Hence the asymp- 
totes parallel to the axis of 1/ are found by equating to zero At 
coefficient of the highest power ofy in the equation to the curve, 

Similarly the asymptotes parallel to the axis of x may be 
found by equating to zero the coefficient of the higheat power 
of a in the equation to the curve. 

When a curve is given by a rational integral algebraical 
equation, it will be convenient to determine by the preoedisg 
method the asymptotes parallel to the axes, and then proceed 
for the other asymptotes according to the following rule; 1 " 
suppose the equation of the w"" degree. Substitute for y 
the given equation fix + ^ and arrange the terms of the equa- 
tion according to powers of x. Equate to zero the coeffident 
of w" ; this will give an equation for determining fi ; supposft 
ft, one of the real values of fi. Then examine the coefficientof 
a:""^, and give to fi. if it occurs in this coefficient the value a. 
If we can determine ;S so as to make this coefficient vaniBB, 
then y—ti^x+^ will be the equation to an asymptote i if tf 
coefficient caooot be made to vanish there is no correspondii^ 
asymptote. If the coefficient vanishes whatever be the valof 
of (9, then put the coefficient of a;""' equal to zero, substitutinj 
fi^ for fi'm it; we shall thus have generally a quadratic equ* 
tion to determine the values of ^, and if these values are tad 
we obtain two parallel asymptotes. K the coefficient of ^ 
vanishes, whatever be the value of /S, we must equate to 8 
tka coefficient of oT* and so on. 



SBCnUKKAS ASTUFTOTES. 

This rule can be easily sliewn to agree with Arts. 274 
id 275, Equation [1) of Art. 274, may be supposed the 
^nation to the carve in which n is an integer, p=n—l, 
= n — 2, Then if we put tix + ^ for y, and arrange 

terms according to powers of x, we shall obtain the es- 



Thus by equating to zero the coefficient of w* we arrive at 
le equation for determining fj, given in Art. 274. Then by 
Ijuating to zero the coefficient of ic""" we shall obtain the 
ime value of ;S as that found in Art. 27i ; or if the coefG- 
^t of ic""' vanishes, whatever jS may be, then by equating 
^ zero the coefficient of a^ we arrive at the quadratic equa- 
m given in Art. 275. 

Example (l). ^ + j^ - 3axi/ = 0. I 

it fi3; + ^ for y, then 

WrefOTa (fi' + 1) ail'+Sii^ {fi-'^-afi) + Mx + N=0. 
Bence, ^' + 1 = 0, 

> the equations from which fj. and are to be found ; they 



-1, 



-a; therefore 



y=-x-a 
"{be equation to an asymptote. 

Example (2). a? {x+y) = a*(x-y). 
at fM! + ^ for y, then 

lerefore a? [1 + fi) + ^x" - xa' {1 - n) +a'ff=0. 



1-f 



= and ^ = 0; 



efoie ^ = — fc is the equation to an asymptote. 



EECriLINKAB ASYMPTOTES. 
Example (3). xt/ (t/ --x) (y — x + Sa) + ia'x—a*^(i. 

Here the term containing the highest power of j is a^; 
thus 31= gives one asymptote, namely the axis of y. Simi- 
larly, the term containing the highest power of x k y*'; 
therefore y = gives one asymptote, namely the axis of J, 
Then put /w; + ^ for y, and we obtain the expression 

Arranging this according to powers of re, we have 
a^V ifj.-iy + x' (JJ.-1) {Sfia+i^fi- 1) ^1 

+ a;' {^S" (3/i - 2) + 3a^ (2^ - ] )} + ... 

Put fi {fj, — \y = ; wo have then ^ = 0, or n = l; llie 
former voiue of fi will lead to the asymptote coinciding with 
the axis of x which we have aJready found. The value ^=1 
makes the coefficient of a^ in the above expression vanish; 
we therefore equate to zero the coefficient of a^, putting /*=1 
init. We thus obtain ^+3a^ = 0; hence, ^ = 0, or /3=-3ft 
Therefore we have for the equations to asymptotes y=ai wd 
S = x-Sa. 

It will be observed that the conclusions of this Chaptec tH 
hold whether the axes be rectanguiar or oblique. 



EXAMPLES. 

Find the asymptotes of the following 

1. y*(a:-2a) = a!*-ffl'. 

2. ^ = s^{2a-x). 

3. y (a' + ar") = a' (a — a:). 

4. y' (ay + ix) = a'y' + i' 
6. f~[^-urix-c). 

6. xf + y3? = a^ 

7. !^y* = a^{3?-y'). 



Result a; = 2a; !/ = + (a!+4 

3a 

Result y = —x + '^. 

Result j-a 

Result y = — X 

Result y = x-^{2a+^ 

Result x = 0; y = Q; y = -ft 

Result. y=±a 
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8. 4»* = (a + 3a?) (a?» + y"). 

Besult. y = ±(:^-3^)an(i(«=:-|. 

Result x + a = 0, y + 6 = 0, y^x + b — a. 

-n J 2a a 

Besult y = a?, y + aj = Y, y-2aj = - • 

IL y(a;-y)' + aaj*(a;-y)-3ay-a* = 0. 

iJeswZ^. y=a? + ^(l + V13). 

12. x(si?''dr)-2y(f-a^r.Sxy' + a\ 

Result 2y = x, y + a? — a=0, y + aj + a = 0. 

13. a?{X''yy-a^{a? + y')=0. 

Result x = ±a, y=^x±a V2. 

14. {!f^xf{p?-a^)^a\ 

15. ^ — Sy^x + Aa^ + ay^+aocy— 6flw;' + 26'a?- 6'y + c*=: 0. 

16* If a curve of the third degree be referred to two asymp- 
totes as axes, shew that its equation will be of the form 

wy {ax -hly + c) + a'x + Vy + c' = 0, 
and that the equation to the third asymptote will be 

aa? + Sy + 6 = 0. 
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CHAPTER XX. 

TANQENTS AND ASYMPTOTES OF CUBVES BEFEBBED TO 

POLAB CO-OBDINATES, 

278, If we have the equation to a curve expressed in 
terms of x and y, we may transform it to one between polar 
co-ordinates by assuming x^r cos 6 and y = r sin ft Thiw 
r becomes a function of d, and the equation to a curve in polar 
co-ordinates takes the form r =/(^), or F (r, ^) = 0. In this 
case the curve is called a polar curve or spiral; r is called the 
radius vector and 6 the vectorial angle. 

The angle {^) which the tangent to a curve makes with the 
axis of aj is given by the equation 

tani|r = ^, (Art. 257). 

Hence, by Art. 201, 

sin^Tg + rcos^ 

^"""^ 3;: T"- 

cos^^s— ^sin^ 
ad 

279. Expression for the angle included "between ihe radius 
vector at any point of a curve, aaid Hie tangent to Ihe curve ai 
thatpoint 




Let P be a point in a curve, the polar co-ordinates of which 
are r and 0, 8 being the pole. 
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Let Q be another pointy the co-ordinates of which are 

r+Ar, and + A0. 

Draw PL perpendicular to 8Q, then 

PL = r sin A5, 

LQ = r + Ar — r cos A^ ; 

therefore tan LQP=^ ——r r-^ . 

r+Ar — r cos Aa 

Let Q move along the curve to P; the limiting position 
of QP is by definition the tangent to tibe curve at P; let this 
be PT. The limit of the angle i^^ will be the angle SPT; 
call this angle ((>, then 

tan 6 = the limit of — -^r r—i 

^ r + Ar — r cos A6 

when A0 and Ar are indefinitely diminished. 

rsin Aff 

T^T r sin A^ A^ 

Now 



r + Ar — rcosA^ ~ TTAS 

2rflin"-r- . 
2_ Ar 

AO '^ Ad 

The limit of . ^ is 1, 

A^ 

The limit of ^ is denoted by -^ • 

^ . ,A^ . A^ 

2 8m?— sm— ^^ 

The limit of .x , that is, of .a sin — , is zero. 



2 



Therefore tan ^ = r -?- • 

T.D.a 
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EQUATION TO TANGENT, 



280. The result of the last Article may also be obtained 
thus: 

sin ^ -^ + r cos 
tan PTx = ^ , (Art, 278), 

cos^32 — ^ sin^ 
ad 

PSx = ; therefore 



tan 8PT=^ 



dv 
sin ^ -3g + r cos 5 

cos ^ j^ — r ^in d 
atf 



— tan^ 



tan 5 



1 + 



( sm ^ -^ + r cos ^ 



') 



= r-T- by reduction. 



cos ^ ^7i — r sin ^ 
du 



281. 2b ^*i(Z ^A^ polar eqimtion to the tangent to a cum 




Let 8P= r, PSx = 5, be the polar co-ordinates of the point 
of contact. 

Let SQ = r', Q8x = 0', be the polar co-ordinates of a point 
Q in the tangent line. From the triangle SPQ, we have, 
putting SPQ = <!>, 

r ^ sin g^gP ^ sin (d -ff + if)) 
r' "~ sin iSP^J "" sin ^ 

= sin {0-ff) cot + cos (5 - 0'). 
But tan q> = r -T-; 



therefore — = - ^ sin (^ — ^ + cos (5 — ^) 



.^1). 
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This result may be written, 

r'~r9in(^-5')=^' (2). 

if we put - = w, and -? = w', then 

T T 

1 dr ^du 
"PdO'dd' 

Hence, dividing both sides of (1) by r, we obtain 

or w' = MCOs((9'-5)+^sin((9'-5). 

282. To find the polar equation to the normal at any point 
of a curve. 

Let SP=r, P8x = d, 

JV being any point in the normal; then 

8P sinSNP sin(e'-0 + |-^) 



8N~ sin SPN 

sin 



Kf-*) ■ 



therefore ^, = sin {6' - ^) tan + cos {6' - 6) 

= sin(^-5)^- + cos(5'-5). 



dr 



This may be written 



/_rcos(^-^') = rg. 



jad may be transformed into 



u' = M cos [ff - ^) - y^^^m (^'- 6). 



X2 



308 POLAB STJBTANGENT. 

283. The polar equations in Arts. 281 and 282, may also 
be derived from the rectangular equations to the tangent 
and normal of Arts. 257 and 258, by transforming these to 

polar co-ordinates, using the value of -r- given in Art 278. 

284. From B draw 8Y perpendicular to the tangent PI; 
then 




lSY^rBui8PT= 



V(l+tan»iSPr)' 
Hence, if SY=p, we have 

285. From iS^draw 8T a,t right angles to the radius vector 
8P, then 8Tia called the ^wZar svhixtngent; its value is 

rtauiSPr, that is r^^^. 

ar 

286. Since an asymptote is a tangent which remains at 
a finite distance from the origin when the point of contact 
moves oflf to an infinite distance, if a polar curve has an 
asymptote, SP or r must be infinite while Sy remains finitft 
Hence to determine the asymptotes to a polar curve, we must 
first find those values of 0, if any, which make r infinite. 
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Suppose a such a value of B; if for this value of 8 the polar 
WbtaDgent r" -y- is infinite, there is no corresponding asymp- 

lOte. If r* J- be_^m'te there is an asymptote which may be 

ttnstnicted thus ; conceive a straight- line drawn from 8 at 
Rn angle a to the initial line ; draw from S a Becond straight 

line at right angles to the first, to the right of it, if r' j- be 
Mitive, and to the left of it, if j-' -j- be negative, and equal 

I length to !■' J- ; through the end of thia second straight 

ae draw a straight line parallel to the first, and it will be 

le required asymptote. 

The terms right and left in the above rule are to be under- 
tood with respect to the straight line first drawn, the eye 
leing supposed to look alon^ that line from S. The reason 
f the rule must be collected from the figure of Art, 284 and 
he general principle of the interpretation of signs; that 

^re maiea r increase with 0, and therefore r* j- is positive. 

£ we draw a figure in which )■ diminishes when 8 ii 



that j^ and the polar subtangent are negative, we shall 
od that 8T falls to the left of SP. 

287. Example, r = -. — ^ . 

[ere r is infinite when 8 is any multiple o 
Also 



to^^fore 



dr_ 

dd 



K^ing- 



sin"^ 



dr sinfl— ^cos^' 
Hence, when sin ^ = 0, the value of the polar subtangent 

coa^* 
"When d = 7r, the polar subtangent = att. , 
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POLAE FORMULAE. EXiMPLES. 



When d = 2-jv, the polar subtangent = — 2a7r, 
and generally when 0=H7r, the polar subtangent = (—l)"fla'ir, 

To draw the first asymptote, for which fi = tt, the eye must 
be Bupposed to look from S along the direction opposite to 
8x, and then measure from S at right angles to Sx and 
towards the right, a straight line ip length a-rr ; & Btnu^t 
line drawn parallel to the initial line and at a distance as 
from it is the required asymptote. 

To draw the second asymptote, for which B = 27r, the eje 
must be supposed to look along 8x, and then measure to tie 
left (since the subtangent is negative) a length 2air. Hence 
the asymptote is parallel to the initial line at a distance 2ot 
from it, and above the initial line. 

Proceeding in this wa,y we find an infinite number of 
asymptotes parallel and equidistant, and all above Sx. 

If we ascribe to 6 negative values, we shall in like maimer 
obtain a series of asymptotes all parallel to 8x, and equi- 
distant, lying below Sx. 



EXAMPLES, 

1. In the curve »• = a sin 9, shew that ^ = 9. 

2. Determine the points in the curve r = o(l+coafl} at 

which the tangent is parallel to the initial line. 

3. Shew that in the curve r9=a the polar subtangent i« 

of constant length. 



subtangent is - 



f be-*) = ah. the length ( 



' the polu 



In any conic section, the focus being the pole, the locui 
of the extremities of the polar subtangents ia a straight 
line at right angles to the axis major. 

Find the angle between the radius vector and tangent 
at any point of an ellipse, (1) the focus being the pole, 
(2) the centre being the pole. Determine in each esse 
when the angle ia a maximum. 
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7. K rssa(l — cos^, then <^ = ^, j> = 2asin'-, and the 



polar subtangent = 2a sin' - tan - . 

a' 

8. Kr'cos2^ = a', shew that sin6 = -5. 

9. If r'^a'cosse, shew that <^ = ^ + 2ft 

10. K r = a sec' -^ shew that the locus of F is a parabola. 

See the figure in Art. 284. 

11. If r = a(l + cos5), shew that the locus of Y is deter- 

/ 0V 
mined by r = 2a f cos ~ 1 . 

12. If r' = a" cos 20, shew that the locus of Y is determined 

by r* = a" Tcos —\ . 

13. Shew that the curve r cos 5 = a cos 20 has an asymptote 

having for its equation r cos ^ = — a. 

14. Shew that the curve (r — a) sin 5 = 6 has an asymptote 

having for its equation r sin d = 5. 

16. Determine the asymptotes of the curve r cos 20 = a. 

16. Determine the asymptotes of the curve 

rsin4d = asin3d. 



CHAPTER SSL 
coNcAvrrr and contexitt. 

288. The terms 'concave' and 'convex' are commonly not 
defined in works on the Differential Calculus, but are used 
■ in their ordinary sense. The following definition however 
has been given : "A curve is said to be concave at one of its 
points with respect to a given straight line, when in paaang 
from that point its two branches are initially included witlatt 
the acute angle formed by the given straight line and the 
tangent to the curve at that point. When, on the contrary, 
the two branches are initially outside this angle, the curve is 
said to be convex at this point with respect to the stiai^t 
line." 

239. To find a test of the convexity/ or concaviti/ of v 
curve. 



Let J" be a point in a curve v 



i co-ordinates are a^ jr. 





Draw the tangent at P; then if at the point P the curve be 
convex to the axis of x, the ordinates of the curve cor- 
responding to the abscissa? x±h must be greater than the 
corresponding ordinates of the tangent at P, when A has any 
value contained between some finite limit and zero : if the 
curve be concave, the ordinates of the curve must be less than 
the ordinates of the tangent. This may be deduced from the 
definition of Art. 288 ; or if we omit that definition it must 



COSCATITT ASD COSYZSJTT. 

still be taken as & coaseqnence of the meaoiiig of the terma I 
concave and convex. 

Let y, denote the ordinate of the carve corresponding 
to the abscissa x-i-ft, and y, the corresponding ordinate to 
the tangent at P. If y = ^ (i) be the equation to the curve, 
we have 

And since the equation to the tangent at P is 
have 

i" 



themfore 



y.-s,-- 



*"(x+«;.). 



This, if we take k small enough, will have the same sign 
:^"fa:); and therefore the curve is convex to the axis of 
x'li^' {x) be positive, and concave if <j>" {x) be negative. 

We have supposed in the figures that the curve is above the 
wds of X. If it be below the axis of x, then — y, and — y, are 
the ■nvmerical values of the ordinates, and the curve is convex 
if— yj+5i be positive, that is, if ^"(x) be negative, and con- 
cave if ^' (x) be positive. 

Both cases may be included in one enunciation, thus, "A 



curve is convex or concave to the axis of x according 
positive or negative." 



290. Definition. A point of inflexion is a point . 
vhich a curve cuts its tangent at that point. 

To find the conditions for the existence of a point ( 
inflexion. Let y = ^(a:) be the equation to a curve; 1 

. y, be the co-ordinates of a point in a curve, and x + h, y^, 1 
the co-ordinates of an adjacent point. Let the tabgent ofl 
the curve at the point {x, y) be drawn, and let ^, be th«a 




POINTS OP INFLEXION. 



ordinate of this tangent c 
Then 



jsponding to the abscissa i+ h. 



y^=^{x) + 'hj>'{x); 
therefore ^i - ^a = "^ 0" [^ + ^^)- 

Hence, if- ^"(a;) be not zero, the sign of y. — y, will, if 
k be small enough, be the same as that of 0' {x), whether 
h be positive or negative, and the curve cannot cut ibs 
tangent Therefore if there be a point of inflexion, we muat 
have ^"(x) = 0. Suppose this condition satisfied, then 

and this expression changes its sign when h does, provided 
^'"{x) be not zero. If ^'"{x) be zero, it may bo shewn that 
0""(ic) must also vanish ; and generally if for a certain valoe 
of X several of the Euccessive differential coefficients of jr 
vanish, beginning with the second, there is a point of in- 
flexion if the first differential coefficient that does not vanish 
ia of an odd order. 

Since generally at a point of inflexion -rp vanisha wlule 



^ is finite, 



d'y 



For 



is the 



if -7^ be negative -^ 
must pass &0111 ncigative 
to poaitive if -j^ be positive, and from positive to negstiTS^ 

-jp be negative. 



■ential coefficient of -r% ; therefore, by Art. 89, if 

dx ■' 

d'y 



positive T-^ increases with 

Hence 



as X increases. 



da^ 




In the aboTfi figure F, Q, R, are points of inflexion 

the curves passing through them. At P there is a change 

n concavity to convexity with respect to the axis of x. 

Q there is a point of inflexion, but the airve on both 

des of Q is convex to the axis of a;. ITiis agrees with 

rt. 289 ; since, if y and -r^ both change sign, no change 

Bcura in the sign of their product. At R we have a point 

t inflexion at which -5" is infinite and therefore also -jX 

infinite by Art 113, a case which the investigation in 
- 290 does not include. Vfe should therefore in any 

-j^ can become infinite, and if so wo 




mple 



lOst examine that case specially. We may trace the curve 
t the neighbourhood of that point, or we may examine the 

gn of -7^ for values of x differing slightly from that which 

tvea rise to the infinite value, and thus determine if the curve 
I concave or convex near the point in question. 
If we consider y as the independent variable, we may shew 
ithemannerof the preceding Articles, that a curve is convex 

r concave to the axis of y, accoi-ding as x j-j is positive or 

^ative, and that at a point of inflexion -^ must vanish and 
hange its sign. This is often useful in cases in which t-j 
icomes infinite. 

292, The connexion between -j^ and the concavity or 
nvexity of a curve, may also be shewn thus. 




POINTS OF INFLEXION. 

Let SL, QM, BN", be three equidiirtaot ordinateB. ]^ 
the chord FS meeting QM at IT. 
Let y = ^{x) be the equation to the 
curve ; a;, y, the co-ordinates of P; 
LM= MN= h. If the curve be con- 
cave to the axis of x, QMia greater 
than HM; and therefore 2QSf 
greater than 2SiW, that ia, greater 
than PL + RN. Hence 

<f>{x + 2h) -2tp{x + h) + ^ {x) is negative, 
™d therefore .Is. »(=' + «')- y + i)+»H ■„ ,^,. 

Let 7i diminish indefinitely, and it follows by Art. 19T, 
that <f>" {xj is negative. Similarly, if the curve be convet 
to the axis of a;, then tj>"(x) is positive. 

293. We will briefly indicate another method by wbiA 
the results of this Chapter are sometimes obtained. It is eilbir 
deduced from some definition of concavity aud convexity, or 
given as the definition of those worda, that y being suppoeal 

positive, a curve is convea: to the axis of x, if -^ be increaaiog, 
■ be decreasing, ttat 



"d^-' 



negative. 



Also a point of inflexion may be defined ae a point i 
the curve changes from being concave to being convex, oi 

vice versa. Hence -^ must change sign at a point of inflexicin. 

A point of inflexion may also be defined as a point at 
which the inclination of the tangent to the a.xis has a maxi- 
mum or minimum value. Since when this angle has a maxi- 
mum or minimum value, so also has its tangent, we naisl 

have -v- a maximum or minimum at a point of inflexifflL 
Hence -^^ must change sign. 



i OF INFLEXION. EXAMPLES. 

294. A curve referred to polar co-ordinates is said to be 
iOQCave or convex to the pole at any point, according as the 
Burve in the neighbourhood of that point does, or does not, lie 
Dh the same side of the tangent as the pole. 

If jj be the perpendicultu- from the pole on the tangent af 
I point whose co-ordinates are r, 6, it will be sees from a 
Ggure, that if the curve be concave to the pole, p increases if j 

increases, and decreases if r decreases : hence -r- must be 
or 

positive. Similarly if the curve be concexto the pole j- must 

leyoftue. Thus at a point of inflexion ~- must change 

ago. 



295. Since 
therefore 
therefore 

Sue 



1 dp / , " " \ 






K-S)- 



dp _dpdu _ 

df du dr 



1 dp 

t" du 






Hence, at a point of inflexion we must have geaei-olly 



d^i 



clianging its sign. 



EXAMPLES. 

If y = -; T, there is a point of inflexion at the origin, 

and also when a: = + n ij$. 



Ity- 



-a {4/2-1). 



, there is a point of inflexion when 



318 POINTS OF INFLEXION. EXAMPLES. 

3. K y (a*— i*) = a? (a? — a)* — a?i*, there is a point of inflezioQ 

2a 
when x = — . Is there a point of inflexion when 

x = al 

4. If ^ = ^ I j, there is a point of inflexion when 

3a 
«: = -. 

5. If - = -^ + { j , there is a point of inflexion when 

x=- a, 

6. K a?* = logy, there is a point of inflexion when a? =S. 

7. K aa? — aj'y— a'y = 0, there is a point of inflexion when 

8. K ^ = ^/f ^ J , there is a point of inflexion when 

a 
x = — • 
2 

9. Kajy = a*log-, there is a point of inflexion when 

10. Find the point of inflexion on the curve, 

{y — 2 ^{a'x) Y = 4aa?. ResuU. a; = f - j a. 

11. If y (a?* + a') = c? {a— x), there are three points of in- 

flexion which lie on a straight. Una 

12. If r = -^ — r- , there is a point of inflexion when r =-7. 

13. K r = J . ^, there is a point of inflexion when 

r = J{-n(n+l)}'. 
It If a? = a (1 — cos ^), and y = a (w^ + sin ^), there is a 

point of inflexion when cos ^ = — - . 
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SnJGOLAE PODJTS. 

296. Under the common title of " Singular Points " are ^ 
included all those points oo a curve which offer any dn- 
gularity depending on the curve itself and independent of 
the position of the co-ordinate axes. We proceed to define 
the different singular points and to investigate the conditions 
of their existence. 

Points if Injlexion. 

297. These points have been coasidered in Arts. 28J 
the condition for their existence is that ■— should change I 
Mgn. 

Multiple Point/. 

298. DEFiNrrioN. A multiple point is a point through I 
which two or more branches of a curve pass. 

' Let ^(x, y) = be an equation in a rational form ; by I 
Art. 177 

dx dy dx 

Now since two or more branches of a curve pass ' 
through a multiple point, it will be possible to draw morn 

than one tangent to the curve at that point ; hence -r mimt 
admit of more than one value. But since the equation 

_T and -T will Cttch haVC 



,.(1). 



^ ('"j y) = is supposed rational, -y and 

but one value for the given values of x and y. Hence from 



'Jy' 



S20 MULTIPLE POINTS. 

equation (l) it follows that -j- cannot have more than one 
value unless both 

<Le dy 

These then are the conditions for the existence of a mul- 
tiple point K values of x and y can be found which satisfy 
these equations and the equation to the curve, then for such 
values of x and y we have, by Art. 181, 



dx* " dxdy dx 



(fij. dy ^ d'<l> /dyV^ 
dy" \dxj 



..{2), 



From this quadratic equation we can find two values of ji. 

and thus determine two tangents which can be drawn throu^ 
the multiple point. In this case the multiple point is called 
a double point 

If the above equation assumes an indeterminate form bj 

the ■vanishinc; of t-^, -,—?-, and -r?, for the values of 

° daf dxdy dy" 

asand y under consideration, we have, by Art. 184, 
'^4> , 3 'i'4> dy d?4> fdy\ , <^4> (df 

da? dx' dy dx dx dy' 



.(S)"-?(l)"- » 



This cubic equation gives three values of j ■ ; if they are 

all real, three tangents to the curve pass through the point 
under consideration ; the point is then called a triple point 

If the equation (3) assumes an indeterminate form by the 
vanishing of the coefficients of the different powers of •/ , we 
must proceed to the/ourt/i derived equation from ^ {x, y) =0, 
ajid we thus obtain a biquadratic equation for determining -^. 

299. If the two values of t^ furnished by equation (2) of 

Art. 298 are equal, the two branches which pass through the 
point in question have a common tangent at that point 
In this case, however, the method by which we have arrived 
at equation (2) is not satisfactory, because in obtaining it we 



tve afisumed -r- to have more thaa one value. But as in 

liis ease two different brancliea of the curve pass through 
le same point, there will generally be two different valuer 

g; by Art. 181, 

d'l^ dy d'^ I 



V 



ttc' dx dy dx 



iV^^ 






1 since ^ {x, y) is rational, each of the differential coefScienta 



3 than one value ; therefore , - = is the condition that 

dy 
t hold at the point where two branches touch. Since 

■ = 0, it follows from (1) of Art. 298 that -^ also = 0. 

If T^ should have two equal values, then the reasoning 

this Article may be applied to v^ and the third derived 

E[uation of ^{x, y) = ; and the same result as before may 
! deduced. 

Points where two or more 

flled " Points of Osculation." 

300. Example. Let y* - a:* (1 - a;*) = 0. 

Here ^=2^/, ^^ = ~2x{l-x^)+2o^. 

Hence a =0, ?/ = 0, are the co-ordinates of a point whici 
a^ be a double point. .Equation (2) of Ait. 298 becomes 



values of -j- are equal are 



: ± 1, and there is a double point 

ly in this case put the given equation in the form 
y=±x^{l-x\ 
T. D. C T 




and from ttiis we see that for values of x comprised between 
and 1, both positive and negative, y is possible, and that 
there are two values of y for every value of x. When w=0 
the two values of y become equal ; but since 



<£" 



-«') + 



V(i^^)' 



Tve see that whei 



= there are tieo values of 



^ence, 



instead of clearing an equation of radicals so as to biing 
it into a ratiojtal form, and then applying the method w 
Art. 298, we may often detect a multiple point more easily 
by observing what values of x make one of the radicals m Abl 
value ofy vanish, 

SOI. Definition. A cnsp ia a point of a curve at whiA 
two branches meet a common tangent and stop at that point 
If the two branches lie on opposite sides of the common 
tangent, the cusp is said to be of the first species ; if on the 
same side, the cusp is said to be of the second species. 

Since a cusp is really a multiple point, if a cusp exist U 
the curve if> {x, ^) = at any point, we must have 

ax ay 

at that point. To distinguish a cusp from an ordinary ««!» 
tiple point, we must trace the curve in the vicinity of tfca 
point in question. 

Example. Let (cff - fcj)' - '^ ~ °^ =0 (1). 

Here when x — a and y = — we have the equation to tin 
curve satisfied and also 



Putting the given equation in the form 



-w. 



COSPS, CONJUGATE POINTS. 

Bee that y is impossible so long as a; is less than a, and. 

it when X is gi-eater than a there are two values of y for 

rery value of ai. When a;=a the radical in y vanishea, 

id the two values of y become equal ; at the same time 

■ has only one value, namely - ■ Hence there is a cusp. 

In the figure, A represents the cusp; the straight line OA 

IB for its equation y = — ', and 

Bce of the two values of y given 
' equation (2), one is greater aud 

hx . . 
e other less than ^ , it is obvious 

at the two branches lie on op- 
tite sides of OA, and the cusp 
A ia of the_^rfi( species. Generally. the cusp is of ihn first 

eeies if the two values of -t4 indefinitely near to the point 

e of contrary signs, and of the second species if they are of 
e same sign. 

Cusps of the first species have been called " keratoid cusps," 
id of the second "rhamphoid cusps," 

Conjugate Points. 
302. Definition. A conjugate point is an iso^aied point 
■ordinates of which satisfy the equation to the curve. 

le, let 

fere the values x=Q, y = 0, satisfy the equation to the cjirve, 
it no branch of tho curve passes through the point thus 
termined, y being impossible for all other values of x com- 

ttsed between ~a and a. Hence the origin of co-ordinates 
a conjugate point in this curve. 
In the above example, since 

B find that the value of -p ia impossible when a: = ; but ^ 



CONJUGATE PCINT3. 
may be possible at a conjugate point ; for example, suppose 

Here, when x = 0, we have -^ = ; but the origin ia a con- 
jugate point, since a: = 0, y = 0, satisfy the equation, and j 
-' ' "ble for all other values of a; between —a and a. In 



like manner -73- or any number of the differential coefEcientt 

of y jnaT/ be possible at a conjugate point, but they cannot lie 
all possible, for if they were we should have nothing to dis- 
tinguish the point in question from an ordinary point of the 
curve. 

To find the condition for the existence of a conjugate point 
Since at a conjugate point the values of the .differential 
coef&cients of y cannot be all possible, let the n* differential 
coefficient of y be the first that is impoBsible. Suppose the 
equation to the curve to be put in a rationai foim, and 
denoted by <j> (*, y) = 0, Take the ji"" derived equation ; we 
have 

#^J/ + + ^ = 

dy da^ dx' ' 

where the terms not written down contain differential coeffi- 
cients of ^ with respect to x and y, and also differential 
coefficients of y with respect to x of orders inferior to the »*. 

If then -J- be not zero the value of ^ furnished by the 

ay dx ■' 

condition for the existence of a conjugate point ; but 

# 4. # ^I = 
dsc dy dx ' 



303. It appears from the preceding Articles that if, 
^ (a;, y) =0 be the equation to a curve, we must have ti 




SING(JLAB POENTS. 
irdinaiy multiple point, at a cusp, and aL a conjugate 

ax ay 

«ever we have found values of x and y which 
satisfy these three equations, we must, hy esaminiDg the 
particular curve, and tracing it in the vicinity of the point 
m question, determine what species of singular point exists. 

We now pass to some other singular points which occur 
but rarely, and, aa the student will find hy experience, never 
present themselves in curves the equations to which are of an 
tdgehraical form. See Art. 6. 

1 Pointi d'arrSt. 

804. A point d'arr^t is a point at which a single branch 
i a curve suddenly stops. 

Example. Let y = x log x. 
fere when 33 = we have y =0; but if a; be negative, y 
ecomea impossible. Heuce the origin is a, point d'arrit. 



Again, suppose y = e '. 
Here if ic be made indefinitely small and positive, we have y 
mproaehing the limit zero ; but if x be negative and indefi- 
lltely GmaU, y is indefinitely great, 



Hence the curve has the form represented in the figure, the 
rigin being a point d'arret ; the dotted line is an asymptote 
iving for its equation ^ = 1. 
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SOS. A point saillant is a point at wUcli two braDches of 
a curve meet and stop without having a common tangent. 

Example. Let j= j, 

therefore 



dx 



z(l+^' 



Here, if x be positive and approach zero as its limit, we havG 



ultimately i/ = and 



£?_(/_ 



if a: be negative, we have ultimately 

y = and -p = 1. Henee at the 

origin two branches meet, one 
having the aiHs of x as its tangent, 
and the other inclined to the axis 
of a: at an angle of 45°. 



Branehes PoinUSSee. 

306. If a curve has an infinite number of conjugate pointy 
"that series of points is called a tranche pointilUe. 

For example, suppose y' = jBsin'a;; for all positive values 
of X there are two possible values of y, hut when x is nega- 
tive y is impossible, unless a; be a multiple of tt. Hence we 
have an infinite number of conjugate points lying on the aiis 
of X and forming a brancke pointilUe. 



EXAMPLES. 

1. If oV = oV — X* there is a multiple point at the origin. 

2. In the following curves there is a point of inflexion at 

the origin : 

y = sin a; ; y — xcoax; y = tan x; y^^a? tan x. 

3. The following curves have cusps at the origin : 




'SCrCCLAB POINTS. EXAMPLES: 

Jf y=ip (x) -t- (x—a) *• ^"(1), whena: = a, there is a cusp 

of the first tind if -^ — be greater than 1 and less 
2q 

thftti 2, and a cusp of the second kind if ~ he 

greater than 2. 

The curve t^ = {x — a)* {x — c) has a cusp of the first 
kind at the point x = a. 

The curve (ay + l)' + (a: — 1)'(j: — 2) = has a cusp of 
the first kind at the point x = \. 

The curve y — b = {x — df ■\- {x — a)* has a cusp of the 
second kind at the point x^a. 

The curve x* — 2aa;*y — axy* + a'^' = has a cusp of the 
second kind at the origiu. 

9. The curve x* — ax'y — axy' + a'lf = has a conjugate 
point at the origin. 

10; The cui-ve a:'— 2o^ — Sa'y' — 2ay + a' = has a double 

point when a! = ±a, and ^•- then =± VJ; ^0 * double 

-point when y = ~a, and -^ then = + V^. 

If aTf* =(x — a)' {x — h), when a! = a there is a conjugato 
point if a be less than b, a double point if a be greater 
than h, and a cqsp if a = 5. 

Shew that the curve ay' — a:* 4- Ja:' = has a conjugate 
point at the origin, and a point of inflexion when 

Ah 



Find the points of inflexion in the following curve; 

Find the singular points in the following curves : 
(jf + x + \y={l-xy; y'-ax!/' + x* = 0; 
y'' = 3^ -x'; 5* + aj' + k' {ay - hx) = 0. 
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CHAPTER XXIIL 

DIFFERENTIAL COEFFICIENTS OF AN ARC, AN ABBA, 
A VOLUME, AND A SURFACE. 




307. The length of the arc of a curve APQ, reckoned 
from any fixed point A to the 
point P, is evidently a func- 
tion of the abscissa co of the 
point P. This function is 
often very difficult to deter- 
mine, but its diflferential co- 
efficient with respect to x can 
always be assigned. 

Let P, Q, be two points on a curve ; 
a?, y, the co-ordinates of P ; 
x+Ax, y + Ay, the co-ordinates of Q. 

Draw the ordinates PM, QN, and the tangent at P meet- 
ing QN Si,t It and Ox at T. 

Let AP==s, AQ = 8 + A8. 

We assume as an aodom, that the length As is ffreater than 
the chord J^Q, and less than PR + jBQ. 

The chord PQ = V{(Aa?)* + (Ay)'}, 

PR = MN sec PTM= MN^ii +.tan«PTif ) 

-^y{- (!)■}. 

QR^y-^Ay-^RN 

= y + Ay - (PJf+ Aaj tan PTif) 

= Ay-.Ax|; 



I 
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4;herefore As Kes between V{(Aa;)* + (Ay)'} and 



therefore -r— lies between ^ / -ll + (^ ) i- and 
Ax 



Now the limit of a/i 1 + ( x^j r » when Ax is indefinitely 
diminished, is 

VHt)]- 

Theli^..fy{l.(|)].g-|. 

yh(i)]-i-i.»'v/h(i)}- 

The limit of -r— is, by definition, -r- ; hence 

=y{-(i)} • «• 

•j-j , then 

-(S^(i)" » 

If ;e and y are each functions of a third variable t^ since 

dx dy 

dx^dt J ^y _ ^* 

dt dt 

^u,,f^in.Q'.$)\$)' m. 



dx 
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308. Of the axioms on which the 
tion is founded, the first will probably be readily granted; 
the second is more difficult, and will not be necessarily true 
if the arc be not concave towards the chord PQ throughout 
its extent It must be understood therefore, in stating it, 
that the arc PQ must be taken so small that it is always 
concave towards its chord 

There is another mode of arriving at the results given in 
Art. 307, which is preferred by some writers : they assert thut 
no precise idea can be formed of the length of an arc, escept 
"by regarding it as the lirait of the perimeter of a polygon inr 
scribed in that arc, when the length of each side of the poljigm 
13 indefinitely diminished. If we adopt this definition of the 
length of an are, we must shew that the limit mentioned 
does exist, and is the same in whatever manner we suppose 
the polygon inscribed, provided that each side is ultimately 
"indefinitely diminished. 

Draw two chords dividing the whole arc we are conaider- 
ng into two portions; then in each of these subdiviaom 
place two chords dividing the whole arc into four portions; 
in each of the last subdivisions place two chords, and ao on. 
The perimeters of the polygons thus formed constitute a seriea 
continually increasing; and as it in easy to see they cannot 
increase without limit, we prove the first point, namely, that 
there is a limit to the perimeter of the inscribed polygon wAw 
^ length of eaoh side is indefinitely diminished. 

Suppose now two polygons with indefiinitely small aides 
inscribed in the curve, one of them being one of the series just 
considered, and the other described after any other law. GtSM 
tangents to the curve at the angular points of both polygoo^^ 
thus forming one polygon circumscribing the arc. Then it is 
easy to see that any chord of either polygon bears to the cor- 
responding portion of the circumscribing figure, a ratio which 
can be made as near to unity as we please by sufficiently 
diminishing the length of each chord. Hence the perimeter of 
each inscribed figure bears to that of the circumscribed figure 
a ratio which is ultimately one of equality, and consequently 
the ratio of the perimeter of one inscribed iigure to that of the 
other inscribed figure is ultimately one of equality. Thi» 
proves the second point involved in the definition of the length 
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of an arc, namely, th&t the limit obtained is the same accord- 
ing to whatever law the polygons be inscribed. 

From this definition of the length of an arc it follows that 
the ultimate ratio of the length of an indefinitely small arc to 
its chord ia one of equality, that is, 

A* 

309. Since secant PTx = ^|l + ^^U , 
wehave co&PTx= j. r... =-y-, 



7FM 



and sin Pli = cos PTa? tan Pile 

^dxdy _dy 
ds dx da* 

■ 

310. If X and y be expressed in terms of 6 from the 
equations 

a; = rcos5, y = rsin5, 

da ^ds dx 
dd^didd 



wehave 






dx ^dv • /I 

But ^3 = cos^-77, — rsm^, 

oB dd 

dy . ^dr >, 
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therefore | = y|(|y+^|. 



. , ds ^ds dO 

dr ~ dO dr 



-^[^^^ 




We have shewn in Art. 279, that 

de 

where ^ is the angle between the radius vector at the point 
whose polar co-ordinates are r, d, and the tangent at that 
point. Hence 

de de 

. , dr dr ' d0 



dr 
Similarly cos ^ = -=- . 



These results may also be deduced immediately from the 

figure in Art. 279 ; for sin ^ is the limiting value of pg* 

,, . . ^ PL As ^ rsmA0 As rru v f Zj 

that IS, of -r-.r^ or of — r • »7i« The limit of 

' A* FQ As PQ 

r sin A5 . rd6 , ^, ,. . . - As . .. , 

— T is -Y-: and the limit of -st? is imity; hence 

As ds ' PQ ^ ' 

rd6 
sin ^ = -J- . Similarly the value of cos ^ may be found 

ds 
311. The value of -j^. m Art 310, may abo be obtained 

^, dO , "^ 

thus: 

Let P, Qy be points on a curve, and suppose 

8P^r, PSx^e, 

8Q = r + Ar, Q8x = + Ae. 

Draw PL perpendicular to SQ, 
then 

Pj&=rsinA^, 
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X(? = r + A»* — r cos Ad 
= Ar+2r sin — - . 
Also the chord PQ = >/ [PL' + IQ'). 

IVom thb, if we proceed according to the method of the 
to^ceding Articles, we shall arrive at 

312. If A denote the area contaiaod between a curve and 
tiie axis of x, we have shewn in Art. 43 that 



lie 



= y- 



313. To find the differential coefficient of the area of a 
carve referred to polar co-ordinates. 

Let A denote the area contained between the radius SP, 
iiie radius SO drawn to some 
fixed point C on the curve, and 
the curve OP. Let AA denote 
the area PSQ. With centre S 
and radius SP describe an arc 
meeting SQ at L, and with 
centre S and radius SQ describe 
an arc meeting SP produced at 
M. Then AA lies between PSL and QSM, that is, between 




'""'""= A^ ' 
Hence, proceeding to the limit, we have 
dA r' 



314. Differential coefficient of the volu7ne of a solid of re- 
volution. 

Suppose the curve APQ in the figure of Art. 307 to 
revolve round the axis of ar, and thus to generate a Bolid. 



d 



BUHFACE OF A SOLID OF EEVOLl 

Let Fdenotc the Yolume of a portian of this solid contained 
between two planes perpendicular to the axis 0:c, one drawn 
through a fixed point A and the other through P. Let A V 
denote the volume of the solid contained between planes 
through P and Q perpendicular to the axis. The volume 
of a cylinder having MN for its axis and for its base the 
circular area formed by the revolution of FM round the asia 
Oar, is tn/'Ax. The volume of a cylinder having MN for its 
axis and for its base the circular area formed by the revolu- 
tion of (2^ round Ox, is ir (y + AyY Ax. Hence AFLea 

AV 
between iri^Ax and ir {y ■\- AyY Ax. Therefore -r— licB be- 
tween TTT/* and TT (?/ + AyY- Hence, proceeding to the limit, 
we have 

dV . 

315. Differential coefficient of the surface of a solid o/re- 
volution. 

JLet P, Q, be two points in a eun'e which by revolving 
round the axis Ox generates 
a solid of revolution. Let A 
be a fixed point on the curve, 
and suppose jdP = s, PQ=As. 
Let S denote the area of the 
surface formed by the revolu- 
tion of AP, and AS the area 
of the surface formed by the 
revolution of PQ. Draw PR and $2" each equal to As and 
each parallel to Ox. If PR revolve round Ox it generates 
a cylinder, the surface of which is ^-rryAs. If QT revolve 
round Ox it generates a cylinder, the surface of which is 
2tr {y .{• Ay) As. We assume as an axiom that the surface 
generated by the arc PQ lies between the former and the 
latter. Hence AS lies between 2Try As and 27r(y + Ay)4i, 
and proceeding to the limit, we have 

therefore S = '-*'^£* 
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KXAArPTiES, 



1. Intheellipee ^ = ^^f — 5 — -;r)> ai^d if af = «sm^ 



2. In the parabola ^"=400^ -^ = ^[ j. 

3. In the drde -=- = -, 

OK y 

4. Find the differential coefficient of the arc of the curve 

eF(e'-l)=e* + l. 

. ax e"— 1 

5. In the curve aj' + v' = a', -7-=— r. 

^ ' ax ai^ 

6. In the curve r = a (1 + cos 0), -77; = 2acos - • 

aO 2 

ds 

7. In the curve r=a^, ^ = ^ V{1 + (log «)'}• 

8. In the curve f^=a'cQa20, ^3 = - • 

a^ r 

9. In the curve r=^ad, -y- = ^^^ ^^ , 

dr a 

dx 
10. If 6^=0080!, -T- = cosa?. 




CHAPTER XXIV. 

CONTACT. CUaVATHRE. EVOLUTES AND IHTOLUMa 

316. Let y=t(>{x) be the equation to one curve, and 
y = >}r(x) the equation to another; then if ^ (a) = ■Jf (a) the 
curves intersect at the point whose abscissa is a. If more- 
over 0' (a) = i/r' (a) the curves have a common tangent at tbe 
common point ; in this case they are said to have a contact 
of the fii-st order. If moreover ^" (a) = i^" (a) the curves are 
said to have a contact of the second order. If ^(a) =-^(a), 
^'{([)=t^'(q,), ip"(a) ='^"(a), <^"'{a)='^"'{a), and bo on up to 
^'(a) = i/r'(a), tbe curves are said to have a contact of the 
n"' order at the common point. When we speak of two curves 
having contact of the n order we imply that they have not 
contact of a higher order ; that is, with the preceding notation 
we imply that ^"' (a) ia not equal to i^"*' (a). 

317. If two curves have at any point a contact of the 
n*^ order, then in the vicinity of the common point no curre 
can pass between them unless it has with both of them s 
contact of an order not lower than the it"". For let y = ^ (o) 
and y = -^ («) be the equations to two curves which haw 
contact of the «"■ order at the point x = a; and let ^/^ denote 
the ordinate in the fonner curve corresponding to the ahsdaai 
a + k, and y^ the ordinate in tbe latter curve corresponding to 
the same abscissa; then, by Art. 92, 

,,= .fW + *f(a) + ^f'(a)... + ^*-W+j^*-(a + «J), 
J.''" 
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Hence, since the corves h&ve co&tact ot the k*^ order, 

y.-».=l^{*" (-+«)-+" («+««)}■ 

Now suppose 7 = y (x) to be the equation to a third cnnre 
vhich has contact of the m'' onler with the first curve at the 
point x = a; then if y, = X (** + ^)> ""^ have 

If m be less than n we can give such a value to A as will 
render y, — y, less than y, — y, for that value of k and all 
numeri«i]Iy inferior values both positive and negative. Hence 
in the vicinity of the common point the second carve is nearer 
to the first than the third is. 

In the above expressions 6 denotes merely a proper fraction, 
■tod it is not necessarily the aatne proper fraction in the 
different cases. 

318. The expression for y, — y, in Art, 317, when h is 
sufficiently dinuQisbed, has the same sign as 

and therefore changes sign with A if n be even; therefore 
if two curves havo contact of an even order they cross each 
other at the common point If two curves have contact of 
sti odd order they do not cross each other at the common 
]>oiiit. 

319. In order that a curve may have contact of the 
»*" order with a given curve, it appears from Art. 316 that 
Vi + 1 equations must be satis&ed. Hence, if the equation 
to a spedes of curves contain n + 1 constants, wo may, by 
mving suitable values to those constants, find the par- 
ticular curve of tho species that has contact of the n"" order 
%ith a given curve at a given point. For example, the 

tqoation to a straight line is of the form y=ma; + c; since 
Qiere are two constants, m and c, we may, by properly de- 
kermining tbem, find the straight line wluch has contact of 
tbe first order with a given curve at a given point If the 



J 
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CIRCLE OP CURVATUBE. 



given curve be y = ^ {oc), and the given point that whose 
co-ordinates are x = a, y — <l> (a), then we must have 

ma + c = ^ (a), 

and m = <l}{a). 

Hence m and c are determined. 

If y = ^ (x) be the equation to a curve, then 

is the equation to a curve which has a contact of the n* order 
with the given curve at the point a?= a. This may be eaaity 
verified. 

320. Circle of hwrvature. The general equation to a circle 
involves three constants ; hence at any point of a curve a cirde 
may be found which has contact of the second order with the 
curve at that point. We proceed to determine the radius and 
the centre of such a circle. 

Definition. The circle of curvature at any point of a 
curve is a circle ^hich has at that point a contact of the 
second order with the curve. 

Let (X-a)»4-(r-J)*=p* (1) 

be the equation to a circle, so that a, b, are the co-ordinates 
of its centre and p its radius. From (1) by di£ferentiatiiig 
we have 






(2). 



If this circle is the circle of curvature at the point {x, y) 
of a given curve, we must have 

^^^^A y (3). 



dX 
dX* 



dx 
d^ 
d^ 
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Hence, from (2), 



<r-a+(y-J)-^ = 



dx 



1 + 



(iy-(^-^)3=oj 



(4). 



1 + 



M* 



Therefore 



y-5=- 



a? — a 









(5). 



By (1) and (5) we have 



P = 



H 



dx 



djy 




Hence the values of a, h, p, are found, and thus the position 
and the radius of the circle of curvature at any point of a 
curve axe determined ... 

In the value of p it will be proper in any particular 
example to give to the radical in the numerator the same 

sign as ~ has, so as to make p positive. Hence if y be 

positive and the curve concave to the axis of x we should put 






da/" 

From the first of equations (4) we see that the point {a, h) 
IB on the normal to the given curve at the point (a;, y). 
The centre of the circle of curvature at any point is called 

zi 
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for shortness the "centre of curvature.** Also the radius of 
the circle of curvature is called the " radius of curvature." 

If a straight line be drawn from any point of a curve in any 
direction the portion of this straight line which is intercepted 
by the circle of curvature at the assumed point is called the 
chord of curvature at the assumed point in the assumed 
direction. By the nature of a circle the length of the chord 
of curvature will be obtained by multiplying the diameter of 
the circle of curvature by the cosine of the angle between the 
chord of curvature and the common normal to the curve and 
the circle at the assumed point. 

321. If p be the perpendicular from the origin on the 
tangent at the point {x, y) of a curve, we have 

dy 



therefore 3^ = 
ax 






Also, if f^^a?'\'j^. 



dr . dy 

chy dr 

From these values of ^ and -3-, and the value of p given 

in Art. 320, we see that, 

dp _ 1 dr 
dx p dx' 

and p = r-j- . 

^ dp 



BAJ)XUS OF CUEVATXJBBl: 841 

322. If, X and tf be each a function of a third yariable t, 
we have 

dy d^ydx d*xdy 

dy di d*y Id? 'di~'^'di 
dx ^' daf /flteV 

de \dt} 

Using these values, we deduce 

^ d^y dx d^x dy * 
df dt d^ dt 

For example^ if <=«; the arc of the curve measured from 
some fixed point, then 

^^ d^dM _^di ^^^' 

'c&* da ds^ ds 

amce by Art. 307 (^)*+{^)''=l (2).. 

„ 1 d*y dx d*xdy ,^.. 

H«^«» rd^di-wi («> 

By diflferentiating (2) we obtain 

dxd'x dy^ .. 

^"3i W^ ds d? ^ ^* 

Square (3) and (4), and add ; thus 

From (3), by means of (4), we may also deduce 

p dx ay ' 

,2$ dt 

323. If we put a!=roo8d, and ysrsind, we have from 
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Art 201 the values of -f- and ^ . Substitute these value 

ax aar 

in the expression for p in Art. 320, and we find 

If r = -, then ^=--.^. and 

Substitute these in the ahove value of p ; then 

This result may also be found thus : 
By Art. 321 P^''^^-^.^- 

By Alt. 284 ^.=^'+(gy. 

therefore -^i = ^« + 5^j^' 






CONTACT OF POLAB CORVES. 3i3 

The chord of curvature pasKing through the origin will he 
obtained by multiplying 2p by the cosine of the angle be- 
tween the ra<:!ius vector and tlie normal to the curve at the 



point considered. (Art. 320.) 
through the origin 



Hence the chord of curvature 



^^' 



324. If ^ be the angle which the tangent at the poiut 
{x, y) of a curve maJtea with the axis of x, we have 



therefore ^ = 



■>^ = tan"' 
dx' dx 



^''"F©7' 



therefore 



~df' 



325, If two polar curves have a common point the polar 
co-ordinates of that point must satisfy the equations to both 
curves. If they have contact of the first order at that point 

the value of -/ b the same for both curves at that point, and 

hence, by Art, 201, the value of -^ is the same for both 

curves. If the curves have contact of the second order the 

value of ~i also is the same for both curves at the common 

point, and hence, by Art 201, the value of -j^ is the same 

for both curves at that point. Proceeding in this way, we 
■ee that if two curves have contact of the n*^ order at any 
point, if they are referred to polar co-ordinates, the values of 
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-tti, -ttiu, •••. -T7^ will be the same for both cunres at the 
qB ad w 

common point. 

326. Smce -, = ^, + -,y, 

it follows from the last Article, that if two curves have con- 
tact of the first order the value of ^ will be the same for both 
curves at the common point. Also, since 

dp . , 

dp dd . , i dr . d^r 

-f- or -7- mvolves only r, -ra, and ^75, 
dr dr ^ dd' dS^* 

dd 
it follows that if two curves have contact of the second order 

the value of -t- must also be the same for both curves at 

dr 

the common point. 

327. We may apply the preceding Article to establish the 
equation proved in Art. 321 as follows. 

If R be the radius vector of a point in a circle, 
P the perpendicular on the tangent, 
c the radius of the circle, 
h the distance of the centre from the origin, 
we have, from the properties of a circle, 

Difierentiating, c = jB -Tp . 

If this circle be the circle of curvature at a point in a 
curve having r for its radius vector and p for the perpen- 
dicular on the tangent, we have by the last Article, 

R = r, 

dR_dr_ 
dP~dp' 



theref(»e «=»'jr; 

that ]& the radios of corimtiire^r-^. 

328. jli a poimt wkare Ae radku o/^aamEbane is a 
mum or a wdmimmm fke drde ofaurabirt has cxmiact i^the 
third order wi& Ae 



Since P=^ 



<f3 



we have^ when -^ =0, 

ax 



320 we diflTeientiate the second of eq[iiati< 



we have 
Hence 



rfZ» Y-h 



bj equations (3) and (5) of that Article. In oider that the 
circle of curvature may have contact of the third order with 
the curve at the proposed point, we must have 

d^Y d^y 
dX}''dof' 



therefore 
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Hencs (1) may be written 

Thich ehewB that the point {x, y) ia situated on the tangeiA to 
the evohite at the point {x, y"). Also (1) shews that ths 
point {se, y) is on the normal to the curve at the point {x, y). 
Hence the normal at any point of an involute ia a tangent ut 
the corresponding point of the evolute. 

331. If p he the length of the radius of curvature at the 
point {x, y) of a curve, and x', y the co-ordinates of the centre 
of curvature, wo have 

p''={x-xy + {y~yy. 

As x' and y are functions of x, so also is p ; hence differen- 
tiating we have 

(«-')(.-S+b-^)(l-f)=^l- 

By means of equation (1) of the preceding Article this gives 

(^-■)£-(^-^ii=--l ■••■«• 

From equations (1) and (3) of the preceding Article we obtfun 
\dxj'^\dxj \ ^^Ids' 



«^-aj y'-y ' [{x -xY+{y -yY) pdx' 

8 being the length of the arc of the evolute. See Art. 301. 
Hence, by (IJ, 

therefore £=±£ t^J" 

Smce —- A --- = ^- we have, by Art 102, 



b' T p = Bome constant, say I. 



Let ABC be the given curve, and A'B'C the evolute, 




BS* being the radius of curvature of the given curve at B, 
[ OC at C. Then if A' be the fixed point on the evolute 
from which the arc is measured, we have 

A'}y-\-irB = i, 



therefore 



A'B'0'+C'0=l, 
B!0' = BB'-OC'. 



Hence, if a flexible string of length I be fastened at A' and 
placed in contact with the evolute A'SG , then, as the string 
is unwound from the moluU, the free end of it will describe 
the involute CBA. From this property the namea evolute 
and involute are obtained. 

In the figure aa s' increases p diminishes and we hare 
*' + p = a constant ; if s' be measured in the direction from C 
towards A', then a' oud p increase together and we have 
«' — p = a constant. 

It will be observed that a curve has only one evolute ; but 
a curve has an infinite number of involutes, for in_the equa- 
tion a' + p = some constant, the constant may have any value 
we please. 

332. The following polar formulie for determining the 
evolute of a curve are Aometimes useful. 
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Let be the centre of curvature corresponding to the 
point P of a curve referred to polar co-ordinates. Let i&Fbe 
the perpendicular on the tangent at P. 




/ 

Let 8P=r, PO = p, 8Y=p, 

80 = /, jp' = perpendicular from 8 on FO. 
From the triangle 80P we have 

r'* = /)* + r" - 2rp cos 8P0 
= p" + r" -2rp sin 8PY 

= />* + r' - 2/3P (1). 

Also jp'« = r'-/ (2). 

P = ^% ^^)- 

From the given equation to the curve we can find p in tenns 
of r, and then between (1) and (2) we can eliminate r, and 
thus we have an equation between p' and / to determine the 
locus of 0. Since PO is a tangent to the locus of 0, p'is 
the perpendicular from the origin on the tangent to the 
evolute at 0, 

In the figure the curve is drawn concave to the pole. 

If the curve be convex to the pole -t- is negative (Art. 294), 

and- we should take o^— r-j-i in this case we shall find in- 

'^ dp 

stc^ad of (1) the equation 

r'' = p'+r^+2pj7. 



y 
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Thus in both cases we have 
333. Involute of a circle. 




Let 8 be the centre of a circle, APQ a portion of the 
involute, 0P= OA the portion of the string unwound. Let 
80== a, 08A = ^, and let a?, y be the co-ordinates of P, 
the origin being at 8, and 8A the direction of the axis of x. 

Then OP = cuf), 

a; = a cos ^ + a^ sin ^, 
y = a sin ^ — a<f> cos ^. 
Let AP = 8, then 

Hence, as we shall see in the Integral Calculus, 

EXAMPLES. 
1. In the curve 

the ordinate at any point is a mean proportional between 
the radius of curvature there and at the lowest point. 
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2. In the curve 

the radius of curvature at the origin = ^. 

3. In the curve 

y = a;' + Sa."* + 6^7, 

the radius of curvature at the origin = 22.606-. 
Find at what point the radius of curvature is infinite. 

4. If <f> (oj, y) = be the equation to a curve, then 
^ dx) \dy) J 



/#Y(f<^ g## d^4> (d(l>\* €P<f>' 
\dy) da? dx dy dxdy \dx) d^^ 

5. Find the parabola whose axis is parallel to that of y 
which has the closest possible contact with the curve 

y = -^ at the point where x^a. 



BesuU. {«-fj-i{y-ij- 



6. If r = a(l — cosd), p^-^^^^' 

►T T^ /o zi i\ a(5 — 4cos5)* 

8. If the curves f(x, y) = and ^ (a?, y) = touch, shewthat 

at the point of contact 

^ d<f} dfd<f>_ 
dx dy dy dx 

9. Apply the last result to find if the straight line 

X V 

-+f-l=0 
a 

touches the curve 

10. When the angle between the radius vector and the per- 
pendicular on the tangent has a maximum or minimum 
value, shew that pp = r*. 



If at every point of a 
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y, then 
y 

, where n is the 



I 



a = T^ -T-, . Shew also that - + - 
portion of the normal intercepted by the axis of x. 
Find the yalue of p when r = a cos 9. 

The equations which determine the co-ordinates a, h, of 
the centre of curvature of a curve may be put in the 
following form, where r^ >= a;" + ^' : 

^^d^t* 26^=— ' I 

dif dy'' ' di^ dn? ' 

In the parabola y' = imx, 
a = 2m + 3a;, 



2a;' _ 2 (m + a;)* 

Shew that the circle of curvature at any point of a 
parabola, except the vertex, cuta the axis at two points 
on opposite sides of the vertex. 

If Ax*-\-Bf+0=(i, 

,, A{A-B), . B{B-A) . 

thenar ^^^ > A h= ^^ y. 



17. If ^-^, thenp = : 



o' + »' 



^('^-3») 



The radius of curvature of the curve y' = 
at one of the points where ^=0 is ~, and at the 
other — . 

If « = a ain" ■^, find p. See Art. 324. 

Find the equation to the circle of curvature of the curve 

J* = 4a'a:' — a;*, at the origin. 
T.D.C A A 
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21. Ifv + a6" = 0, thenp= ^ ^^^ . 

22. Shew that the circle (a? - -v) + [y - y) ~ 2" ^^ ^'^^ 

curve Va? + \/y = Va have contact of the third order at 
the point a5 = y = -. 

23. If r = a sec* - , find p. Result p = 2a sec* -. 

24. Find the two parabolas which, having their axes parallel 

to the co-ordinate axes respectively, have a contact of 
the second order with the circle a;*+y*=5a*, at the 
point a? = a, y = 2a. 

•D 1^ f 8a\" 2a (la \ [ aV 16a /11a \ 



V 1 - -- 

25. In the curve - = ^ (e* + e **), shew that the co-ordinates 

of the centre of curvature are 

and find the equation to the evolute. 

26. Find the equation to the evolute of the ellipse, and the 

whole length of the evolute. 

Remits. (aa;)*+(J3^)«=(a«-6«)«; ^(i"^^' 

27. If T—f{p) be the polar equation to a curve, shew that 

the equation to the locus of the foot of the perpendicular 

drawn from the pole on the tangent is 1)'= 2^7-77. Find 

JV /(^) 

the locus when o' = , and shew that it is a circlft 

^ 2a — r 
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Mnd the evolute of the curv-e p' = 



If j4 be the area between a curve, its radius of curvature, 
and its evolute, then 



dx 



m 



4i 

dx' 



If p be the radius of curvature of a curve, then the radius 
of curvature of the evolute at the corresponding point 
dp 

If x', y be the co-ordinates of the centre of curvature of 
the curve a' = a'ic, shew that 



ilV 



ay - 9.'/' 



Shew that in a parabola the radius of curvature at any 
point ia equal to twice the portion of the normal which 
ia intercepted between the point and the directrix. 

Investigate the following expressions for the radius of 
curvature at any point of an ellipse : 



L 



(1) 



(2) 



where r and r are the focaJ distances of the point and 
is the angle which the normal at the point makes 
with the major axis. 

The locus of the centres of all ellipses having the 
directions of tlieir axes given, and having a contact of 
the second order with a given cui'vc at a given point, 
is a rectangular hyperbola passing through that point. 

Find the asymptotes of the evolute of the curve 
y = a tan x. 

Shew that corresponding to the portion of the curve 
o*y = ^ near the origin, the evolute is approximately 
a curve whose equation is a;^' = o^. 

AA2 



J 
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Shew that corresponding to the portion of tte curve 
c^y = a^3? + x^ near the origin, the evolute is approxi- 
mately a curve whose equation is 

(y-tt)' + ^a; = 0. 

Shew that the chord of curvature parallel to the axia 

of a; of the curve Eec- = e° is constant; and that the 

evolute of this curve for the portion near, the origin 
is approximately a curve whoae equation is 



c (!»)'. 



If aJong a curve and its circle of curvature at any point 
equal arcs (Ss) he measured from the point of contact 
and on the same side of it, shew that the distance be- 
tween their estremitiea will be ultimately - ■£■ i— ^. 

Shew that in general a conic section may be found which 
has a contact of the fourth order with a given curve at 
a proposed point, and shew how to find it when the 
length of the curve is given in terms of the angle which 
the normal makes with a fixed line. 

If the curve be an equiangular spiral, and a be the 
angle between the radius vector and the tangent at any 
point, shew that the conic section, ia an elhpse, the 
major axis of which makes with the normal to tbs 
curve an angle w given by the equation 

tan 2(0 + 3 tan a = 0. 
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CHAPTER XXV. 
envelops. 

334. Suppose 

F{x.y,a)=0 (l) 

to be the equation to a curve, a being some constant quantity. 
By changing a into tu + S, we obtain another curve of the 
same species as (1), the equation to which is 

F{x,y,a^h) = Q (9). 

The point of intersection of (1) and {2) will be fotind by 
combining the equations. Now (2) may be written 

F{x. y, a)-irhF' {x, y, a+ flA) =0 (3), 

the accent denoting that F{x, y, a) is to be differentiated 
"With respect to a, and in the result a changed into a+6h. 
Hence, combining (3) and (1), we have the point of inter- 
section determined by 

F{x,y,a) = Q,ii.iidiF {x.y, n + ^7<}=0 (4). 

If we diminish h indefinitely, the equations (4) become 

F{x,y, a)=(i,o.'aAF{x,y,a) = (5). 

The point determined by equations (5) is the limit of tlie 
interaectian of (1) and {2). 

If between equations (5) we eliminate a, we obtain the 
equation to a curve which is called the focus of the vltimale 
vUersection3 of the curves formed by varying a continuously in 
the equation F(x, y, a) = 0. 

The quantity o is called the parameter of the curve. 

335, The locus of the uUimate intersecti(ms of a series of 
curves touches each of the series of intersecting curves. 



n 
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Let F{x, y, a)^0 be the equation which gives the series 
of curves by varying continuously the quantity a. Then the 
locus of the ultimate intersections is found by eliminating a 
between 

F{x,y,a)=0 (1), 

and F'{x,y, a)=0 (2). 

Suppose from (2) we obtain a in tei-ms of x aCnd y, say 
a=<f> {x, y) ; then if we substitute in (1) we have 

F{x,y,^{x,y)] = <3), 

which is therefore the equation to the locus of the ultimate 
intersections. Now if for any assigned value of a the equa- 
tions (1) and (2) give possible values to x and y, then the 
curve represented by (1) when a has this assigned value, will 
meet the curve represented by (3). 

The value of -^ for the curve (1) is found by the equation 

dF{x, y, a) ^ dFjx, y, o) dy ^^ 

dx dy dx ^ '' 

dv 
The value of ■# for the curve (3) is found by the equation 

dF{x, y, ^) ^ dF{x, y, ^) dy 
dx dy dx 

+^^^'{t+fi}-« * 

But -T-r only differs from -7- in having ^ {x, y) in the 
place of a\ hence by (2) we have at the point where (1) 

JTp 

and (3) meet, -rr = 0. Thus (5) becomes at that point 

dF(x, y, <f}) ^ dF(x, y, <t>) d!/ ^^ /^n 

dx dy dx '' 

Since at the point of intersection of (1) and (3) we have 
a = <f>{x, y), equation (6) gives for -— at that point thQ same 




I as equation (4). Hence (I) and (3) touch at their 
l-common point. 

From this property the locus of the ultimate intersections 
of a series of cutves is called the envelop of the series of 



336. Example. Eequired the locus of the ultimate inter- 
sections of a series of parabolas fouod by varying a in the 
equation 

= - i^° 3^ 



F(x,if, a)=y-ax + 



1 +a* 



^('^.y.")= y-^ 




From (2) 


a=^. 




Substitute 


in (1) and we have 






-.^'^"= 





or 


x'+2;ij-/ = 


0. 


which is the 


aquation to a parabola. 





..(1), 

..(2). 



337. Required the locus of the ultimate intersections of a 
series of normals drawn at different points of a given curve. 

Let X, y be co-ordinates of a point in the given curve, then 

(1) 



-«+(y-j')J-o.. 



is the equation to the normal at that point ; a;', y', being the 
variable co-ordinates. From the equation to the given curve 

y and -^ can be expressed as functions of x; thus x is the 

parameter in (1), by varying which the series of normals 
18 obtained. Hence the required locus ia to be found by 




— tf-»iS-(l)" 



eliminatiDg x between (1) and the equation obtained from (1) 
by differentiating it with respect to x, which is 

w- 

It appears from (1) and (2), compared with Art. 320, that 
x, y' will be the co-ordinates of the centre of curvature at 
the point (x, y) of the g^ven curve. Hen^e the locus of the 
■ultimate intersections of the normals to a curve is tlie evolute 
of that curve. 

338. It may happen that the envelop does not touch aU 
the curves of the series, as will appear from an example. 

Suppose the centre of a circle of variable radius to move 
along the axis of x, so that the 
abscissa OP of its centre and its 
radius FM are the abscissa and 
ordinate of an ellipse AMB which 
has for its equation 

required the envelop of the system of circles. 
If 0P= a, the equation to the circle will be 

(—»)■+!'■--.(•■■-»•)-« m- 

Hence differentiating with respect to a, we have 
« — o i = Q; 

therefore a= ™'^ - j (2). 

Substitute in (1) and we obtain 

^?T7" + 5=1 (3). 

which is the equation to the envelop. 




For all values of a comprised between 




the drcles do not ultimately intersect, and are not touched by 
the envelop: for the value ofy found from (2) and (3) is 



1 



-V{'- 



im' + n')a 



which is imposdble when a la ereater than ,, . =-, 

^ " V('» + ») 

Therefore in the enunciation of Art. 335 we do not assert 
that the envelop touches each of the series of curves, but that 
it touches each of the series of intersecting curves. Tlie de- 
monstration in that Article assumes that the equations (l)and 
(2) lead to possible values of x and i/; or in other words, that 
one curve of the series ultimately intersects the adjacent curve. 

339. The method of Art. 334 may be extended to the case 
in which there are n parameters connected by n — 1 equations. 
For example, suppose 

F{x.y.<i.b,c) = (I) 

re, the parameters a, b, c, being 



■•(2). 



to be the equation to a cur 
i-oonected by the equations 

*.(<.,*,«)■ 

*,(",4,c)- 

and that we require the locus of the ultimate intersections of 
the curves obtained by giving to the parameters in (l) all 
possible values consistent with (2). If from equations (2) we 
lind the values of b and c in terms of a and substitute them in 
(1), we may then proceed as in Art. 334. If however the 
Bolution of equations (2) be difficult we may proceed thus. 
Regarding b and c in (1) as implicit functions of a, we have, 
if we differentiate with respect to a, and put the result equal 
to zero as in Art. 334, 

dF , dF db dF do 



da db da dc da 



,dc 



= 0.. 



..(3). 



To find J- and ^, we have by differentiating (2), 



d0, dtf), db d^, do _ 

da db da dc da 

d<f)^ d<f>^ db dipj do 

da db da dc da 



..(4). 



If the values of j- and j- from (4) be substituted in (3), 

and then a, b, c, be eliminated between (1), (2), and (3), the 
resulting equation between x and t/ will determine the re- 
quired locus. 

This process may be rendered more symmetrical by suppoft- 
ing a, b, c all functions of a third variable, say ( ; then using 

Da, Db, Dcior -J-, -j , -j- respectively, we have instead of 

(3) and (4) the equations 



#17 



.*; 



-•-D<1 + 



Z)i4 



-■flc = 



And the solution of tbe problem will be facilitated by the use. 
of iodetevmioate multipliers. Tbus multiply the second of 
equations (5) by X, the third by jj., and add to the first; 
this gives 

-(f-f--f)^"=» (=)■ 

Now since X and /* are at present undetermined, we may 
take them such that 



X ^l J. „ ^^i - 



^ + '*^ 



"W. 
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from which it follows by (6) that 

S^^f^-f"" •••••••••»)•. 

Hence we have to eliminate a, b, c, X and fi from equations 
(1), (2), (7) and (8) ; the result is the equation to the envelop 
required. 

Example. A straight line moves so that the length inter- 
cepted between the co-ordinate axes is constant : required the 
envelop of the moving straight line. 

Let the equation to the straight line be 

M-' ■ (»>■ 

so that a' + i* = a constant = A:*, say (10). 

From (9) ^^Da + ^Db = 0, 

^ ' a b 

firom (10) aJDa + bDb = ; 

thus r-, + Xa]j3a+^^ + X6^i>J = 0, 

therefore ^ + Xa=:=0, and^ + \5 = (11); 

multiply the first of these equations by a and the second by 
b and add ; thus 

?+| + \(a« + J«)=0, 

that is, 1 + AA" = 0, therefore \ = — y^ . 

Then from (11) 

cfsilfxy and b^^Jfy. 

Therefore by (9) 

X y 

or a:' + y^ = A;^. 

. . This equation determines the envelop. 



ENVELOPa EKAMPLES. 



ight lines - + ^ = 1, 



Find the envelop of the series of straight lines ' 

where •Ja + >Jb = tjka, constant 

ResvU. a:* + 3(* = fc». 
Ellipses are described with coincident centre and axes. 
and having the sutn of the Bemiase3 = c. Shew that 
the equation to the locus of ultimate intersections is 

Find the envelop of aU ellipses having a constant area, 
the axes being coincident. 

Result. 4<^y*=o' where to* is the given acesL 

A straight line cuts off from the co-ordinate axes distances 

AB, AC, such that nAB+AC = c, show that the 

envelop of the straight lines is 

(y-[-»w;-c)' = 47u;y. 

Find the evolute of a parabola if = iaa;, by the method of 

Art. 337, taking the equation to the normal in the form 

Besult. 27ay = 4 (ai — 2a)*. 
Find the evolute of the curve a:^ + y' = a*. Sea 
Example 9, to Chapter XVIiL 

MeauU. (a!+y}'-|-(a;-y)* = 2a*. 
Shew that the envelop of the series of parabolas 



y©v©= 



1, 



under the condition ah = c", is an hyperbola having its 
asymptotes coinciding with the axes. 

Find the locus of the ultimate intersections of the 
straight hnes drawn at right angles to normals to 
the parabola y' = iax, at the points where they cat 
the axis. 

Sesult. y* =s 4a (3a — aj. 



ENVELOPS, EXAMPLES. 

9. Straight lines drawn at right angles to the tangonts 
of a TMiTabola at the points where they meet a given 
straight line perpendicular to the axis, are in general 
tangents to a confocal parabola. 

10. Find the envelop of the curves (^-j^) + {^r) ='• 

the variable parameters a, h, being connected by the 
equation g)+ (I)' = 1. 

Restilt. ^, + 75 = 4. 

11. Grcles are described on successive double ordinates of a 

parabola as diametera : shew that their envelop is an 
equal parabola. Find what part of this system of 
circles doea not admit of an envelop. 

12. A circle moves with its centre on a parabola whose 

equation is y* — iax = 0, and always passes through 
the vertex of the pai'abola: shew that tlie circle always 
touches the curve j' {x + 2a) +a? = 0. 

13. A series of parabolas of latus rectum I is described with 

their vertices in a given parabola of .latus rectum I', 
Shew that the locus of the ultimate intersections ia a 
parabola with latus rectum I + 1', the concavities being 
in the same direction and the axes parallel 

14. Find the envelop of all ellipses having the same centre 

and in which the straight line joining the ends of the 
axes is of constant length. 

Sesutt. a:±y = ±c. 

a? v* 

15. From any point of the ellipse -5 + ?; = 1, perpendiculars 

are drawn to the axes, and the feet of these perpen- 
diculars are joined: show that the straight Une thus 

formed always touches the curve f-j ■ '^' 



■©'-(f)'^ 



18. The circle 
is cut h 



= pairs oi 

tangents are drawn to the ellipse -a+V;— I 

sliew that the locua of the ultimate inteiBections o£ 

the chords of contact is — J-+-^=l- 
o 

Circles are drawn passing through the origin havini^ 
their centtes on the curve a"j'— 6" {iax ~x') = : shew 
that the locus of the ultimate intersections of these 
circles is (^ + »/' — ^ax^ — 4aV — ib'j^ = 0. 

lose equation iaa!'+ w' + 2aa; + 25y + 2c = 0, 
another circle which passes through the 

origin and whose centre is on the cnrve -s +^ = 1 : 

a* ff 
shew that the chord joining the points of intersection 
touches the curve a;V + y8'i/'= {ax+b/f + c)*. 

19, Find the locus of the ultimate intersections of the 

straight lines 

ycosff — a sin 5 = c — c sin Slog tan ( J +o)» 
' where 6 is the variable parameter, 

SesuU. 2y=e(«e + e~'). 

20, The equation to a spiral is r''cosn0 = a'' ; str^ght lines 

are drawn through the extremities of the radii vectores 
at right angles to them : shew that the enTehjp of these 
straight lines is the curve 

r"co8nifi = a", where im = -. 

n + 1 

21, A series of ellipses has the same centre and directrix; 

shew that the envelop is a pair of parabolas, but that 
the envelop will not meet those ellipses whose excen- 



trieity is less tlian - 
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Find the locus of the ultimate intersections of an ellipss 
which touches a given straight hne at a given point 
at the extremity of the axis minor, the excentricity 
Tarying as the axis major. Find the limits of the 
exceutricit J in order that two consecutive ellipses may 
intersect. 



straight line is drawn from the focus to any point of 
a conic section, and a circle is described on it as a 
diameter : shew that the locus of the ultimate inter- 
sections of all such circles is a circle, except, in a 
certain case, where it is a straight line. 

Shew that the locus of the ultimate intersections of all 
the chords of an eUipse which join the points of con- 
tact of pairs of tangents at right angles to one another 
is a confocal ellipse. 

Find the locus of the ultimate intersections of the straight 
lines xcasSff + y sin 39 = a {cos 28)^, where 6 is the 
variable parameter. 

Besult. (ic' + y')' = a° (a^ — y). 

Find the envelop of the circles described on the radii of 
an ellipse, drawn from the centre, as diameters. 



Seault. (ic' -I- yy = a 



+-&y. 



27. On any radius vector of the curve r = c sec' - as diameter 

is described a circle : shew that the envelop of all such 

circles is the curve r = c sec"^ . 

n — 1 

28. Find the locus of the ultimate intersections of a family 

of parabolas of which the pole of a given equiangular 
spiral is the focus, and its tangents directrices, 

Besult. A similar equiangular spiral 
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29. Perpendiculars are drawn from the pole of an equi- 

angular spiral on the tangents to the curve : find the 
envelop of the circles described on these perpendiculars 
as diameters. 

Eesvlt A similar eqi;iangular spiral. 

30. From every point of a parabola as centre a circle is 

described with a radius exceeding the focal distance 
of the point by a constant quantity : find the envelop 
of the circles. 

Result (a? + c+a){y* + (aj — a)*— c*} = 0; where c is 
the constant quantity. 

31. Find the envelop of the straight lines obtained by vary- 

ing in the equation ax sec 0^hy cosec 0=^d^ — b\ 

Remit {ax) * + (Sy)* == (a' - V)^ 

32. From a fixed point A in the circumference of a circle 

any chord AP is drawn and bisected at H, and on 
PH as diameter a circle is described : find the locus 
of the ultimate intersections of the system of circles 
described according to this law. 

Result a* {a? + ^) = {2a? + 2^- Sax)*; 

where a?* +y* = 2ax is the equation to the given circle. 
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CHAPTER XXVI. 

TKACING OF CURVES. 

340. In this Chapter we shall give some examples of' 
tracing curves from their equations. 

Example (1). Let y^ = — ^ a— ^ (1). 

First find the value of j- : taking the logarithms of both 

sides of the equation and differentiating, we have 

1 rfy _ 1 X X 

ydx X a^-'4:a* x^ — a*' 

therefore ^ = ±—774 8n^1- + -i — rT--ni — 2r---(2)- 

Next find the asymptotes : since 

1 — ~ 



.«x-4 



therefore y = ± ^ (^ - "^j (^ "" ^«) 

f 2a' 2a* ) f a* 3a* ) 

= ±^1^-2^-} 

"±f-|^-} ^^^ 

Hence y— x 

and y = — « 

are asymptotes. 

T.D.C. BB 
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Also wlien a; = + a we see that y is infinite. 



are asymptotes. 

We may now assign different values to a?, and note the 
corresponding values of y and -r- obtained from (l) and (3), ' 

Since the curve is symmetrical with reapect to the axis of x, 
we may confine our attention to the positive values of y. 

When a=0, 5 = 0, ■£.= ±^- 
From a; = to ic = a, y is possible. 
When x = a, y=oo, rf^~*- 

"From x = atox = 2a, y is impossible. 
When x^2a, y = 0, ^='=°- 

When X ia greater than 2a, y is possible. 

It is not necessary to give negative values to a: in thw 
example, because the curve ia symmetrical with respect to 
the axis of y. 

If we draw the asymptotes and make use of the above 
list of pai'ticular values oiy and -^ , we shall have sufficient 
materials for ascertaining the general form of the curve. If 
necessary, in any example, we may find -7^, in order to 
determine the points of inflexion ; also by examining when 5" 

vanishes, we can determine tho maxima and minima values 
ofy. 

If we take the upper sign in equation (3), we have for 
the asymptote 

S-' ._ Wi 

and for the curve v = x &c. ..(5)- 

* 2a; ' ' 



4 
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When X is very large the terma included in the &c, of 

equation (5) will be very email compared with — . Henco 

comparing (4) and (5) we see that corresponding to the same 
abscissa the ordinate of the curve is less than that of the 
asymptote, and therefore the carve lies below the asymptote 
aa represented in the figure. 






341. Example (2). Suppose 



a{x — a){x — 2a) 



■.«! 



y dx X x — a x — 2a x + Sa' 

rfy_l ( a;(a;-a)(a;-2a) ]iri .1.1 l_l 

dx 2\ x + 3a J |a! a!-o a;-2a ai+Sa) 



Also &om (1) we have 

-i(-£-S-)(-.--£-)('-i-lJ'-)- 
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If the three series be multiplied together we have 

^ /, 3a , lla* \ 



= ±(x-Sa + 



2a? 

lla' 
2aj 



•) 



(3). 



Hence 
and 
are asymptotes. 

Also from (1) 

is an asymptote. 

From (1) and (2) we have the following results, confining 
oui-selves to the positive values of y. 



y = a; — 3a 
y = — a? + 3a 

a;= — 3a 




When a? = 0, y = 0, 

From a? = to a? = a, y is possible. 
When x = a, y = 0, 



da; 



= 00. 



di^ 



dx 



00.. 



dy_ 



From x = alo x = ^a, y'miw 

When 

When X is greater than 2a, y is possible. 

When X is negative and between and — 

When 



= -3«, 






When a! 



lies between — 3rz and — oo , y is possible. 
From (3) we see that the eijuation to the cui 
IB very great is approximately 



and whether x 1 



positive or negative a: — 3a + -^— is 
J. Hence the cur\-e lies above 



BumericaJly greater than ; 
'the asymptote. 

342, In the above examples the value of y is given 
explicitly in terms of x. In a similar manner we may pro- 
ceed if X is given explicitly in terms of y. But if the equa- 
tion connecting x and y does not admit of easy eohition we 
must abandon this method. In such cases we may find the 
asymptotes by Art. 277; we may determine the nature of 
the cnrve near the origin by a method exemplified in tlie 
next two Articles ; from these results we may obtain some 
idea of the form of the curve. By tranaforming the equation 
to polar co-ordinates we shall sometimes be enabled to trace 
it more accurately, 

3-li3. To determine the form of the curve 

x*—aya^ + b!^ = (1) 

near the origin. 

First, suppose that near the origin the term b^ can be 
neglected in comparison with the other two terma m (l) ; in 
ibai. case we should have 

ifore a? = ay. 



POEM OP CURVES NEAR THE OEIG] 

This nialcea y vary as x', and therefore j' vary :ta a?. 
HencQ the neglected term Jjr" varies as x°, while the terms 
retained, a;* and ay:^, vary as a;*. But by taking a: Bmall 
enough x" can be made as small as we please comptired with 
X*, and therefore near the origiD one branch of the curve may 
be found approximately by neglecting b-if. The branch we 
thus obtain, being determined by the equation a? = ay, is 
a portion of a parabola LaviDg its axis coincident with that 
of y. 



Next, assume that near the origin the term oy:^ may be 
neglected in comparison with the others. We thus find 

a;* + 6 j' = ; 

therefore y varies as x^. 

Hence the neglected term aya? would vary as a^* ; that ia 

as x', while the terms retained would vary as a;*. But since 

a;' can be made as great as we please compared with a* 
by taking x small enough, we do not obtain an approximate 
branch near the origin by neglecting aya?. 

Again, assume that x* may be neglected near the origin ; 
then 



therefore 



by'-ax'y^O, 
hy' — oic* = 0. 



Hence y varies as x ; the terms retained vary^ as a? and the 
rejected term varies as x* ; and thus an approximation to the 
curve near the origin is given by 

hf-ax^^O, or »/=±Q'a/5' 

The figure shews the nature of the 
curve near the origin; A£ is the para- 
bolic branch, and CD, CD', are the two 
branches found by neglecting a;'. 




FOEK OP CUnVES NEAR THE OIUGIN. 

The conclusioDB ia this case may be verified by solving the 
given equation with respect to x". We thus find 

=^-|l«±V{»'-«y)!. 

Expand \/(a'— i&y) in powers of y by the Binomial Theorem, 
and take the upper sign, then 

!c'= ay approximately ; 

with the lower sign 

!i? — -y* approximately. 

In thia manner, or by transforming the equation into a 
polar form, we may complete the tracing of the cui^vo. It will 
be found that the branches extending from the origin to 
and B respectively, unite, thus forming a loop. The branch 
from the origin to D' extends to infinity, and has no recti- 
linear asymptote. The curve is obviously symmetrical with 
respect to the axis of y. 



344. 



Determine the nature of the curve 
y* + ay'x — x'=Q 



near the origin. 

First, if we neglect x* we have 

therefore ^ = ~ f^^- 

Hence x varies as y'; the rejected term varies as y*, while 
the terms retained vary as y*, and therefore we have in the 
parabola y* = — ax an approximation to the given curve near 
tiie origin. 

Next, reject the term ay'x ; thus 
y*~x* = 0, 



Hence y varies as x ; the rejected term varies as jb*, and 
the terms retained vary as x' ; hence thia does not give oa 
tax approximate branch. 
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Again, reject y* ; thus 

therefore v* = — . 

^ a 

Hence y* varies as x^; the rejected term varies as x\ 
and the terms retained vary as 
x\ and consequently we obtain 
an approximate branch. 

The branch to the left of the 

axis of y is that given by y*= — ax, 

and the cusp to the right of the 

a' 
axis of 7/ is that given by y^ = — . 

In this example, ^* may be found 

in terms of x and the whole curve traced. 

345. We may observe that in the examples of the pre- 
ceding Articles, the supposition which was found inadmissible 
near the origin, will be admissible for points at a very great 
distance from the origin. Thus if 

when X and y are indefinitely great, ay^x may be neglected 
in comparison with y* and a?* ; and y* = a;*, or y = + x, will be 
an approximation at points remote from the origin. If we 
find the asymptotes by Art. 277, we shall have 

to which y = ± a? 

may be considered an approximation when x and y are inde- 
finitely great. 

346. Required the nature of the curve 

y* + xy^ + ax^y — Ja?' = 
near the origin. 

Assume ax^y — hx' =5 




as an approsimation near the 



therefore 



t/ vanes aa 



liie terms retained vary aa x', and those rejected vary aa x*, 
Bud we have therefore an approximation to the curve at the 
origin. If we examine all the six cases which present them- 
Belvcs by retaining two of the terras of the given equation and 
rejecting the other two, we shall find that the only other 
allowable suppgsition is, that s^y' and bx' can be rejected, and 
ve obtain for an approximation 



It will be easy to draw the branches we have, found ; the 
equation j/' = — oaj" gives us a cusp, the two branches being on 
the two sides of the negative part of the axis of y. 

347. If in any examples we wish only to find the direc- 
tioTis of ike tangents at the origin, we may arrive at them 
immediately, as shewn in Ait. 195. 

, Suppose y* + x7/' + aaf'y — h3^ — 0, 

therefore (y + x) (^ + a | - A = 0. 

Hence, when as and y vanish, we have 
the limit of ^ = - . 

Besides this, the hmit of - may have an infinite value, and 

tills can be determined bv examining if - has zero for a limit 
The ^ven equation may be put in the form 




TRACINQ OF POLAR CUEVES; 

Henee one of tlio limiting values of - is zero. 

In like mannerj if y* + ajV — a;* = 0, 

■we have y (^ + a f ^ j - a: = 0. 

Hence - has zero for one of i\a limiting values. Also from 
the given equation we may deduce 

Heoce - has zero for one of its limiting values. Th'oa - 
y . . . . . f 

may he zero or infinity when x and y are indefinitely dimi- 
nished, and therefore the axes of x and y are tangents to the 
branches through the origin. 

In connexion with the Buhject of tracing curves from equa- 
tions of the form ^ [x, y) =0 the student may with advan- 
tage consult Chapter xxiii. of the treatise on the Theory of 
Equations. 



348. "We s 



1 now give some examples of polar curves. 

. e 

n , sin- 

Q ^, , ar o 3 

sec - , therefore -yh—i: "h » 



= 3 cot-. (Art, 279.) 

m 



The polar suhtansent = j^ -r = 3a cosec :: . 
'^ ° dr 3 

When s = 77 1 »" '^ infinite, and the polar subtangeut = Sa^ I 
hence we have an asymptote. Ab 8 increases from to -r-, 
-TO is positive, and r is positive and increases with $. Ab tf i 
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increases from — to Stt, r is negative^ and -Tg is positivQ bo 
that r numerically diminishea. 

To draw the asymptote we proceed thus: since, when 




= —, r is infinite, and the polar suhtangent is 3a, the eye 

muat bo supposed at looking along OF, and a distance 
0(} = 3a must be measured to the right of O^and at right 
angles to it ; a straight line drawn through G parallel to OF 
ia the required asymptote. 

As changes from to *— the branch AB CD is traced 

out, cutting OA at right angles at A since tan ^ = to when 

0=0. When becomes greater than — , »■ is negative, and 

according to the usual conventions with respect to sign, muat 
be measured in a direction opposite to that which it would 
have if it were positive. For example, if the angle ACQ 
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measured in the ordinary way round from OA be h - 

2 4 

the corresponding value of r is 



1 /Stt , ir\ 



or - or - a V2 (^3 + 1) ; 



12 



hence we take OP = a ^2 (\/3 + l) measuring it along QO 

Sir 

produced. In this way, as changes from — -to 37r, we 

obtain the portion JECFA of the curve. 

If we suppose negative, or positive and greater than 
Sir, we shall only obtain repetitions of the branches already 
found. 

349. A very common mistake in drawing polar curves is 
made with respect to the asymptotes. For example, if r is 
infinite when ^ = 0, it is assumed that the initial line is an 
asymptote. This involves a double error, for in the first 
place it does not follow that because r is infinite there is an 
asymptote ; and secondly, if there be an asymptote it may be 
parallel to the initial line instead of coinciding with it 

For example, the polar equation to the parabola from the 
vertex is 

_ 4a cos 

sm^ 

Here when ^ = 0, r is oo , but the curve has no asymptote. 
In the curve 

a • 



sm- 

when 5 = 0, r is infinite ; there is an asymptote, but it does 
not coincide with the initial line; it will be found to be 
parallel to it and at a distance 3a from it. 

350. Trace the curve 

dsind 



Here 
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dr ^ a {6 CO&6 ^ bivlG) 
dO '^ ' 

tan 9 = ^ z ■' — a* 

^ ^ cos ^ — sin ^ 



381 



As r is never infinite there is no asymptote ; r is positive 
from ^ = to 6 = IT, negative from ^ = 7r to 5 = 27r, and 
80 on. 

When 5 = 0, tan j> assumes the form - ; on examination it 

will be found infinite. 

The curve begins at A, crossing the initial line at right 




angles, since there tan ^ is infinite : as 6 changes from to tt 
the portion ABO is traced out ; as 6 changes from tt to 27r 
the portion ODEFO is traced out, and so on. The curve 
forms an infinite number of loops, each smaller than the pre- 
ceding and all passing through 0, 

If we ascribe negative values to 5 we obtain the dotted 
part lying helow the straight line OA, 



351. Trace the curve 



1 + ^' 
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LOGAEITHMIC CURVE. 



In tilis case the curve begins at the pole and makes 




an infinite number of revolutions round it ; r can never be- 
come so great as a, to which value however it continually 
approaches. Hence r = a is the equation to an asymptotio 
circle, to which the curve continually approaches as d in- 
creases without limit, 

K we give to negative values, we have a branch similar 
to that obtained from positive values of 0. It is represented 
in the figure by the dotted portion, 

352. We shall now give the equations and the figures of 
a few curves which frequently occur in problems. 

The Logarithmic Curve. 
The equation to this curve is 

X 

y = 6e^ ; 

or, which is an equivalent form, 

y^ba'. 

The curve extends to infinity 
both in the positive and negative 
directions of the axis of a;. As a; 




CATENABT. LOGABITHMIC SPIHAL. 
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is increased numerically in the negative direction, y tends 
to the limit zero, so that the axis of a; is an asymptote. 



353. The Catenary. 

The equation to this curve is 

c * — - 

It is the curve in which a flexible string 
would hang if suspended from two points, 
as is shewn in works on Statics. 




354. The Logarithmic Spiral 
The equation to this curve is 







or 



r = le^, 
r = Ja^ 



Taking the first form we have 

tan ^ = r ^ = c. 

Since ^ is thus constant the curve is also called the 
equiangular ynral. 




The dotted patt arises from negative values of 0. 
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SPIRAL OF ARCHIMEDES. CYCLOIIV 



355. The Spiral of Archimedes. 



r 



= aft 




356. The Cycloid. 




The cycloid is traced out by a fixed point in the circum- 
ference of a circle as the circle rolls along a straight line. 

Let Ax be the straight line along which the circle rolls ; 

M the fixed point in the circumference of the circle 
BMC which traces out the cycloid ; 

A the point in the straight line Ax with which M 
was originally in contact ; 

the centre of the circle : 

AP = x, MP^y, MOB = ^, OB^a. 

The arc MB=a(j), and by the nature of the curve it is 
equal to AB ; 

therefore x = a(fy PB = a^ — a sin 0, 

y — a--a cos ^. 

If we eliminate ^ we have 

ic = acos — \l \^CLy •- y)* 



357. From the last equation we have 

^= li y \ 

d,j \/\2a-yJ- 
Hence the equation to the tangent at Mi& 

anil the equation to the normal at Mia 

If in the last equation we put y = 0, we have 

Hence MB is the direction of the normal at M, and therefore 
MG is the direction of the tangent at M. 

If in the equations of Art. 356 we put = tt, we have y = 2a 
and X = ttTT as the co-ordinates of the vertex E. Hence 
PD — a-TT — a^ + a sia ^ 

= a{e + siae), i£d = 'rr-<ft. 

Also the distance of J/ from a straight line through .E parallel 
to Ax is 2a — all— cos ^) or n (1 — coa B). 

358. If we take the vertex as the origin, and the tangent 
at that point as the axis ofy, we have by the last Article 

y = Pif=a(5 + Bin^l 

x = AN=a{l-coa0)] 



..(1). 



^ 



DeBcribo a semicircle on AD as diameter: let PJV meet 
this circle at M, and join J/ with the centre 0; thea 

AN=a{l-cosAOM); 
therefore AOM~ 0. 



4 

3 
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EVOLTJTE OF THE CYCLOID, 



Since the axe AM= ad, it follows that 

MP =sixc AM. 
From (1) we have 

y = a cos"^ h V(2cwJ— a?*) 



(2), 



therefore 



//2a - x\ 



If 8 denote the arc AP, we have 

£=Vh(l)]VC^)- 

therefore s = ^{8ax), 

as will appear from the Integral Calculus. 

The normal to the curve at P is parallel to MD, as wc 
may see from Art. 357 or ftom an independent investigation. 
By the property of the circle it follows that 

Jfi) = 2acos-. 

If we investigate the value of the radius of curvature at P 
we shall find it to be twice MDy that is, 

4a cos - , or 2 V(4a' — 2aa?). 
S59f The evolute of the cycloid is an equal cycloid. 



D J 


E 


^y^ 


^&r 


T \ 


^ 7^ 




^ "^ 



For it appears by Art. 358 that the radius of curvature at 
a point Jlf cf a cycloid is twice MN. Hence if we produce 
MN to 0, making NO .= MN, the point is the centre of 
curvature corresponding to the pomt M Draw EIB and 
make ZB = 2a ; draw J5 (7 parallel to ED\ the circle described 
on NG as a diameter will pass through 0. 



EPICYCLOID. HYPOCTCLOID. 
TiiG arc N0=3jc -WW and therefore = 
the arc OC=m=CB. 
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[ Hence is a point in a cycloid generated "by rolling a circle 
[ of radius a along BG. Hence tlie evoluto of the cycloid 
I AEA' is composed of the two semi-cycloids AB and A'B. 

360. The epicycloid is the curve traced out by a point in 
I the perimeter of a circle wbich rolls on the outside of"a fixed 
drcle. 




Let and be the centres of the fixed and the rolling 
inrcleB respectively, B the point of contact, P the tracing 
point, A its initial position. Take OA as the axia of x; 
draw CN, FM, perpendicular to the axis of ar. Let 

OB = a, BG=h, AOB = e, BCP=<^. 

Tlien x=ON+NM 

= iii + h)co&0 + ha\n {^-^tt + S, 

= (a + J)cose-6cosC^-t-fl). 

But the arc jlB = the arc BP, by the mode of generation, 
that is, ad= bij), therefore 

x = {a-i'b) cosO-h cos - 



+s. 



Similarly 



= (a + b) sin&~h Bin -^d. 



The hypocycloid is the curve traced out by a point in the 
peiimeter of a circle which rolls on the inside of a fixed circle. 



EPICTCLOID. HTPOCYCI.OID. 



It may be found by a method similar to tlie above that fcr 
the hjpocjcloid 

a; = (a — &) cos ^ + S coa -y— 8, 



greater or 

the epicy- 

'nfer' 



y = {a — h) siM-Q — hsm — 7— ^•. 

361. The radius of the rolling circle may 
leaa than the radius of the fixed circle both 
cloid and in the hypocycloid; it is however 
from the figure, that a hypocycloid in which the radius of the 
rolling circle ia greater than the radius of the fixed circle may 
be counted as an epicycloid. This can also be shewn from 
the equations. For in the equations to the hypocycloid put 

— T — 9=^\ then those equations may be written 



= (([ + &- 



-{l-a)c 



these are the equations to an epicycloid in which the radios 
of the fixed circle is a, and the radius of the rolling circle 

Similarly we may shew that a hypocycloid in which the 
radius of the rolling circle is greater than half the radius of 
the fixed circle may be counted as a hypocycloid in which the 
radius of the roUiug circle is less than half the radius of the 
fixed circle. Thus we can obtain all epicycloids and hypo- 
cycloids if in addition to epicycloids we take hypocycloids in 
which the radius of the rolling circle is less than half the 
radius of the fixed circle. 

362. If a and b are in the proportion of two whols num- 
bers we may eliminate d between the two equations which 
determine an epicycloid or a hypocycloid, and thus obtain the 
equation to the curve in an algebraical form. For example^ 
suppose in the hypocycloid that a = 46 ; then 
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x = Zbcos0 + hcosS0=4b cos' 0, 

y = 3£ sin 5 - 6 sin 3fl = 4i sia' ; 

therefore 3^ + 1/*= o*. 

If in the hj-pocycloid we Bnppose a = 9b, we obtain 

x = 2bco3 and y = ; 

thus y is always zero and x may have any value between —a 
and + a ; therefore the curve reduces to a diameter of the fixed 
circle. 

363. If in Art, 360 the describing point, instead of being 
on the perimeter of the rolling circle, is on a fixed radius 
of that circle, but either tvit/Un or vntkout the perimeter, the 
curve generated is called the epitrochoid when the rolling 
circle moves on the outside of the fixed circle, and the Lypo- 
trochoid when the rolling circle moves on the inside of the 
£xed circle. In the former case we Lave 



= (»+J)0 



- mh cos — — 



+ »» 



= {a + S) sin fl — mJ sin - 



and in the latter case 

(B = (a — 6) cos 5 + im6 cos — ;— 0, 

If = [a — b)Bia0~ mb sin — r— $, 

m& b^g the distance of the describiug point from the centre 
of the rolling circle. 

364, If a circle roll along a straight lino the curve tnwed | 
out by a point in the perimeter of the rolling circle is. aa we , 
have alrt^dy stated, called the cycloid. If the describing 
point be inside the perimeter the curve is called the prolate 
cycloid, if outside the curtate cycloid ; the term trochoid is also 
used to denote both the pi-alaie cycloid and the aartaia cycloid. 
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The equations 

a; = a (1 — w cos ^, 

y = a{0 + m sin 6), 

will represent a prolate cycloid, a common cycloid, or a 
curtate cycloid, according as »i is less than unity, equal to 
unity, or greater than unity. See Art. 358. 

EXAMPLES. 

Trace the foUowing curves : 
1. 2/^=^ax^-x\ 2. y'j=a'-a:'. 

3. y^ (a: — a) = (a? + a) a?. 4. a?y^ = a' (x* — jf). 

5. f{x-4ta)^ax{x- 3a). 6. (aj* + 3^*)' = 4La^x^f. 

7. y^{2a--x)=^ a?, (The cissoid.) 

8. a?^ = {cl^ - y") {h + yy. (The conchoid.) Transfer the 

origin to the point (0, — 6) and then change to polar 
co-ordinates and we have for the equation 

r = b cosec 6 ± a. 

9. (a? + 2/0*^ = a"* («' -2^)- (The lemniscata.) 

10. r = a^sinft 11. r = a (^ + sin5), 

12. r sin ^ = a cos' ft 13. r = log sin ft 

14. r* cos ^ = a' sin* 3ft 15. r' cos 5 = a* sin» ft 

16. r (tf - sin 6) « to (^+ sin 0). 

17. r = a (1 — con $). (The cardioide.) 

18. r6 = a. (The hyperbolic spiral) 

19. Find the equations to the tangent and normal at the 

point P in the epicycloid. See the Figure to Art. 360. 
Shew that the normal at P passes through B. 

20. Trace the curve determined by the equations 

a? = a (1 — cos (f)), y = a0 ; 
this curve is .called the companion to the cycloid< 
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21. Obtain in an algebraical form the equation to the epi- 
cycloid for which a = 2b. 




22. Shew that when o = 6 the epicycloid becomes the car- 
dioide. 

23. Trace the curve whose equation is r= 

shew that if .^ be the point where the curve meets the 
prime radius produced backwards and P6QR any 
chord drawn through the pole 8 meeting the curve 
at P, Q. and S, the angles PAQ and QAR are each 
60", and the angle ASQ equal to thrice the angle 
APS. 

24 Shew that the equations 

r = a — a tan and 2a = r — r tan 9 
represent the same curve in different positions, and 
that the radii vcctorea to the points o1" intersection 
bisect the angles between the taiigents at those points. 



25. Trace the curve - = sin 



?Iog(„.m?), (1) , 



greater than utiity, (2) when m is equal to unity, 

(3) when m is leas than unity and greater than the 
reciprocal of the base of the Napierian logarithms, 

(4) when m is less than the reciprocal of the base of 
the Napierian logarithms. 




CHAPTER XSVII. 



ON DIFFERENTIALS. 




365. In the preceding pages we have given the proposi- 
tiona commonly found in works on the Differential OJculua, 

and have used the method of limita in aJI the demonstrationa 
We now offer a few remarks on another method of treating 
the subject 

In the expansion of f{x + h) by Taylor's Theorem, the 
coefficient of h was shewn to be that function of a; which we 
had called the differential coefficient of /(ai) with respect to re. 
Lagrange proposed to define the differential coefficient of f{x) 
with respect ta x as the coefficimt of h in the erpajwton of 
/{x + h), and thus to avoid all reference to the theory of 
limits. Lagrange's views were propounded towards the close 
of the last century and were generaJly adopted by elementary 
writers. 

One objection to this method is its use of infinite series 
without ascertaining that those series are convergent, and the 
proof that /(x + k) can always be expanded in a series of 
ascending powers of h, which is made the foundation of the 
Differential Calculus, labours under serious defects. Another 
objection is that it is impossible to avoid introducing the 
notion of a limit in the applications of the subject to geometry 
and mechanics ; the definition of the tangent line to a curve 
may be given as an example. 

i366. Nearly all the recent treatises on the Diflforential 
Calculus have followed the method of limits, and the only 
point of importance in which a difference exists among them 
is with respect to the use of differentials. In the present 

work -^ has been defined as one symbol, thus : if 2/ = if) (x) 



the limit of 
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when h is indefinitely diminished 



Jj. 



is denoted hy -^ . Some ■writers add the following words : the 

quantities dx amd dy are. called the differentials ofx andy 
respectively ; their cAsolute values are indeterminate, and they 
■may be either finite or indefinitely small presided their relative 

magnitudes be sucli that -^ is equcd to the limit (^)ove men- 
tioned. 

With this meaning attached to dy and dx such equations 
may occur as 

dy = ip' (re) dx, 

where 0' {x) is the differential coefficient of [x) or y. 

Equations expressed by means of differentials are in 
general capable of immediate translation into the language 
of differential coefficients. For example, if x and y be co- 
ordinates of a point on a curve and be functions of a third 
variable (, and if s denote the corresponding arc of the curve 
beginning at some fixed point, we have, by Art. 307, 
■dy\*^fd^V 



©■+©' 



and by differentiation 

dx d^x dy d\y _ ds ilrs 

did^'dt Ji" ~did?' 
A writer who uses differentials will express t 

ds^+dy'^dt^, 

dxd^x + dy^y = dsd?3. 
' The student may look upon the latter as m* 
methods of writing the previous cquationi 

, dx, dy, d'x,... as standing for -5- , -^, -j^ , 

367. Let u be a function of any number of variables. 
b Ibr example three, so that u = <f>{a;,y,z). If we suppose 



rely abbreviated 
and may take 

.. respectively. 
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a:, y, z, all functions of a variable t, and for shortness put 
we have 

^■'-©^'+(i)^»+@)^' (')• 

In works on the Differential Calculus, which use differentiaJSi 
we find an equation similar to the above occurring at an 
early period, namely. 

The introduction and use of this equation form the principal 
difference between such works and one which, like the pre- 
sent, uses only differential coefficients. To establish (2) the 
following method is adopted. 

Let u==<f> {x,yy «), 

and w + Aw = ^ (a? + Aa?, y + Ay, z + Az), 

therefore 

Am = <f){x + Ax, y + Ay, z + A^) — ^ {x, y, z) 

_ <f}{x + Ax,y + Ay, z + Az)-^{x,y + Ay, jg-^Az) ^ 

Ax 

(l>{x,y + Ay,z + Az)-<f>{x,y,Z'hAz) . 

Ay ^ 
^ ^(a?,y, g + Ag)-<^(a;,y, g) ^^ ^^^ 

If Afl?, Ay, and Az diminish without limit, the quantity 

<f>{x + Ax,y + Ay, g + Ag)— ^(a?, y + Ay, e + Az) 

Ax 

approaches the limit [-^)* If then we put for this quantity 
(T^j + a, we know that a diminishes without limit whea 
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In tins maimer w£ may deduce from 

^ h^h-m ; 

■where a, 0,y, all dimiuish without limit when Ax, Ay, A« 
do BO. If then du, dx, dy, and ds, denote quantities whose 
absolute magnitudes are undetermined, but whose relative 
mt^iitudes are those to which Am, Ast, Ay, and As, respec- 
tively approach as their limits when they are all indefinitely 
jdiminisbed, we have 

Having thus established f2), we give an example of its 
application. Since in establishing (2) we had no occasion to 
consider whether x, y, and z, were independent or not, the 
result is universally true, whatever relation be given or sup- 
posed between the variables. If, for example, ^ [x, y, a) is 
Always = 0, we have 

(g)^-(|)*-(S)^"° ■■•(* 

Now if ^ {x, y, z) = is the only equation connecting x, y, 
and r, we may if we please vary x and z without changing y. 
Hence in the preceding investigation Ay = throughout, and 
therefore in (5) dy = 0; thus we have 



© 



(g) 



..(6). 



vary and y to be constant. See Art. 188. 

308, It would occupy too much space if we were to pro- 
ceed further with the subject of differentiala. Differential 
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coefficients have been used exclusively in the present work, 
from the conviction that the subject is thus presented in the 
clearest form, and that if some of the operations are thus 
rendered a little longer than they would otherwise be, there 
ia at the same time far less liability to en'or. The equation 
(3) ia certainly of great use in applications of the Differential 
Calculus, particularly in the higher parts of the Geometry of 
Three Dimensions : after the remarks already made, the 
student will probably find little difficulty in those applica- 
tions. Perhaps be may be further assisted by referring to the 
theorem for the expansion of a function of three variables. 
If u = <^{x,y, z), we have 

p {x -vh, y + h, z + 1) ~ ^ {x, y, z) or Au 

-^^dx^^Ty^^'S^^- 
where R involves squares and products of h, h, I. Hence tha 
smaller A, k, I, are taken, the smaller is the error contained 
in the 



dx dy dz' 
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^^x-^{^-^\ 



and V = cos' 



\^ (^f^\ - 



%(^- 



a^'a?)*. 



Result. 



3a;S 



2a*Vl-a;'yi-a;*a* 

Find the maxima and minima values of (sin x)^'. 

Find the area of the greatest isosceles triangle that can 

be inscribed in a given ellipse, the triangle having its 

vertex coincident with, one extremity of the major asi^ 

APQB is a semicircle whose diameter is AB, and PQ ia 

parallel to AB. Draw AQ and BP, and let them meet 

at R : find the position of P and Q so that the triangle 

PQR may be a maximum. 



Result 



must be equal to 



VI7-1 
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5. A figure made up of a. rectangle and an isosceles triangle 
is inscribed in a semicircle : determine its dimensions 
GO that its area may be a maximum. 
Result. The height of the rectangle must be half the 
radius of the circle, 
fi. Find the cone of least surface, excluding the base, that 
can surround a given sphere. 
Result. The sine of the semivertical angle= ^2—1. 
7- Find the cone of least surface, including the base, that 
cau surround a given sphere. 

Result. The sine of the semivertical angle = J. 

8. Find the maximum value of cos 5 coa ^ cos yjf, where 

6-i-ip + ^ = -7r. 

9. Transform -3-1 + -r-j by assuming 
w = \x + m^, y = /,.« + vt^. 

a^- ('.'+».■) S+ 2 (','.+ ".."J 3^. + {',•+ ».•) j^- 

10. An equation between three variables contains n arbi- 
trary functions of one of them, and An'— n — \ arbitrary 
constants : shew that generally the equation must he 
difi'erentiated at least 4n — 2 times in urder that the 
functions and constauts may be eliminated. 

11. If Fbe any function of le, y, e, and V the value of V 
when vw is substituted for x, m» for y, and wo for a ; 
then 

If y = e" + e'", and 2 + xe'" = 0, shew that the general 
term in the value of y when expanded in a series is 



g^i(2»+ir-(2«-i)-'i- 



I. If y = z + xj,{y), and i/' = s +x'-f(y'), z and z' being 
independent variables, shew that the general term in 
the espanaion of /[y, ^) in powers and products of x 



Find the coefficient of xW in the expansion of. 

EOS (ay + a' y'), vihen y=e+x siny, a,ndy'—z'+iB' fiiny'. 

In any curve the part of the tangent between the point 

o£ contact and the perpendicidar from the origin on the 

tanjiont is equal to — r- . 
"^ lis 

Shew that the equation to the normid at any point of a 
curve may be put under the form 
ai'-a! _ y'-v 

da" ds* 

Shew that this equation b the analytical expression 
of the fact, that if a tangent be drawn to a curve at 
any point P, and in the tangent PT be taken equal to 
the arc FQ and on the same side of P, then the straight 
lino QT ia ultimately perpendicular to the tangent. 

In the ellipse the focal distance cuts the curve at an 
angle, the tangent of which is a mean proportional be- 
tween the tangents of the angles at which the corre- 
sponding diameter and a parallel through the point to 
the transverse axis cut the curve. 

If a curve be referred to axes inclined at an angle a lo 
each other, shew that the radius of curvature ia 



h--°£^©T 



r?r 
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The equation to a parabola referred to any two taDgoDta.l 
being [-] +(^] =1, shew that the radius of cur- ' 

vature ia , . ■ — {ax — 2 cos a ^/{ahxij) + ly] ", where a 

is the inclination of the tangents ; and thence find the I 
co-ordinates of the vertex assunmig that the curvatura | 
a at that point. 



If a curve pass through the origin and touch the axis I 
of y, the diameter of the circle of curvature ia equal 1 

to the limit of — ; if it touch the axis of x the diam 

is equal to the Umit of — . 
y _ 

If a curve pass through the origin at an inclination a to ■ j 
the axis of x, shew that the diameter of curvature at<J 

the origin is the limit of — :- . Hence, sbewi 

aisina— ycosa I 

that the radius of curvature at the origin of the curve 1 
y' + 2ay — 2aiB = ia 2 tj2ii. 
If ^ be the angle between the tangent and the radius 
vector of a polar curve, shew that the radius of cur- 



Tlie equations to an epicycloid being 
(B = a (2 cos 6 — cos iS), 
J =a (2 Bine -sin 25), 

shew that p = — sin - , and that the evolutc is an epi- 
cycloid in which the radius of each circle is - . 

24. In the curve y=»*-4a:'-18j^, find the nature of the 
curve at the points j: = 3, —1, and JCllV^)- 

25. Shew that the curve y = e"-^ has points of inflexion when 
1 



= V3- 
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26. In any curve the equation ^ + 1 = holds at a point 

of inflexion, 6 and ^ being the angles which the prime 
radius and tangent make respectively with the radius 
vector. 

dt . 

27. Is --TK necessarily of the form - at a multiple point ? 

28. Find the singular points in the curves 

and y*— 2a;y + 2ic'— a;^ = 0. 

29. Find the nature of the curve 

y+l = 2a;-iB*±(2-a;) 
at the point a; = 2. 

30. Determine the point of inflexion in the curve 

y = a;'*-9a:*+24a?-16. 

31. From the pole of the curve r = -4a* perpendiculars are 

drawn upon the tangent ; through the points of inter- 
section of the perpendiculars, with the tangents, straight 
lines are drawn parallel to the radii vectores : shew 
that the equation to the locus of the. ultimate intersec- 
tions of all such straight lines is r = j4 cos a a^*, where 
cot a = log a, 

32. If radii vectores of an equiangular spiral be diameters of 

a series of circles, the locus of the ultimate intersections 
of the circles will be a similar spiral 



• 



\> ■ 
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CHAPTER XXVIII. 

MISCELLANEOUS PROPOSITIONS. 

369. In the present Chapter we shall investigate various 
propositions which afford valuable illustrations of the prin- 
ciples of the subject and lead to important results, 

370. The following formula is due to Jacobi : 
d^-^ (1 - c^Y'h ,,,,^ l,3.5...(2w-l)8inng 

where x = cos 9, This we shall now demonstrate. 
Put y for 1 — ai*: we have 

thus by Art. 80 

thus by Art. 80 

From (1) and (2) by eliminating ^^ we obtain 
(2«+l_„)?X_.(2„+i)y-JL__(2ft+l)«c-^, ...(3). 

^A^^F ^w'^Wf ^^^Wr 

T.D.a DD 
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Assume that Jacobi's formula is true for a speci&c value 
of ?i; diEferentiate both sides with respect to a;: thus 
dy^_. ■„ 1.3.5...(2«-l)coBwg 
dx-' ~^ ' Em 8 

Using tbis result, and also Jacobi'e formula, on the right- 
hand aide of (3), we obtain 

(n + 1) ^^ = C- 1)' 1 . 3 . 5 . . . (2n + 1) cos wS sin ^ 
+ {-I)' 1 .3 . 5 ...(2n + 1) aanO coad 
= (- 1)" 1 . 3. 5 ... (2n + 1) sin (n+ 1) 8; 
,1.3.5. ..(2w + l)Binf?i + l)g 



therefore 



dii^ 



= (-!)"- 



n + l 



This shews that if Jacobi's formula is true for a specific 
value of n it ia true for that value increased by unity ; and 
it is obviously true when n = I, and when n = 2 : therefore it 
is true for any positive integral value of n. 

371. The following proposition ia useful in some appli- 
cations of mathematics to natural phUosophy : Having given 
that if X varies, it must be such a function of the independent 

variable (, that -j- = ax, where a is some quantity, not necea- 

sarily constant, which is always finite ; and having given 
that X is zero when ( is zero: then it will follow that x 
cannot vary, or, in other words, that x is always zero. 

Denote a: by ((). We know by Art. 101 that 
0(0-^(0) = if (ft), 
where 8 is some proper fraction. 

In the present case ^ (0) = 0, and 0' {6t) = Ofp (St), where a 
is some finite quantity. Thus we have 

i>{t)=ta<i.i8t), 

and therefore, if (j> (t) be not zero, 
_ tai}} (St) 
- i,{t) ■ 
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But it is impossible that this result con be universally 
true. For since a is always finite we can take t so small 
that (a shall be as small as we please. And as <^ (i) begins 
with the value zero, if it variea it must at first increase 

numerically with ( ; and therefore -X^J- cannot be greater 

than unity. Hence the result is inadmifisible ; and it follows 
that X cannot vary, or in other words, x is always zero. 

372. The preceding proposition may be extended so as 
to involve any number of such supposed variables as ar ; we 
will take three for example : Having given that if x, »/, and e 
vary, they must be eucb functions of the independent vari- 
able t, that 

dx , , d'l , _ , , ds 

■^•=a^x + a,y + a^, ■^^=hx + i^y + b,s, ^ = c^a: + <■,;/ + c.s, 

where a., a„ a,, 6,, ... c, are quantities, not necessarily con- 
stant, wfticn are always finite; and having given that x, y, 
and z are all zero when t is zero : then it will follow that is, y, 
and z cannot vary, or, in other words, that a;, y, and b are 
always zero. 

Denote x by ^[t), y by ^(t), and z by ^(O- Then, as in 
the preceding Article, we have 

* « = ' M w + ".'^ m + "a m] ■■ 

and therefore if ^{() be not zero we have 

and in like manner we deduce two other similar results. 

But it is impossible that these results can be universally 
true. For suppose ( indefinitely small, and let ^ (() be not less 
than either ^(() or ^C')- Then the first of the three results 
assorts that unity is equal to an indefinitely small quantity. 
Hence the results are inadmissible ; and it follows that x, y, 
and e cannot vary, or, in other words, that x, y, and z are 
always eero. 



J 



404 MISCELLANEOUS PEOPOSITIONS. 

373. We have already given two forma for the remainier 
after n+\ terms of an expansion by Taylor's Theorem ; aee 
Arts. 93 and 110: these two forma, and others, may be 
deduced from one geneial expressioa which we will now 
investigate. 

Let <^ (x) and i/r (a;) be two functiona of x which remain 
continuous, as also their differential coefficients between the 
values a and a + ^ of the variable x ; suppose also that be- 
tween these values the differential coefficient ■>}/■' (x) does not 
vanish ; then by Art. 98 



^(a + k)- 



-eh)" 



where 9 is some proper fraction. 
Denote by i^ {x) the function 
Z(a+ A) -F{x) - [a + Ti-x) F\x) 
and denote by -^(a:) the function 



• w. 



(fl+h-xT 


l» 


(a + i-^)' 



■P-Wi 



k 



We assume that F{a^ and all its differential coefficients 
up to F'*^{x) inclusive are continuous while x lies between 
the values a and a + i; as abo f{x) and all its differential 
coefficients up to f*^^ {x) inclusive : moreover we assume tbat 
/"*' {x) does not vanish between these values. 



Now 



V¥)- 



,f-». 



{a + h- 
\n 



-F-"(x). 



r'i'); 



4,(a + k) = 0, and ^{a-i-h) = t 
'8 from (1) 

fW I2' *' /■" (<. + »' 
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Multiply by i^ (a) , and put for ^ (a) and -^ (a) their values ; 
tliL-n 

where B = 



F(a+h)-F(a)-hF'{a)-.. 



= n. 
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ilues ; I 



/(»+*)-/(•)-»/(■')— -'^'-^{[fc- 



„F -(»+gt ) 



/-■{«+«) 

«■ 

This is a general expression for B,, the remainder after n + 1 
terms of the expansion of f (a + A) by Taylor's Theorem. 

For a particular case take/{j:) = {x — af*^, where p is any 
positive number Trhich is not less than y ; then all the con- 
ditions with respect toy(a;) are satisfied: and we have 

/M-O, /'(o) = 0, .../•(«)=!), 

/(« + *)-'•'". 

and .r' (o + M) - (P + 1) P - (? - ! + I) (»'')"• 

Henca 



"l™ ff- (p+l)p.. 
In the particular case in which ^ = 



(p-y + 1) 

y we have from (3) 



(3). 



R 



{i-e)-^h-"F-'(a+eh) 



..{*)■ 



If in (4) we put p = n wo have Lagrange's form of the 
minder, which is given in Art. 92 ; if in (4) we put p — 
have Canchy's foi-m of the remainder, which is given 
i in Art. 110. - 

Other particular forms may be readily obtained. Thua in 
(3) put J = 0: then since [^muat be replaced by unity wo 
' have 

^l-f)-h-''F-"(<i + eh) 



S. 



«'(y+l)l» 
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Again, in the general expression (2) \e\,f{x)=^F^{x), and 
j = 0; then 

'^(a?)=J'*(a + A)-^*(a?), 

and assuming that F"^^ (a?) does not vanish between the 
values a and a + A, we have 

In (2) put q = 0; thus 

^ — V^ y ^" ■*■ *) -^^"^ \ fia+eh) - 

MSmoires de VAcadSmie... de Monfpellier, Vol. 5, 1861. ..1863. 

374. Expand V(l "" ^) • sin"^iB in powers of a?. 
Assume V(l — ^*) • sin"^aj = -4^^ + -4^05 + -4^03^ + A^af + . . . 
Diflferentiate both sides with respect to x; thus 



X suT^x 



1 —-jTr—-^ — A^ + 2Ajc + ... +rA^ar^+ ... , 



X 



that is 1 — ^ ^^ {Aq + A^x + -4^0?' + ...) 

= -4j + 2^5,2?+ ... + r-4,ar* +... ; 
therefore 1 — a?' — a? (-4^, + A^x + -43a;* + ...) 

^(A^ + 2Ajxs+... + rA^'^^ + ...)(l''af). 

Equate the coeflScients of of; thus if r be greater than 2 
we have 

~-4^, = (r + l)^^,-(r-l)^,.,, 

therefore (r — 2) -4^.^ = (r + 1) A^^ . 

Also we can see by expanding JCl-^a?) and sin"* a? and 
forming their product that 
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LcQCe A,, -4,, A„ ... vanish, 



Put ^for Bin'^j;: thus we deduce 



3.5^ 

See Quarterly Journal of Mathematics, VoL 6, page 23. 

37-5. Let 4>ix) denote a:' + j),3;""'+p^"'* + ... + ;),.,«+p,. 
where ?i is a positive integer. It is required to determine 
the coc-fficienta j),, p,, ...p, bo that the numerically greatest 
value of (^ {x) between the given limits — k and h lot x shall 
be BE small as possible. 

If we give a geometrical form to the problem, we may say 
that the curve y = ^{x) between the limits ~h and h is to 
deviate as little as possible from the axis of x. 

The maxima and minima values of ^ {x) will be deter- 
mined by the equation i^' (x) = 0, which ia of the (n — 1)'' de- 
gree ; aud therefore there cannot be more than ji — 1 of such 
values. These values, together with the values of ^ {jr) when 
x = — li, and when x = h, will be called extreme values. 

376. Now we admit as sufficiently obvious that there 
must be some definite values of the coefficients in ^ (x) which 
solve the problem ; and we shall first shew that there must 
be » + I extreme values all numerieally equal. 

Suppose, for instance, that n = 3 ; then there must be 1 
extreme values all numerically equal. 

For if possible suppose that there are only 3 extreme values 

of ^ [x) all Dumericaliy equal ; namely, corresponding to the 
values X,, x^, and ar, of a;. Let ^ (x) uenoto the expression 



1 



*A 
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and suppose fi^, /j,,, and /i, to be infinitesimal ccMstants, 
whicli are determined so that tf> {x) and yjr (x) may have coa- 
trary signs when a: = 3;,, when x — x^, and when a; = 3:,; this 
can obviously be done. For instance, the eign of /i, must be 

contrary to the sign of r — — — ^^ r. Then (f>{x')+i^{x) 

differs only infinitesimally from (^ (x) ; but when {x) Las its 
extreme values (a:) + ^ (a;) is numerically less than (a;) : 
and so (a:) + -^ (x) deviates less from zero than (x) does. 
Moreover the coefficient of a^ in (a;) + -J^ (a:) is unity; so 
that <p{x)+flr {x) is an expression of the proper form. It 
follows therefore tliat {x) cannot be such as the problem 
requires. 

The preceding argument will perhaps be more readily 
understood when presented in a geometrical form. The curve 
v = 'j>{x)+ilr (x) is indefinitely close to the curve j* = (a;) ; 
but where the latter curve deviates most from the axis 
of X the former curve is nearer to the axis of x: and thus 
the former curve deviates less from the axis of x than the 
latter curve. 

In the same way we may treat the case in which (t) 
Las only 2 extreme values numerically equal and numerically 
greater than any other value; or the case in which the 
numerically greatest value of if> [x) is unique. 

The considerations which we have thus employed when 
n = 3 are apphcable whatever may be the value of n. 

Hence, as we have said, to solve the problem the coeffi- 
cients in (ar) must be determined so that <ft {x) may have 
n+1 extreme values all numerically equal 

377. Let k denote the extreme numerical value of if> (a:) ; 
then we have shewn that the equation 

1* («))■- i'=o p) 

must have n+1 values which also satisfy the equation 

(^•-h-}4,-(x).0 (2). 
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Let the n + 1 v^aes be denoted bya:,, a-^, ... x^^, besides 
— h and A. We shall shew that any one of the former « — 1 
roots of (t) occurs twice in {!}. For the derived equation 

of (1)13 

2f(a:)^(ar) = (3); 

and any one of the values x^, a:^,... x^, is by supposition a 
root of the equation ^' (x) = 0, and .'w satisfies (3). 

Hence we have by the Theory of Equations 

(* Wl--f = W- J') (==-it,)-{»-a:,)-... (a;-a!„)'. 

But by supposition the roots of the equation ip' (x) = are 
a",, a;,,... x^^ ; henoe 

^■(») = »(:.-i.)(x-=-J...{^-Oi 

therefore (,»(cc)l'-r- ''^''""'j"'"''*' (1). 

Differentiate (4) with respect to a:; thus we get 

»VW = a:*'W + (>?-i')+"W (5). 

From (5) by equating the coeSicients of a:", as*"', o;"^, ... we 
shall be able to determine in succession Pj, p,./',!." For 
thus we have 

n» = n + «(n-I), 
ftV.= (»-l);',+ («-l)(»-2)p„ 
nV,= (n-2)p.+ (n-2)(«-3)p,-7i(,i-l)A*, 
«>. = ("-3)p,+ (n-3)(n-4)p.-(«-l)C«-2);.'p.. 
„»p,= („-4)p.+ («-4}(n-5)p.-(n-2)(„-3)A>„ 
and BO on. 



Thus p, = 0, p^= 7", p,= 

Therefore ^ (x) - a;' -naT-l + "'"""' » 

— — 13 '^2'+ 



('■-3)''>. 
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378. If in the identity at the top of page 120 we put 

A* . 

4^ =r -. we shall obtain 
or 

hence we infer that 

and this may be verified by shewing that this value of j> (x) 
satisfies equation (5), 

A* 
By putting a: = A we find that k = rj^ • - 

Assume t = cos 6, which is of course allowable so Ions: as 

h ' ^ 

X is not numerically greater than A. 

Then {x ± V(a^ - h^)Y = *" {cos 6 ± V^ sin Oy 

= A" {cos w^ ± V— 1 sin w0} ; 

^T_ , , . A*cosn^ 

thus 9 \x) = 



)n-l > 



2* 
that is so long as x lies between — h, and A we have 

^ (a;) = ^pi cos n f cos"* t ) = ^ cos w (cos"* -^ J . 

379. The last result may also be obtained from (4). For 
put (f) {x) ='z; then (4) gives 



therefore 



dx 
n 1 dz 



V(A'-aj*) V(*'-«')^* 



Hence since - 



n cos"* J with respect to cc, and 

tial coefficient 
Art. 102 that 



is the differential coefficient of 



-7775 = -5^ ifl the difforen- 

hj[ir—s^ dx 

Y with respect to a;; it follows by 



li 



n CUS = = cos y *f L', 

A k 

where denotes some constant quantity. Henco 

| = ooa(»co.-|-c). 

But by hypothesis e must be numerically equal to Je when 
w ifl equal to k ; and thus must be some multiple of ir ; 

and therefore coafncos"' y— (71 is numerically equal to 

cos B I cos"' J j . This gives the required result. 

The problem of Arts. 375. .,379 is also solved in Bertrand's 
CkUcul Diff^reiitiel, pages 512. ..619. 

380. We have sometimes to determine the value of -r 

ax 

from an equation {x, y) = 0, when x and y are such that 

— ■ ' ■— and ^ ^ '''' vanish ; for instance, we have to do so 

when we are finding the directions of the tangents at a mul- 
tiple point of a curve. The method of Art. 191 is liable to 
the objection which is there stated. In Art. 195 another 
method is given for the case in which a: = and y = are the 
values under considemtion. It is easy to make the latter 
method applicable for any values of x and y; by a proceas 
which is geometrically equivalent to transferring the origin 
of co-ordinates to the multiple point which may be supposed 
to be under consideration. 

Suppose that x = a and y = h are the values to be con- 
Bidered. Put a + A for x, and y + k for y. Then the equa- 



J 
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tion becomes t}){a+h, 6 + i) = 0, Now espand ^ (a + X, 6 + 4) 
by Chapter xrv. Suppose that every differential ooeEEcient 

— , , j' . vanishes wheii x = a and j/ = S, so long as 7" + a is 

less than n. Then we may denote the expansion symbolitsally 
thus: 

*!»+'-'+*)-(|(*a+'|)""+ETi(''s+*|r'' 

where w stands for (a;, y) and v for (f)(x+6h, y+Ct), 
S being some proper fraction ; and after the differentiationa 
have been perlbrmed we are to put x = a and j = 6. 

Now if we suppose h and k indefinitely small we have ulti- 
mately for determining the ratio of /c to A an equation which 
may be expressed symbolically thus: 

or more explicitly thus : 

ax" da!' '■dy |_2_ d^^^af 

where after the differentiations have been performed we are 
to put x = a and y^i. 

It is obvious, as in Art. 195, that when A and h are indefi- 



which x = a and y = b. 

381. Aa an example of the preceding Article suppose 
we have the equation ai'y — c*(c — a;)'{c* + :c') = 0. Here 

when x = c and w = we have t- = and *^ = ; also then 
■^ ax ay 

d^^ . , d''u , d^u .mi 1 . • 

-r-jss — 4c*, -; — r-=0, andT-i = 2c. Thus we obtain 
ax dx dy ay 

— h!'ic*-\-k^2c* = 0; 
therefore t=±V2. 
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382. The remarks which we shall now give will illustrate an 
instructive mode of considering the singular poiuts of curves. 
It will be seen that in effect we tranter the origin to the 
point to he examined, and tlien employ polar co-ordinates, 

3S3. Suppose that from any point of a curve as centre a 
circle is described with an infinitesimal radius ; then by the 
aid of diagrams the following statements become obvious : 

If the point is an ordinary point the circle cuts the curve at 
two points, and the radii of the circle drawn to the two points 
include an angle which differs infinitesimally from two right 
angles. 

If the point ia a singular point we have other results which 
depend on the nature of the singularity. 

If the point is a conjugate point tho circle docs not cut the 

If the point be a point ^arrit the circle cuts the curve at 
only one point. 

If the point is a cusp the circle cuts the curve at two 
points ; but the radii of the circle drawn to the two points 
include an iufinitesimal angle. 

If the point is a point aaillant the circle cuts the curve at 
two points; but the radii of the circle drawn to the two 
pointa include an angle which ia neither infinitesimal nor 
infinitesimally different from two tight angles. 

If the point is a multiple point the circle cuts the curve 
at more than two points. 

384^ Now suppose that {x, y) = is the equation to the 
ourve in a rational form. Let ai and y be the co-ordinates of 
a point on the curve ; and let x-\-h and y + i be the co-«idi- 

nates of any adjacent point. 

Since ^ (a;, y) = 0, we have, by Chapter XIT., 
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here A, B, C, D, E are certain differential coefficients of 

{x, y) ; and R may be symbolically expressed as 

where v denotes ^{aj+th, y+tk), and / is some proper frac- 
tion. 

Let ua suppose that A and B are not both zero ; assame 
^ = ^8107, and £ = ^co3 7; also put r cos 5 for ft and 
r sin ^ for i. Then the equation 0(3; + A,y + ft)=O becomes 



^sin(7 + fl)+- 



C^ coa'(9 + 2ZJ sin 5 cos + £ Ein'^J- 



.(1). 



It ia obvious that when r is infinitesimal — is also in- 
r 
finitesimal; and that the above equation is satisfied by a 
value of 6 for which 7 + ff is infinitesimal, and by a valne 
of 6 for which 7 4- ^ is infinitesimally different fi"om tt ; 
and by no other value of B except such as differ from these by 
a multiple o£ 27r. Hence we have an ordinary point of the 
curve. Therefore for a singular point it is necessary that 
^ = and _B = 0. 



Suppose then that j4 = 
reduces to 



and B = 0. The equation (1) 



■=0 (2). 

385. Suppose that I? is greater than GE; then we know- 
that tan' ^ + -p- tan fi + -^ can be resolved into real factors; 

and so may be expressed aa (tan 5 — tan a) (tan 5 — tan 5) ; 
and a and ^ may bo supposed to lie between and tt. Thus 
the equation becomes 

.ffcoB'fl(tane-tana)(tan5-tan^) + ^ = (3). 
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Now -5 is infinitesimal when r Ja ; therefore, denoting by 
tf an infinitesimal angle, we see that (3) has four different 
Bolutiona for 0, namely, one between — 7; and a + ?j, one 
between — t) and ff+tj, one between tt + ci— jj and ■Tr+a+v, 
and one between t + ^-tj and -rr + ^-i-t). Thus the sbgular 
point is a double point, the tangents at the point being in- 
clined at angles a and ^ respectively to the axis of aj. 

386. Next suppose that Jy is less than CE; then we 
shall find that the infinitesimal circle does not cut the curve, 
and so the singular point is a conjugate point. 

387- Finally, suppose that I^ = CE; then equation (2) 
takes the form 

£co3'5(tanS-tana)'+^ = (4): 

the discussion of this form ia rather complex, and we will 
only briefly indicate the results. 

. Suppose that -^ is negative when d is indefinitely near 

to a. Then denoting- by ij an infinitesimal angle we see that 
(4) baa two solutions for 8, namely, one between a — ?; and a, 

and one between a+ij and a. The sign of -p when 6 is 

indefinitely near to tt + a will in general be contrary to tbt; 
sign when d is indefinitely near to a, because B is in general 
a function of the third degree in cos 8 and sin 6, when r is 
kmall enough ; and so there is no solution of (4) in this case 
besides the two already noticed. Hence the infinitesimal 
circle cuts the curve at two points, and only at two ; and the 
radii of the circle drawn to the two points include an in- 
finitesimal angle. Therefore the singular point ia a cusp; the 
tangent at the cusp is inclined to the axis of x at an angle a, 
and the two branches are on opposite sides of the tangent. 

Similarly if ^ is positive when 6 ia indefinitely near to a. 

we have in general a cusp of the first kind as before; the 
tangent at the cusp ia now inclined to the axia of x at an 
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But it may happen that E itself changes sign when fl is 
indefinitely near to a or to •jr+a; and then our conclusion 
as to a cusp of the first kind does not hold. We should have 
in such a case to make a closer examinatiou, and in general it 
would be necessary to extend our expansion of 0(a;+A, y+lcj, 
and instead of R to have terms which may he expressed as 

E(''s^+''|;)"*<"'»>+[5('<&+*|)'*('=-t*!'+")' 

where t representa a proper fraction. 

388. Moreover if G, D, and E all vanish at the point 
{x, y), we should have to use this extended form of the ex- 
pansion of (a; + A, y + i) in order to determine the nature 
of the singularity. 

MISCELLANEOUS ESAMPLES. 

1, If a Bemicircle roll along a straight line, the curve to 

^'hich its diameter ]& always a tangent is a cycloid. 

2. If a cycloid roll along a straight line, the equation to 

the curve which its base touches is 



-©'}{>-(!)?• 



A series of circles is described having their centres on an 
equilateral hyperbola and passing through its centre, 
shew that the locus of their ultimate intersections will 
be a lemniscate. 

Examine the nature of the following curves at the origin: 
y + 20^^: + «' - Soa:' = 0, 



y*-ixy{ay-'bx)- 



= 0, 



= 0, 
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5. Trace the curve a'y' + (a^' — a*) (a;*— 6') = 0, and Bhew 

that the bread til of each closed portion is twice as great 
in the direction of ij as in that of x. Shew also that 
when h approaches a, as its limit, each of these portions 
is ultimately similar to an ellipse. 

6. Trace the curve {»'-»')' + ()/'' -6*)*= n'. Shew that 

when i = a it reduces to two ellipses. 

7. If a conic section whose focus is at the pole of a given 

curve have with the curve a contact of the second 
order at the point («, B) the equation to the conic sec- 
tion will he 

du, 






A given curve rolls on a straight line, explain the 
method of finding the locus of the centre of curva- 
ture at the point of contact of the curve and straight 
line. 

If the rolling curve be an equiangular spiral the re- 
quired locus will be a straight line ; if a cycloid a 
circle ; and if a catenary a parabola. 

Bight-angled triangles are inscribed in a circle : if one 
of the sides containing the right angle pass through 
a fixed point, find the curve to which the other is 
always a tangent, 

Result. (? (ai' -|- ff') = (a' + b*~c* — ax — hy)', 
where a and 6 are the co-ordinates of the centre of the 
gi^fen circle and c its radius, the fixed point being the 



, Determine the equation to the envelop of all the equi- 
lateral hyperbolas which have a common centre and 
cut .at right angles tlie same straight line. 

Result. a? + S (."xy)^ - y + a' = 0, 
where ic = a represents the given straight line. 
T. D. C. E E 
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11. Find the envelop of the axis of a parabola having a 

focal chord given in position and magnitude. 

Result, a?^ + y* = c^ ; the origin being the middle 
point of the given chord, and one of the axes coinciding 
with that chord. 

12. A system of ellipses is described such that each ellipse 

touches two rectangular axes, to which its axes are 
parallel, and that the rectangle under the axes of 
the ellipse is constant: shew that each ellipse is 
touched by two rectangular hyperbolas, the rectangle 
under the transverse axes of which is equal to the 
rectangle under the axes of any one of the ellipses. 

13. Ay By are the centres of two equal circles, and AP, BQ, 

are two radii which are always perpendicular to each 
other : find the curve which is always touched by the 
right line PQ, and explain the result when 

AB' = 2AP\ 

14. Ti ace the following curves : 

2/'-73^aj'+ 6a;'- a' = 0, 

a {a?+7x*y+7xf + y'') - a^/ = 0, 
xy'+ax^-a^ = 0, 
2/'(aj-2a)-a? + a" = 0, 
^ — aa?'y — 6a;y' + a^ = 0, 
y'-5axY + x^==0, 

y^ (a + x) =a^{a — x), 
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.(H". 
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:S' aud H are two fixed points, and a curve is described 
auch that, if P be any point in it tbo rectangle con- 
tained by SP and HP is constant : shew that the 
straight lines drawn from S at right angles to SP and 
from M at right angles to HP meet the tangent at P at 
points equidistant from P. 

If/f-, y) be a rational homogeneous function of-, ? 

of n dimensions, shew that the envelop of the curves 

represented by the equation /(-, j\ = U under the 

condition (i6 = constant, consists in general of re rect- 
angular hyperbola having the axes as asymptotes. 

If any quadrilateral ABCD change its form, its sides 
remaining constant, shew that the variations of the 
angles A, B, 0, D are ultimately in the same ratio as 
the areas of the triangles BOD. CDA, DAB, ABC. 

In Art. 274, ifp = n — I, we have approximately when 
a; and y are very large 

shew that if 2 = n — 2, we have by continuing the 
approximation 



";-''.+ .. 
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y-„J> 2xfft)+2&f '(M.) +fcV (m.) , 

(C^^' + a 2iB*fW 

Hence shew that in general the two extremities of 
the rectilinear asymptote are on opposite sides of the 
curve. . 
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19. In Art. 275, if ^ = n — 1, we have approximately when 

X and y are very large 

shew that ii q = n-'2, we have by continuing the 
approximation 

where 5=_tL(ff3l_£>sIi 

20. If (a, )3) be a point of the curve j> {x, y) =0 through 

which pass n tangents, shew that the locus of all the 
tangents at that point is expressed by 



{ 



21. Shew that the theorem of Art. 91 will hold even if <f) {x) 

is infinite when x=a or when a = 6. Give a geo- 
metrical illustration. 

22. Shew that the theorem of Art. 98 will hold even if F' {x) 

or /' (x) is infinite when a? = a or when x = a + h. 

23. Shew that the formula (3) of Art. 373 will hold provided 

jp + 1 is not less than q. 

24. Obtain from (3) of Art. 373 the result 

ji^W 2"^'^^ {1 " 6)^-^ hr"-' F ""^' {a + 0h) 
1.3.5... (2gr+l)|_» 
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